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behavior of their loading curve to deliver a large stretch prior to electric breakdown. How-
ever, we demonstrate here that even in this favorable scenario, the soft dielectric is likely
to first encounter the plate wrinkling phenomenon, as modeled by the onset of small-
amplitude sinusoidal perturbations on its faces. We provide an explicit treatment of this

I[()E{Zlvggtrffg plates incremental boundary value problem. We also derive closed-form expressions for the two
Large actuation limit cases of very thin membranes (with vanishing thickness) and of thick plates (with
Snap-through thickness comparable to or greater than the wavelength of the perturbation). We treat ex-
Wrinkling instability plicitly examples of ideal dielectric free energy functions (where the mechanical part is of

the neo-Hookean, Mooney-Rivlin or Gent form) and of dielectrics exhibiting polarization
saturation. In addition to the expected buckling mode coming from the purely elastic case,
we discover a second mode occurring at large voltages in extension. We find that plates
always wrinkle anti-symmetrically, before the symmetric modes can be reached. Finally,
we make the link with the classical results of the Hessian electro-mechanical instability
criterion and of Euler buckling for an elastic column.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

When a soft dielectric plate is put under a large voltage applied to its faces, it expands in its plane. At first, the expansion
increases slowly and almost linearly with the voltage until, typically, a local maximum is reached. Then in theory, the
voltage drops suddenly, until it reaches a local minimum, rises again, to reach the same level it had at the earlier maximum,
and then continues to rise. In practice the voltage does not drop: it stays at the level of the first maximum while the
plate expands rapidly, until it starts increasing again with the stretch. The membrane is said to experience a snap-through
expansion (An et al., 2015; Dorfmann and Ogden, 2014b; Li et al., 2017; Rudykh and Bhattacharya, 2012; Zhao and Suo, 2010).
This large and almost instantaneous extension is highly desirable in experiments but is rarely achieved because during
the snap-through the elastomer fails due to electric breakdown (Blok and LeGrand, 1969; Huang et al., 2012b; Koh et al.,
2011). Graphically, the curve of the electric breakdown crosses the voltage-stretch curve before the snap-through portion is
completed.

This undesirable outcome can be avoided in a number of ways, in principle (Jiang et al., 2015; 2016; Koh et al., 2011; Li
et al., 2011a). We could for instance try to design a dielectric material with a free energy density such that the snap-through

* Corresponding author at: School of Mathematics, Statistics and Applied Mathematics, NUI Galway, University Road, Galway, Ireland.
E-mail address: michel.destrade@nuigalway.ie (M. Destrade).

https://doi.org/10.1016/j.jmps.2018.07.001
0022-5096/© 2018 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.jmps.2018.07.001
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jmps
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmps.2018.07.001&domain=pdf
mailto:michel.destrade@nuigalway.ie
https://doi.org/10.1016/j.jmps.2018.07.001

Y. Su et al./Journal of the Mechanics and Physics of Solids 119 (2018) 298-318 299

T \ ~
! \
[ \
!\ onset of snap-through \

o FQ —np \ AN
Lo Epp=20 AN
Lo \

Vo
|
|
1
1

snap-through "

Fig. 1. Principle of the snap-through giant actuation. Solid lines are the voltage-stretch curves for homogeneous loading at different levels of pre-stress (§ =
0,0.8,...,4.5), when the plate is modeled by the Gent ideal dielectric (here J;, = 97.2 Dorfmann and Ogden, 2014b; Gent, 1996). Dotted line corresponds
to the onset of snap-through instability. The dashed parts of the voltage-stretch curves are the theoretical response of the elastomer after the snap-
through instability is triggered, which will not happen in practice. The blue dashed-dotted lines are hypothetical Electrical Breakdown curves. The situation
described by fl%) is the most favorable, allowing the initially unstretched material to expand and experience a large snap-through from A to B. For E,‘,f,’, this
will not be allowed, but a certain level of pre-stress (here s = 0.8, 1.5) will give a (smaller) snap-through transition (from C to D, from E to F, respectively).

As the hypothetical Ep curve slides down further, this possibility will vanish eventually (see § = 2.5, 4.5 curves). For El(ilD)v no snap-through is possible. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

sequence is completed prior to electrical breakdown. But it seems that such a material has not been synthesised yet. We
could pre-stretch the membrane so that the snap-through path is shifted below that of the un-stretched membrane. But in
that scenario the snap-through actuation gain is greatly reduced. Moreover, with larger pre-stretch, the corresponding path
might become increasing monotonic and the snap-through possibility will then disappear altogether.

These possible events are summarised in Fig. 1, where we take a Gent ideal dielectric with J;; = 97.2 (Dorfmann and
Ogden, 2014b; Gent, 1996) as a representative stiffening parameter of elastomers (a different value stretches or shrinks the
plots, but the essential results remain the same). The critical dimensionless electric field of the plate is Egp = Vgp/(hJ/1t/€),
where Vpp is the voltage causing electrical breakdown of the elastomer and h is its current thickness. This material constant
Egp is also known as the dielectric strength (Pelrine et al., 2000). For an equal-biaxially stretched dielectric elastomer, Eqgp =
A~2Egp, where Eggp is the nominal measure of Egp and A is the in-plane stretch. This relation is displayed by the blue
dashed-dotted lines in Fig. 1, for hypothetical values of the dielectric strength (Egp = 0.5, 20, 40).

In this paper we show that in any case, the snap-through scenario is derailed because the loading curve crosses that of
wrinkle formation. Indeed, several experiments (Jiang et al., 2015; 2016; Liu et al., 2016; Plante and Dubowsky, 2006) have
shown that sinusoidal wrinkles appear in soft dielectric plates under high voltage, see examples in Fig. 2. Here, we model
and predict how they will form.

In Section 2, we begin by recalling the equations governing the large deformation of a dielectric plate subject to pre-
stretch and voltage.

We then rely on the theory of incremental deformations superposed on large actuation (Bertoldi and Gei, 2011; Bortot
and Shmuel, 2018; Dorfmann and Ogden, 2010a; 2010b; Gei et al., 2012; Rudykh et al., 2014; Rudykh and deBotton, 2011; Su
et al.,, 2016) to solve the boundary value problem of small-amplitude sinusoidal wrinkles appearing on the mechanically-free
faces of the plate (Section 3).

