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Abstract. It is proved that elliptically polarized finite-amplitude inhomogeneous plane waves may
not propagate in an elastic material subject to the constraint of incompressibility. The waves consid-
ered are harmonic in time and exponentially attenuated in a direction distinct from the direction of
propagation. The result holds whether the material is stress-free or homogeneously deformed.
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1. Introduction

The problem of wave propagation in a medium is addressed mathematically by
seeking solutions for the displacement of a particle to a ‘wave equation’ character-
istic of the medium. Among possible solutions, harmonic forms for the displace-
ment are of great interest because any linear combination of harmonic waves is
also a solution of the wave equation. Harmonic waves vary sinusoidally with time
and distance, as they travel with constant speed and unchanged profile in a fixed
direction. They are called ‘homogeneous plane waves’ because the displacement
field is homogeneous in the planes orthogonal to the direction of propagation.
However, in certain physical contexts, such as gravity waves, surface waves,
or reflection and refraction of waves, an attenuation of the amplitude occurs in a
direction distinct from the direction of propagation. Thus arises the need to find
‘inhomogeneous plane wave’ solutions to the wave equation. A simple form for
the displacement is that of a vector fialdx, ) which varies sinusoidally with
frequencyw in the direction of a vectoB" and is attenuated exponentially in the
direction of another vect@, so thatu(x, r) is the real part of the complex quantity
e @S X{Ade(S™x-0} whereA is the amplitude of the wave. The complex vector
(or ‘bivector’ [1]) S = St + iS™ is called the ‘slowness bivector’ and its real
and imaginary parts describe the ‘planes of constant ph&ex (= constant
and the ‘planes of constant amplitud&(x = constant. WhenS" andS~ are
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parallel, the wave is homogeneous; otherwise, it is inhomogeneous. Similasly,
a bivector, whose real and imaginary parts either are parallel (linear polarization)
or have distinct directions (elliptical polarization).

In this note, we place ourselves in the context of finite elasticity. Specifically, we
are interested in the propagation of plane waves of exponential type in incompress-
ible elastic materials. It has been shown that finite-amplitude homogeneous plane
waves (with linear or elliptical polarization) may propagate in deformed incom-
pressible materials (Green [2], Currie and Hayes [3], Boulanger and Hayes [4]).
Also, small-amplitude elliptically polarized inhomogeneous plane waves propa-
gating in a deformed incompressible material have received much attention (e.g.,
Hayes and Rivlin [5], Flavin [6], Belward [7], Belward and Wright [8], Borejko [9],
Boulanger and Hayes [10]).

Here we show thaglliptically polarizedinhomogeneouplane waves ofinite
amplitude maynot propagate in any incompressible material, whether deformed or
not.

2. Proof

For a deformation bringing a material point from positrin the reference con-
figuration to positiorx in the current configuration, the deformation gradiErig
defined by

aX
F=—. 1
™ 1)
Because of the incompressibility constraint, any deformation of the material
must be isochoric, so that, at all times, we have

detF = 1. 2

Consider the propagation of an elliptically polarized inhomogeneous plane wave
of finite amplitude, which we choose to be of an exponential form. Thus,igf
the amplitude bivector of the wave aBd= S* +iS~ is the slowness bivector with
associated frequeney, then the wave is given by

1 ) =
X=X+ E{Aé(,z)(s-)(ft) + Ae—lw(SX—t)}’ (3)
where the modulus dA is finite and the bar denotes the complex conjugate.
The deformation gradier associated with this deformation is given by
aX

F=_ =1+ %{iA ® SUSX _jA @ Se XN, 4)

ThenJ = detF is given by
J =1+ %{i(A . §)doSXN _j(A.S)ewExn)

N

-Z{A-5)(A-5) - A-9(A-5)je" X, (5)
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However, becausé = 1 at all times by equation (2), we must hae S =
0,A-S=0, (A-S9(A-S5—(A-9(A -5 =0, which imply