This problem was treated earlier by Dorfmann and Ogden (2014a,c) and more recently, by Yang et al. (2017b) and
Diaz-Calleja et al. (2017), but not in a fully analytical manner as here. Here, we present a general framework to solve
the boundary-value problem for a general free energy density. We manage to obtain analytical results in the case of the
Gent ideal dielectric, a model which exhibits the typical non-monotonic snap-through loading curve, see Fig. 1, and also in
the cases of neo-Hookean and Mooney-Rivlin ideal dielectrics. Thanks to the Stroh formulation and the surface impedance
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Fig. 2. Experimental evidence of electro-mechanical wrinkling instability: (a) collapse of a thin film of the rubber-like material VHB 4905/4910 put under
a large voltage (Plante and Dubowsky, 2006); (b) wrinkling of a VHB 4910 membrane under high voltage (Liu et al., 2016); (c) electric activation of acrylic
elastomers (Pelrine et al., 2000). We estimate that the ratio of the initial plate thickness to the wrinkle wavelength is H/£ ~ 0.17,0.35 in Cases (a) and (b),
respectively.

method (Destrade, 2015), we obtain closed-form expressions for the dispersion equation. We are also able to separate the
symmetric and antisymmetric modes of buckling and to solve the dispersion equations in a numerically robust manner.

Then in Section 4 we derive the explicit equations giving the thin-plate and the short-wave limits. Plotting the two
corresponding curves gives a narrow region where all physical plate dimensions and wrinkle wavelengths are located. We
find that it crosses all loading curves before the snap-through can be completed.

In Section 5, we present further results, for dielectric exhibiting polarization saturation, and for the specialization of our
analytical formulas to known results in classical Euler buckling theory for elastic columns. We also make the link with, and
extend the Hessian criterion of instability (Zhao and Suo, 2007) for electro-elastic dielectrics of a certain thickness.

Finally, Section 6 recapitulates the results and puts them into a wider context, thanks to the extension of the analysis to
a tri-axial pre-stretch conducted in the Appendix A.

2. Large actuation

We write the free energy density for the dielectric plate as 2 = Q(F,E;), where F is the deformation gradient and E; is
the Lagrangian form of the electric field E: E; = FTE. We introduce the following complete set of invariants for an isotropic
incompressible dielectric (Dorfmann and Ogden, 2005; 2006; Goshkoderia and Rudykh, 2017; Rudykh et al., 2014),

L=tre, L=tr(c!), I4=E -E,, Is=E; -c'E,, Ig=E, -cEL (1
where ¢ = FTF is the right Cauchy-Green deformation tensor.
In the appendix we present results for general materials, where in all generality €2 can be written as Q =

Q1, L, 14,15, Ig). In the main text we specialize the results to the Gent ideal dielectric (Gent, 1996; Huang et al., 2012a),
which exhibits the snap-through response. Its free energy is

_ _Hn h=3)_¢
QG—— 2 ll‘l<1— _Im >—215, (2)

where u is the initial shear modulus in the absence of electric field (in Pa), J;; is the stiffening parameter (dimensionless)
and ¢ is the permitivity (in F/m). When J;; — oo, the neo-Hookean ideal dielectric (Zhao and Suo, 2007) is recovered,

&
Qo = 5 -3) - 5k, 3)

but that model does not provide snap-through loading behavior.

We call H the initial thickness of the plate. We apply a voltage V on the faces of the plate. Then the only non-zero
component of the Lagrangian electric field is Ej5 = V/H, which we call Eg. We call x4, x3 the in-plane Eulerian principal axes
and x, the transverse axis, so that we have the following principal stretches and electric field components,

AM=As=A Ay=A"2  E =E;3=0, E,=AME,. (4)

Note that in the appendix we give results for a bi-axially stretched plate, when A; is not necessarily equal to As.
Introducing the function w = w(X, Eg) as

®=QQ2A%* + A7, 2072 + A4 E2 A4ER, ABED), (5)
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Fig. 3. When put under voltage V and/or stress o, a rectangular plate made of a soft dielectric and with faces covered by compliant electrodes deforms
homogeneously (a) and (b). It can even deform so severely as to lose its stability and buckle into antisymmetric (c) or symmetric (d) modes of wrinkles.

for a plate with no mechanical traction applied on the faces x, = +h/2, where h is the thickness of the deformed plate, we
find the following compact expression for the equi-biaxial nominal stress component required to maintain the deformation
(Dorfmann and Ogden, 2014a):

10w

where s is the nominal stress applied along the in-plane directions. For example, for the Gent ideal dielectric we have
(Lu et al,, 2012)

. A=A
R B Gy L )T

which we can easily invert to find the voltage V; = EgH. Here, a non-dimensional measure of V; is

AR, (7)

F_ Vo _ B _ A2 — A8 ~
T Hye Ve N1- QR +A4=3)/Jn

where § = sg/u is a non-dimensional measure of stress. We use this formula to plot the non-dimensional loading curves of
Fig. 1, as well as the curve for the onset of snap-through, corresponding to dEq/dA = 0.

Note that the electric displacement vector D = (0, D, 0), with D being the only non-zero component, is related to the
electric field through the formula

A-38, (8)

D=-A7TA . 9)

In this paper we study the possibility of homogeneously deformed plates buckling inhomogeneously as sketched in Fig. 3.
Typically, we find that the onset of these buckling modes is governed by a dispersion equation relating the critical stretch
Acr to the ratio of the plate thickness H by the wavelength of the wrinkles £. In effect, we find that it can be factorised into
the product of a dispersion equation for antisymmetric wrinkles and one for symmetric wrinkles, see Fig. 3(c) and (d).

3. Small-amplitude wrinkles

We now linearize the governing equations and boundary conditions in the neighborhood of the large electro-elastic
deformation. We adopt the point of view that the existence of an incremental solution at an equilibrium state implies that
the second variation of the energy is not positive definite, and signals the onset of instability, at least in the linearized sense.
This connection has been established by several researchers over the years, see for instance the reviews by Sawyers (1996) or
Ogden (2000), or the more recent investigation by Chen et al. (2018).
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We introduce the following fields: u, the small-amplitude mechanical displacement; Ty;, the incremental mechanical
traction on the planes x, =const.; and D;, E;, the incremental electric displacement and electric field, respectively. These
fields are functions of x, the position vector in the current (actuated) configuration (Dorfmann and Ogden, 2014c).

We focus on two-dimensional wrinkles, and thus take the fields to be functions of x;, x, only. This leads to (not shown
here) u3 = Ty; = Ej3 = Dy3 = 0. Because the updated, incremental version of the Maxwell equation CurlE; = 0 is curlE, =0
(Dorfmann and Ogden, 2010a), we can introduce the electric potential ¢ by

E}_] = —8<p/8x1, E[_z = —8(p/8x2. (10)
We then seek solutions with sinusoidal shape along x; and amplitude variations along x5, in the form

{Ll], Uy, DLz, Tz], Tzz, (p} = ?Yi{[I(]U], k7]U2, iA, iEz], 1222, kilcb]eikxl }, (11)

where Uy, Uy, A, ¥5q, X5y, ® are functions of kx, only and k = 27 /£ is the wavenumber.
Our main result is that the governing equations can be put in the form
n’ =iNnp, (12)
where

n=[U U, A E,, £, o] =[U s]. (13)

is the Stroh vector and the prime denotes differentiation with respect to kx,. Here U=[U1 U, A]T, S=

[221 pITVN dD]T are the generalised displacement and traction vectors, respectively, and N is the Stroh matrix. In the
appendix we show that N has the following block structure

_|Ni N
o vl »

where the N; (i =1, 2, 3) are real symmetric. We find that these 3 x 3 sub-matrices are

1 d 2
-0 = & 2 -
— =2(b+0) 0 -
0 -1 0 c c g ( g
Ny=|-1 o0 of N,=|0 0 0 |, N3= 0 c—a 0 | (15)
0 0 O i, d:_f e 0 1
c c g g

where q, b, ¢, d, e, f, g are electro-elastic moduli. Their general expression in terms of the free energy density 2 is given in
the appendix. For equi-biaxial deformations, they read

a=2[A2(Q1 +A*Q) + A1 (Qs + (1% + 1 72)Q%)EF ],
b=2{(A* = A)[(7* = A2)(Qn + 222 Q13 + A1Q0) — 214 (15 + 244 Q16 + A2 Qa5 + 2456 ) E3 |
+AB(Qs5 + 414 Q6 + 4566 EG | + (A2 + A7) (1 + A2Q) + A%[ Qs + 2341 — A7) ]S,
C =202 [A72(Q1 + A2 Q) + A1 Q6EG |,
d = -2)2[Qs + (A* + 17%)Q o,
e= 4)»2[()\_4 — A2 (A4 + Q15 + A Q46 + A2 Q04 + A2 Q5 + A°C06)
M (A Qus + 296 + Qss + 34 Qs6 + 245Qe6)EZ — (25 + 24%Q6) |Eo.
=22 + Q5 + 1 72Q6).
g =AM A8 Quq + 207 Qus + 296 + Rss + 214 Q56 + AP |EG + 2271 + Qs + 1), (16)

where Q; = 3Q/9]; and Q;; = 92€2/91;31;.
Specializing to the Gent ideal dielectric, we find

A=W —ME),  c=2udW.  2b=4u(it - 222W ta+tc (17)

d = JIeA’Ey, e=2d, f=g=—¢, (18)
where

— 1 — 1

= W = .
2[1— A2+ A4 =3) /Jm]’ 21— A2 + A4 = 3) [Jn]*
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The Stroh equation must be solved subject to the incremental boundary conditions on the faces of the plate of no me-
chanical traction and no electrical field, i.e.,

S(=kh/2) =0,  S(kh/2) =0. (20)

Now because the Stroh matrix is constant, the resolution of (12) is straightforward. It reduces to an eigenvalue problem,
yielding a complete set of six linearly independent eigensolutions with exponential variations in x,. Then the boundary
conditions give a linear 6 x 6 homogeneous system of equations for the six unknowns U;( £ h/2), U(+h/2), A(+h/2), for
which the determinant must be zero: this is the dispersion equation.

Using the usual matrix manipulations of plate acoustics (see Nayfeh, 1995 for instance), the six exponential solutions can
be decoupled into two sets of three (hyperbolic) trigonometric solutions, one corresponding to antisymmetric modes, the
other to symmetric modes, see sketches in Fig. 3. The dispersion equation itself factorises into two corresponding equations.
In the appendix, we give those equations for an arbitrary tri-axial pre-stretch, for materials with free energies of the forms

o=wiy -6 o=LUPa 3 Py, 3 fay, (1)

where W and F are arbitrary functions (note that the Gent ideal dielectric belongs to the first type), and 0<f <1 is a
constant.

For the Gent ideal dielectric under an equi-biaxial pre-stretch (4), we find the following explicit dispersion equation for
the anti-symmetric wrinkles:

2W’[p1 (14 p3)? tanh (7 pyA2H/L) — p2(1 + p3)? tanh (w p,A2H/L) | = (p5 — p?)ASE, tanh (mA?H/L),  (22)
where

A3+ w'oa3 -1 w’
P12 = 2+ \/1+2()\—)»2)2/i o) 1+2(0+A12)2—. (23)
w w

For symmetric wrinkles, the dispersion equation is the same except that tanh is replaced with coth everywhere.

In the case of the neo-Hookean ideal dielectric (3), we take J;; — oo and have w = 1/2, w' = 0. py =A%, p =1, so that
the dispersion equations simplify to

[ tanh(AH/L) T‘ _ A2 2100

tanh(A—27H/L) 4)3 4 ’ (24)
where the +1 (—1) exponent corresponds to anti-symmetric (symmetric) wrinkles.

Note that these equations recover the purely elastic buckling criterion when Eg = 0 (Ogden and Roxburgh, 1993).

We now plot the dispersion curves for the Gent ideal dielectric as the plate is loaded homogeneously by an increasing
voltage.

When Ej = 0, see Fig. 4(a), we recover the purely mechanical case. The lower/dashed (upper/full) curve corresponds to
symmetric (anti-symmetric) buckling. We see that in extension (A > 1), the plate is always stable, whereas in contraction
(A <1), it buckles antisymmetrically, with A ~1 when H/£ is small (thin plate, long wavelength) and A ~ 0.661 when
H/L is large (thick plate, short wavelength). Note that here “large” and “thick” simply mean that the plate initial thickness
H is of the order of the wavelength L.

When Ey = 0.2, see Fig. 4(b), the landscape is the same, with the curves slightly shifted upwards. The plate only buckles
in contraction.