A-S=A-S=0,
{A.ézx.ézo. ©
When the wave iglliptically polarized, the amplitude bivectd is such that
A x A # 0[11]. Then from (6) », Sis orthogonal to bottA andA, and so parallel
to their cross produdd x A. Similarly, from (6} 4, Sis also parallel t&A x A, and
s0S x S = 0. This is only possible whe8 has real direction [1], which means
thatS = kn, wherek is some complex scalar amds a real vector in the common
direction ofSandS. In this case, the plane wave described by (3jimogeneous
On the other hand, when the wavednfiomogeneoyshe slowness bivectd
is such thaS x S = 0. Using a similar argument to the above involving;(§)we
find thatA is parallel toS x S, and from (6) 4, that alsoA is parallel toS x S,
leading toA x A = 0. ThenA = «a, wherea is a complex scalar aralis a real
vector in the direction of polarization. In this case, the wavaesarly polarized.
Hence, if the wave illiptically polarized A x A # 0) then it must beho-
mogeneousif the wave isinhomogeneou$S x S # 0) then it must bdinearly
polarized.
We conclude that, in an unstrained incompressible material, single trains of
elliptically polarizedfinite-amplitudeinhomogeneouplane waves of exponential
type may not propagate.

REMARK 1. Deformed materialHere, we assume the incompressible material

to have been first subjected to a finite homogeneous static triaxial stretch, with
stretch ratioshq, A, and i3z (with A1i13 = 1 to satisfy the incompressibility
constraint). Upon this deformation, the inhomogeneous wave was then superposed.
Thus, a particle aX in the reference configuration has moved firsktgiven by

X =MX; (i =1,2,3), and then tox given by

X=X+ = {Aéw(Sx 1) +Ae iw(SX— t)} @)

We see that (7) and (3) are the same, exceptXhaplacesX. Therefore, the
deformation gradient corresponding to the motion (7) is given by

X ax 0X
X = 3% X = FDlag(Al, A2, A3), ®

where the tensdf is the same ak, L/vith X instead ofX.
Computation of the determinart(say) of the deformation tensor given by (8),
yields

T = det( F)(rir2rs) = def( F). (9)
Thus, J is the same ag given by (5), withX instead ofX. Again, because of the

constraint of incompressibility, we must haye= 1 at all times and equations (6)
are recovered.
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REMARK 2. Small deformations superposed on larfmte that in the context of
smallamplitude waves, terms of second order in the magnitude of the wave's am-
plitude are negligible when compared to terms of first order. The incompressibility
constraint then yield#é - S = 0 (see equation (5)), and does not prevent the wave
from beingbothelliptically polarized and inhomogeneous.

Acknowledgements

This work was supported by a grant from the European Commission under the
TMR Programme, contract FMBICT983468.

Suggestions and valuable comments from Professor M. Hayes are gratefully
acknowledged.

References

1. Ph. Boulanger and M. HayeBivectors and Waves in Mechanics and Opt€&sapman & Hall,
London (1993).

2. A.E. Green, A note on wave propagation in initially deformed bodieslech. Phys. Solidsl
(1963) 119-126.

3. P. Currie and M. Hayes, Longitudinal and transverse waves in finite elastic strain. Hadamard
and Green materiald. Inst. Math. Appl5 (1969) 140-161.

4. Ph. Boulanger and M. Hayes, Finite-amplitude waves in deformed Mooney—Rivlin materials.
Quart. J. Mech. Appl. Matt45 (1992) 575-593.

5. M. Hayes and R.S. Rivlin, Surface waves in deformed elastic matekials. Rational. Mech.
Anal.8(1961) 383-380.

6. J.N. Flavin, Surface waves in prestressed Mooney mat€)iart. J. Mech. Appl. Mathl6
(1963) 441-449.

7. J.A.Belward, Some dynamic properties of a prestressed incompressible hyperelastic material.
Bull. Austral. Math. Soc8 (1973) 61-73.

8. J.A. Belward and S.J. Wright, Small-amplitude waves with complex wave numbers in a
prestressed cylinder of Mooney materiQuart. J. Mech. Appl. Math10 (1987) 383—399.

9. P. Borejko, Inhomogeneous plane waves in a constrained elastic@odst. J. Mech. Appl.
Math. 40 (1987) 71-87.

10. Ph. Boulanger and M. Hayes, Propagating and static exponential solutions in a deformed
Mooney—Rivlin material. In: M. Carroll and M. Hayes (edB)onlinear Effects in Fluids and
Solids Plenum Press, New York (1996) pp. 113-123.

11. M. Hayes, Inhomogeneous plane wavash. Rational Mech. AnaB5 (1984) 41-79.