When E = 0.4, see Fig. 4(c), we see that, in addition to contractile buckling, the possibility of wrinkling in extension has
now emerged. The plate buckles anti-symmetrically when A reaches a critical value A between 2.65 (thin-plate limit) and
2.81 (short-wavelength limit), depending on the ratio H/L.

Similarly, when Ej = 0.6, Fig. 4(d) shows that the plate wrinkles anti-symmetrically in extension when A reaches a crit-
ical value A between 1.65 (thin-plate limit) and 1.78 (short-wave limit), depending on the ratio H/L.

From this rapid analysis, we conclude that it is unnecessary to study the dispersion equation in detail for the Gent ideal
dielectric, and that the thin-plate and short-wave limits suffice to find global, wavelength-independent critical stretches of
wrinkling in extension.

4. Thin-plate and short-wave instabilities

In the previous section, we saw that put under a sufficiently large voltage, a dielectric plate wrinkles anti-symmetrically
in extension. Depending on the ratio H/£ of thickness to wavelength, the plate wrinkles at a critical stretch located in
between a lower bound, corresponding to the limit for thin plates H/£ — 0 and an upper bound, the limit for short wave-
lengths H/L — oo. In this section we present explicit expressions for these two limits.

First, the thin-plate limit can be found with the asymptotic behavior of tanh as its argument is small in the dispersion
Eq. (22) for the Gent ideal dielectric. However, we can in fact give the thin plate limit in the most general case. Using the
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Fig. 4. Dispersion curves for electrically loaded (Eo = 0.0,0.2,0.4,0.6) dielectric plates: critical stretch ratio A, of compression (lower curves) and of
extension (upper curves) against the initial thickness to wavelength ratio H/£. (a) and (b): for low voltages, the plate can wrinkle only in compression. (c)
and (d): for higher voltages, the dielectric plate can wrinkle in extension, see the thick upper line, corresponding to anti-symmetric wrinkles. Then, the
critical stretch is located between its limit values in the thin-plate (H/£ — 0) and short-wave (H/L — oo) limits.

results of Shuvalov (2000), it is easy to show that the buckling condition when H/£ — 0 is simply
detN5; =0, (25)

where N5 is the Stroh sub-matrix given in Eq. (15). It factorises to give (a —c)(b+c) =0, and the anti-symmetric mode
corresponds to a — ¢ = 0. Combining Eqs. (5) and (6), we find that a — c = (A/2)dw/dX, so that anti-symmetric buckling is
equivalent to

oo
or
Comparing with Eq. (6), we see that in general, the loading curve Ey — A with no pre-stress (5= 0) is in fact the buckling
limit for plates of vanishing thickness. This makes sense from a mechanical point of view: a purely elastic membrane with
vanishing thickness buckles as soon as it is contracted (A = 1.0); a dielectric membrane with vanishing thickness can first

be stretched by applying a voltage, to A = Aq, say, and then it will buckle as soon as it is contracted, so that Ao = Ay now.
Here the equation reads

A2 )8 _P
1-QR2+A4=-3) ] "

Next the short-wave limit is found from Eq. (22) by replacing tanh with 1, its value as H/L — oo. After some re-
arrangement, we find that it reads as

0. (26)

(27)

—//

2000 + A8 1303 - W + 48 — 1)2W = 22(1 + A3)Eoy [1+2(h — ,\—2)2"‘_/_,. (28)
w

For example, when Ey = 0.6 (and J;; = 97.2) we find that the roots to this equation are Aq = 0.665 in contraction and
Ao = 1.78 in extension, as reported on Fig. 4(d). Note that the purely elastic case (Eg = 0) is consistent with the surface
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Fig. 5. How the snap-through actuation is counter-acted by plate instabilities. Solid lines are the voltage-stretch curves for homogeneous loading at dif-
4.5), when the plate is modeled by the Gent ideal dielectric (here J, = 97.2, Dorfmann and Ogden, 2014b; Gent,

ferent levels of pre-stress (§=0,0.38,...,4.
1996). Their intersection with the black dashed line shows where a snap-through should start. However, the non-prestressed plate (S = 0) will meet the

buckling zone found between the thin-plate and the short-wave limit curves on its way from A to B. Similarly for the § = 0.8 pre-stressed plate. Only the
§= 1.5 pre-stressed plate might be able to experience a snap-through transition from E to F. Inset: experimental voltage (kV) - stretch data digitized from

Huang et al. (2012b).

stability criterion of an elastic Gent material (Destrade and Scott, 2004), giving A« = 0.661 here. For the neo-Hookean ideal

dielectric of Eq. (3), the equation simplifies to
A9+ A8 4323 -1 =281+ A3)E.. (29)

Note that Dorfmann and Ogden (2014a,c) studied the surface instability of an ideal neo-Hookean dielectric, but it was
charge-controlled instead of voltage-controlled as here.

In the purely elastic case (Ey = 0), the equation above recovers the critical stretch ratio of surface instability for a half-
space under equi-biaxial strain as A¢ = 0.666, a result which can be traced back to the works of Green and Zerna (1954),
Flavin (1963), and Biot (1963a).

Now the two Egs. (27) and (28) delineate a region in the Ey — A landscape of Fig. 1 where a given plate is going to buckle
in contraction when subject to compressive forces and/or wrinkle in extension when subject to a sufficiently large voltage
Ep. The precise value of the corresponding A.- depends on H/£ but the region between the two curves is narrow enough to
draw general conclusions.

In Fig. 5 we plot the loading curves for the same Gent ideal dielectric (J; = 97.2) used to generate the plots of Fig. 1,
together with the curves for the thin-plate and short-wave limits. We see that the snap-through scenario is not going to
unfold completely for the 5= 0 curve: as soon as Eq reaches its maximum (A) and the plate starts expanding with voltage
remaining fixed at that value, we enter the wrinkling zone between the thin-plate and the short-wave limits. The same
is true for the 5= 0.8 pre-stressed plate, as again, the snap-through from C to D hits the wrinkling zone and cannot be
completed. Only the s = 1.5 pre-stressed plate might be able to achieve a snap-through from E to F without wrinkling.

For plates subject to sufficiently large pre-stress (5 = 2.5, 4.5), the snap-through, thin-plate and short-wave instabilities
are avoided, and the plates can deform until they fail by electrical breakdown.

In Fig. 4, we saw that plates buckle in contraction only when Eq is small (e.g., E; = 0.0, 0.2, see Fig. 4(a) and (b)), and
then in contraction and in extension for sufficiently large voltage (e.g., Eg = 0.4, 0.6, see Fig. 4(c) and (d)). The critical voltage

where the wrinkling in extension is first expressed is determined by

8?0 = A2 )8
87_0’ where EO_\/I—(2A2+A—4—3)/]m (30)

corresponds to the Eg — A loading curve with no pre-stress (5 = 0).
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A

Fig. 6. A dielectric with polarisation saturation: solid lines are the voltage-stretch curves for homogeneous loading at different levels of pre-stress (5=
0,0.6, 1.0, 1.5). The non-prestressed plate (5 = 0) will meet the buckling zone found between the thin-plate and the short-wave limit curves on its way
from A to B. The pre-stressed plates might be able to avoid buckling, depending on their thickness. Inset: polarisation saturation of the electric displacement
with the electric field for the corresponding model (Liu et al., 2012).

In our calculation (J;; = 97.2), Eq. (30) has two real roots Eq = 0.69 and Ey = 0.28. The former corresponds to the voltage
at point A (onset of snap-through at the local maximum of the curve) and the latter to the voltage at the local minimum of
the curve, see Fig. 5.

Finally, we inserted experimental results in Fig. 5 on actual voltage-stretch curves due to Huang et al. (2012b). They do
show that plates can be stretched by voltage a little bit further than the onset of snap-through suggests, by going beyond
the maximum of the curve, and that pre-stretch allows for further absolute stretch of the plate by voltage, although the
relative gain is affected by the pre-stretch, see Huang et al. (2012b) for a more detailed discussion.

5. Further results
5.1. Plate wrinkling for dielectrics with polarization saturation
Many dielectrics exhibit the phenomenon of polarization saturation, in the sense that the electric displacement D in-

creases monotonically with the electric field E but with an asymptotic upper bound Ds, say (Li et al., 2012; 2011b; Liu et al.,
2012). This characteristic can be captured by the following form of energy density,

D; Vs
=1 h 1
. n|cosh|e D, , (31)

o= t0-P g 3y B, 3

where Ds >0 and 0 < <1 are constants. Then the electric displacement D is related to the electric field E through (see Eq.
(9) and Fig. 6),

D = D, tanh(¢E/Ds). (32)
The nominal stress required to effect an equi-biaxial stretch with a transverse electrical field is found from Eq. (6) as
s=u(1—=B)A—A7%)+up(A> - 17?) — ADsEq tanh (A%eEq/Ds). (33)
We introduce the following quantities
S=s/u, Eo=Eo/e/u, Ds=Ds/JuE, (34)
to obtain the non-dimensional version of this equation as
S=(1-B)(AL-27)+ B —A73) — AD;Eytanh (XZEO/E). (35)

For a given level of pre-stress s, it gives an implicit relationship between the voltage and the stretch, which we solve to plot
the Eq — A curves of Fig. 6. For these plots we took 8 = 0.2 and Ds = 4v/5 (corresponding to k = 1/4 and Ds/,/C;¢ = 10 in
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the paper by Liu et al., 2012). We also plot the curve for the onset of snap-through, found by differentiating implicitly Eq.
(35) and taking dEq/dA = 0.

We note that, as outlined above, the thin-plate limit corresponds to this equation in the absence of pre-stress, i.e., when
5 =0. Since the energy density (31) is of the form (21),, we can make use of the results found using this choice of energy
(see appendix, (106)), to obtain the short-wave limit as

p3[A72(1 = B) + B](A* + 1+ 3172 — A7%) — (A + A7%)E,D;s tanh (A*Eo/Ds) =0, (36)

— =
ps = Ds  ginh ( 22Eo , (37)
2)22E, D,

is the imaginary part of the third eigenvalue of the corresponding Stroh matrix.

We plotted the thin-plate limit and short-wave limit curves in Fig. 6. We can see that when the material is not under
mechanical pre-stress (S = 0), snap-through does not occur, as the wrinkling zone between the thin-plate and short-wave
instabilities is reached before it can be completed. However, we can also see that the plate may avoid buckling when it is
pre-stressed, and potentially achieve snap-through, depending on the thickness of the material.

where

5.2. Correction to the thin-plate buckling equation

Finally, we can exploit the exact dispersion equations to establish approximations to the dispersion equations when the
plate is thin. For this exercise, we specialise the analysis to the Mooney-Rivlin ideal dielectric model, with free energy density

Q- ka- ﬁ)(l 34 Mﬁ

where 8 (0 < ,3 <1) is a constant. Note that the neo-Hookean ideal dielectric (3) corresponds to 8 = 0.
In this case, the dispersion equation for anti-symmetric wrinkles (the first to appear) reads

(b -3) - *15, (38)

tanh(AH/L)  (A2B+1— B)(1+A8)% + EgAS(1 — 15)
tanh(A-27H/L) I3[0+ B2 —1)] ’

which reduces to Eq. (24) for 8 = 0. At the zero-th order in H/£, we have the thin-plate equation Eq. (26), here:

B =(1-B+pADH02-278). (40)

This equation has one root (low values of Ey) or two roots (higher Eg) for A, which we call Ag.
The next order in H/L is order two. With some manipulations of Eq. (39), we find the following correction,

)\’:)\O_g )‘(3)(1_ﬂ+ﬂ)‘%)
3,8)% +(1- ﬂ)(4—)»8)

This expression is valid for both the smallest root of the thin-plate equation (corresponding to buckling in contraction)
and the largest root (wrinkling in extension under a large voltage), when it exists. That latter case is a departure from the
purely elastic case (Ag=1), where there is no loss of stability in extension (Beatty and Pan, 1998). For the neo-Hookean
ideal dielectric (3), we take 8 = 0 and the expression reduces to

(39)

] (TH/L)?. (41)

)\3
A= AO—ZL AG](nH/ﬁ) (42)

Finally, Ag = 1 in the purely elastic case, and from Eq. (41) we recover the Euler solution for the buckling of a slender
plate under equi-biaxial load: A =1 — (2/9)(;wH/L)?, see Biot (1963b), Sawyers (1996), or Beatty and Pan (1998) for the
connection with the classical formula of the corresponding critical end thrust (see also Yang et al., 2017b).

This type of expansion in H/L can be performed for any free energy by using the Stroh matrix, see Shuvalov (2000) for
details. It allows us to link our stability analysis to that based on the Hessian criterion. That stability criterion is
based on minimising the free energy once it has been expanded in terms of the plate thickness up to the first power
(Zurlo et al., 2017). It corresponds to the onset of snap-through dEy/dA = 0, and of compression-induced failure (De Tom-
masi et al., 2011). For instance, take the neo-Hookean ideal dielectric (3): in the absence of a pre-stress, the onset of snap-
through/Hessian criterion occurs when (Zhao and Suo, 2007)

A=213~126, Ep= ZT*/Z ~ 0.69. (43)
However, Eq. (42) will not work here because the denominator of the correction would be zero. By carefully re-doing the
expansion in this special case, we find the first correction to this criterion in terms of the plate thickness to be of order one
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Fig. 7. Critical stretch Ao versus the initial thickness to wavelength ratio H/L for the anti-symmetric instability modes of a neo-Hookean ideal dielectric
plate (left: Eg = 0.6, right: Eg = v/3/2%3 ~ 0.69). Black: exact solutions from the analytical dispersion Eq. (24) and red: Euler buckling approximations from
Eq. (42) (left) and Eq. (44); (right). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 8. Dispersion critical curves for an equi-biaxially stretched neo-Hookean ideal dielectric square plate with initial side L and thickness H, in terms
of its slenderness HJL, for two levels of voltage: Ey = 0.6 (left) and Ey = v/3/2%3 ~ 0.69 (right), the value given by the Hessian criterion. ]‘he integer n
gives the number of half-periods across the plate. We see that the plate can buckle/wrinkle in contraction (A < Ag) and in extension (Aq > Ag). The plate

always buckles/wrinkles anti-symmetrically with one half-period only (n = 1, thick black curves). The other modes (n>1 and symmetric modes) are never
reached.

for the stretch (and the next term is of order three) and of order two for the voltage (and the next term is of order three).
Explicitly,

1/6
A=2134¢ ZT(nH/ﬁ) ~126+1.18(H/L),

_ 1/3
0= 24—€ - %(T[H/[,)Z ~0.69 — 2.39(H/L)?. (44)
Fig. 7 shows the dispersion curves obtained by the exact Eq. (24) and the Euler column buckling approximations (42) and
(44); of a neo-Hookean plate. When Eg < 0.69 (left figure), Eq. (41) has two real roots, and the A — H/L curves for the thin
plate are approximated quadratically. For the case of the Hessian instability criterion (Eg = +~/3/2%3), Eq. (41) has a single
real root, and the A, — H/L curves are approximated linearly for small thicknesses.

The figures confirm the special character of the Hessian criterion to study stability. Prior to reaching the maximum in
the voltage-stretch loading curve (for example when Ey = 0.6, as in Fig. 7(a)), a thin membrane will buckle when subject
to a small amount of contraction (A slightly smaller than Ay = 1.1 in Fig. 7(a)), but can be stretched by a large amount
before it wrinkles in extension (the stretch has to reach a value slightly larger than Ay = 1.62). At the Hessian criterion
(Ep = 0.69), a thin membrane can only be contracted or stretched by a small amount before it buckles or wrinkles (A¢ is
close to Ay = 21/3 for both buckling and wrinkling).
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6. Conclusions
6.1. Results of the current paper

Motivated by experimental evidence, we presented a theoretical investigation on the wrinkling modes of instability of
a dielectric plate subject to the combined action of electrical voltage in thickness and in-plane equi-biaxial pre-stresses,
based on nonlinear electroelasticity and the associated incremental theory. We derived the dispersion equation and decou-
pled it into explicit antisymmetric and symmetric modes. We recovered classical elastic results of plate buckling when the
voltage is absent. For specific energy functions (Gent and neo-Hookean ideal dielectrics, Mooney-Rivlin dielectric with po-
larization saturation), we obtained the thin-plate and short-wave limits analytically. Our numerical calculations show that
plates subject to small-to-moderate voltage require contractile loadings to buckle. For larger applied voltage, the plates can
buckle/wrinkle in both contraction and extension, with the critical stretch confined between the thin-plate and short-wave
limits. In either case, we found that plates bifurcate anti-symmetrically first and that the symmetric mode is never attained.
We determined the threshold value of the voltage where the buckling in extension is first encountered. For thin plates, we
extended the Hessian criterion (Zhao and Suo, 2007) to account for thickness terms.

6.2. Lateral boundary conditions: wrinkling, buckling

So far we have not specified the lateral boundary conditions that can be applied on the end faces of the plate, located at
x1 =0, ¢7 and x3 = 0, £3, say. Instead we wrote our general solution in terms of the wrinkles’ wavelength £, because it can
handily be specialized to several scenarios.

For instance we may assume that the lateral dimensions of the plate are large enough to ignore the actual boundary
conditions on the end faces, and that the only relevant boundary conditions are those applying on the upper and lower
faces. This assumption can be used to model loaded plates with a high number of wrinkles, see experimental examples in
Fig. 2.

We may also assume that the plate has finite lateral dimensions, say it is a square of initial side length L.

To a given low-to-moderate voltage E, corresponds a single actuation stretch Ag, say. Here the plate buckles in contrac-
tion, when A = A < Ag. In practical terms, it means that if we place frictionless walls at x; = 0, AgL, and at x3 = 0, AgL, we
can push them with equal force against the plate until its side length is AL, where it buckles. The corresponding wrinkles
produce no incremental displacement nor traction in the x3 direction, so that sliding contact is ensured with the walls at
x3 = 0, AgL. A short analysis of the incremental fields of the solution (not reproduced here) reveals that both the normal dis-
placement u; and the shear traction T;, are proportional to sin(kx;). It follows that the incremental boundary condition of
sliding contact with the walls at x; = 0, AL is fully satisfied when kAL = n, where n is an integer. We may then replace
the H/L term in the dispersion equations with nA;'H/(2L). Hence we used the plate slenderness ratio H/L as a variable to
plot Fig. 8, where we solved the dispersion Eq. (24) for a neo-Hookean ideal dielectric for n =1,2,3 in turn. We see that
the n = 1 anti-symmetric mode is always the first one met, in contraction and in extension, so that the plate buckles in a
half-period pattern, see sketch 4(a) by Yang et al. (2017b).

For higher voltages, a second, larger activation stretch occurs, at A = 5\0, say. Under those voltages, the plate can buckle
in contraction (Aq < Ag) as above, and also in extension (Aqr > XO). At x; = 0, AL, we can apply sliding conditions again, or
alternatively, incremental dead-load conditions: Tj; = T, = 0 (by adjusting the incremental Lagrange multiplier p). We can-
not have u; = 0 and u; = 0 simultaneously there, but we can have u; =0 and u;(0) = uy(AcL). In that case, the end faces
both rise or dip during wrinkling by the same amount, which can be absorbed in the analysis by a superposed translation.
Again, we find that the plate wrinkles anti-symmetrically in a half-period pattern.

For the Hessian voltage, we have Ay = Ag = 21/3 and the plate can buckle in the neighborhood of A both in contraction
and in extension with a half-period pattern (n = 1). We find from Eq. (44) that the critical stretch is then approximated as

5/6
Ao =212+ %(nH/L) ~1.26 +£0.466(H/L),
V3

Eoer = 24/3 ~ 2773332

(mH/L)? ~ 0.69 — 0.377(H/L)?. (45)

6.3. Connections with existing results

In the main part of the paper, we presented theoretical and numerical calculations with respect to equi-biaxially de-
formed plates, but our strategy is readily extended to general tri-axial deformations, see the Appendix. In what follows,
we specialise the general results to specific deformations and materials to compare and contrast our results with those of
others.

Dorfmann and Ogden (2010b) derived the incremental equations of electro-elasticity and used them to obtain the cri-
terion of surface instability for a class of dielectric models which includes the neo-Hookean model (by taking o =0 in
their Eq. (109)). They assumed the dielectric half-space to be immersed in a uniform external electric field and took plane
strain conditions. In a later paper (Dorfmann and Ogden, 2014a), they extended the analysis to plates with finite thickness
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under equi-biaxial stretch, as here, and considered both the cases of plates immersed in a uniform external field and of
electrode-covered plates. In those two investigations, the authors took the Lagrangian electric displacement to be a con-
stant, in contrast to our study, where we take the Lagrangian electric field Ey to be constant. It follows that we cannot make
a direct connection with their results and only give the counterpart explicit dispersion equations below.

Hence, for a neo-Hookean ideal dielectric plate stretched equi-biaxially, we found the explicit dispersion equations and
surface wrinkling bifurcation criterion as Eqs. (24) and (29), respectively, which we recall below as

#1 62 501 _ 36y
tanh(w AH/L) _ (1+A°% N A1 -A E(z)’ (46)
tanh(wA—2H/L) 4)3 4

(where the +1/—1 exponent corresponds to anti-symmetric/symmetric wrinkles), and
A%+ A6 1323 —1=28(1+A3)Es (47)

As shown with the dispersion curves of Fig. 4, these equations are robust and easy to solve numerically, while the deter-
minantal equation of Dorfmann and Ogden (2014a) is probably ill-conditioned, as it presents instability and a merging of
symmetric and anti-symmetric modes.

For a neo-Hookean ideal dielectric plate in plane strain, we take A; = A, A, = 1/A, A3 =1 in Appendix Eq. (97), to find the
dispersion equations as

E., (48)

tanh(raH/L) 17 (14292 22(1-2%)
tanh(z A-'H/L) =@z * 4

and the surface instability equation (H/£ — oo) as
A8 A1 4+322 -1 =241+ A2)E.. (49)

Here the main difference with the equi-biaxial case is that the plane-strain voltage-stretch curve is monotone:

Eo=+/1- A4 - A5 (50)

Because this equation corresponds to the thin-plate limit, it follows that there is now only one possibility of buckling, as to
a given voltage corresponds a single actuation stretch Ay. Here the plate can only buckle in contraction, when A = A < Ag.

Diaz-Calleja et al. (2017) took the same set-up as Dorfmann and Ogden (2014a) (in equi-biaxial strain), and also took the
electric displacement as constant, so that again, we cannot compare our results to theirs directly. They used an extended
Mooney-Rivlin model and an Ogden model in turn, and obtained the dispersion equation as a 6 x 6 determinant, not de-
coupled into symmetric and anti-symmetric modes. Their numerical results do not seem to reveal an extensional mode of
wrinkling, and seem to present numerical instabilities.

Fu et al. (2018) recently studied the localized necking of ideal neo-Hookean dielectric plates in plane strain. They ex-
panded the bifurcation criterion of Dorfmann and Ogden (2014a) in terms of kH, similar to our analysis in Section 5.2. In an
effort to model the initiation of necking in tension, they focused on the symmetric mode of wrinkling. We can also provide
such an expression by expanding in a Maclaurin series the bifurcation criterion (48) with the —1 exponent, but there is little
value in pursuing this avenue, simply because, as we saw, the symmetric modes are never arrived at, as they are always
preceded by anti-symmetric modes.

Finally, Yang et al. (2017b) looked at the buckling of ideal dielectric plates in plane strain. However, when they specialized
their results to the neo-Hookean case, they chose for simplicity to not consider the increments in the electrical fields, only
in the mechanical fields. As a result they obtained the following dispersion relation, see their Eqs. 69) and ((70),

[ tanh(wAH/L) ]ﬂ _ (1+A%2 + A4(1 + A9E, (51)

tanh(wA-1H/L) 452 + ZAGE(Z)

The numerical resolution of this equation for the anti-symmetric case shows that it brings little difference compared to the
dispersion curve of the exact Eq. (48) for plates subject to small voltages (up to Eq = 0.5, say). However, for larger applied
voltage, the difference is quite dramatic, as the equation above under-estimates the critical stretch by at least 15% for thin
plates. Also, their equation has roots when Eg > 1, which is not allowed according to (50), see also Yang et al. (2017a). The
conclusion is that we must keep all increments (mechanical, electrical, and coupled) to solve the boundary value problem.

6.4. Limitations

Our study is restricted in several ways and can be improved upon.

For example we did not consider viscosity (Hong, 2011; Park and Nguyen, 2013) in any way, although there is strong
evidence to support its role in the problem of electro-mechanical instability.

We also discarded the possibility of the wrinkles wavefront being oriented at a different angle instead of being normal
to xq. It could very well be that the first wrinkles to develop are oblique (Carfagna et al., 2017). Further, it could also be the
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case that wrinkles with a wavefront normal to x, develop. They might even be compatible with our wrinkles and combine
to create a two-dimensional pattern (Yin et al., 2018).

Finally, the present incremental theory framework does not seem appropriate to initiate necking (Fu et al., 2018) of a thin
plate under large voltage. Our analysis predicts that the n = 2 symmetric mode in extension (which is the perfect precursor
to necking) can never be attained, as the plate has already reached the bifurcation criterion for the n =1 anti-symmetric
mode, where the linearized theory breaks down. Clearly a nonlinear treatment is required to capture necking.
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Appendix A

Here, we give the general expressions for the electro-acoustic moduli and the derivation of the Stroh matrix. The ap-
pendix is self-contained and some equations from the main text are repeated.

Al. Electro-acoustic moduli

We use the push-forward versions of the incremental constitutive equations when the free energy is of the form Q =
Q(F,E;) (Dorfmann and Ogden, 2014c):
T=AL+ToE +pL—pl, Dy =-T{L—KoE, (52)

where T is the push-forward version of the incremental mechanical traction, E; and D, are the push-forward versions
of the incremental electric field and electric displacement, respectively, L = grad u is the gradient of the small-amplitude
mechanical displacement u, p is the Lagrange multiplier due to the incompressibility condition, with p its increment, and
Ay, I'g and K are fourth-, third- and second-order tensors, respectively, the so-called electro-acoustic moduli.

The electro-acoustic moduli tensors are given in terms of the first and second derivatives of the energy density function
Q with respect to the deformation gradient F and the Lagrangian form of the electric field E, = F'E, where E is the electric
field. Using the invariants given in the main body of the paper, we obtain the following expressions for the components of
the moduli tensors,

Agjitk = 4{911 bijbi + Q22 (b — b?);i(Iib — b*)
+Qp [bij(llb — b))y + by (b - bz)ij] — Q15(bj;ELE; + byEiE;)
— Qug[ byj (Ex(b™"E); + (b "E)iEy) + by (Ei(b™'E); + (b™'E);E)) |
— Q5 [EiEj (b — b*)y + EE (Ib — bz)ij] - QZG[(Ilb - bz)ij(Ek(qu)l
+(b7E)E) + (b — b*)q (Ei(b™'E); + (b”'E)Ej) | + QssEE;E¢E
+ Qs [EiE; (Ee(b'E); + (b 'E)E) + EEy(Ei(b'E)j + (bilE)iEj)]
+SQ66(Ei(b™'E)j + (b 'E)E)) (E (b7 'E)y + (b 'E)E)) |
+2{Q151‘kbﬂ + Q2 (Zbijbkl —bybjx — bybji + Sy (Iib — bz)jl)
+ Q5 (8 EEx + Sk EiE; + 8;E Ey)
+ Qe[ EjEy + by 'EjEy + b3l EEy + by EEy + 8 (Ei(b™"E), + (b™'E)iE))
+8i(Ej(b~"E)y + (b"'E);Ey) + 8 (Ei(b™"E) + (b 'E)iEp) ]}, (53)

Tojic = 4{bij[ Q14 (BE)y + Q1sEx + Q16(b7'E)i ]
+ (b — b);5[ 224 (BE)+ Q225 + Q06(b™ E)y
—EiE; [945 (BE) + 255E; + Q256 (bi]E)k]
—(Ei(b™'E); + (b7 "E)iE;)[ 26 (BE) i + S256E¢ + Q66 (b E)y ]}

— 2[5 (SiEi + 8uEj) + Q6(8i(b'E)j + 8 (b7 "E); + by 'Ej + byl E) ], (54)
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Koij = 4{944 (BE);(bE) ; + Q2s5EE; + 966(b71E)i(b71E)j
+ Q5[ (BE),E; + E;(BE) ;] + Q46| (BE); (b™'E); + (b™'E); (bE), ]
+Qs6[Ei(b'E) + (b7 E)E; ]} + 2(Qubij + Q8 + Qeby;'), (55)

where b= FFT is the left Cauchy-Green deformation tensor, Q= 829/8Ijalj and ©; =0€2/0l;, fori,j=1,2,4,5,6.
These expressions are derived from the derivatives of the invariants with respect to the deformation gradient F and to
the Lagrangian electric field E;. The non-zero first derivatives are as follows,

dl dh
— =2F,, —— =2(I1Ey — coyEy),
aF;'oz o aF;'oz 1l ayliy
al _ B a1 _ B _ 1
8F,i = —2¢;)EL, F5; 'y, ﬁ = —2(Cqp Evy By Evs + Cay Ey €5y Fy 'Evs),
dly dls 1 dls 2
— =2E — =2c,E — =2¢2E
0Er, Ler> 0Er, Cay®ly> 0ELy CayFly> (56)
the non-zero second derivatives with respect to F are
921
s = 20i8us,
aFm 31:143 ikCup
921,
TFadby 2(2FyFig — FgFea + 8ic(h8ap — Cap) — bidap).
102 K,
8215 — 2F, E -1 F—IF—I —1 F—]}:—] -1 F—IF—]
FF,0F, ot Caplyk fsi + Caylar fsi t Caylsk fai )
8216 =2 —2F—1F—1 -2 F—lF—l —2F—1F—1 —1 —lF—lF—l
0F0Fs Capfyicbsi +Cp b Bsi + Cayts Lg +Coz,8(cyq ak Tsi
—1p-1p-1 1 (—1p-1p-1 _ —~1p-1p-1
g B Fri ) + 5 (CaqF Bt + Gog B ' Ford)
[ ~1p-1p=1_ —~1p-1p-1 _ —~1p—1
e (B By + U B + ety ) By Bus (57)
the non-zero second derivatives with respect to E; are
REIN 0%Is 0%Is
=285, 2 —2ct 5 _—2c2 58
9E0E g op OEL0E;  Cab OEj 0E; b (58)
and the mixed second derivatives are
%I “1p-1_ ~1p-1
oFar = ~2(GhE ! + BBy
8216 ) —ZF—l —2F—1 F—l -1 -1 -1 -1 E 59
OF 0k ~ 2L Srte T Capfyi i (G Gy T Captyn ) [Fr- (59)

Note that some of these derivatives were first derived by Rudykh et al. (2014).
A2. Two-dimensional wrinkles in transverse electric field

We look for two-dimensional solutions to the incremental equations so that u = u(x;,x,) only. Then p, D; and E; are
also functions of x;, x, only. Although we do not show it here, we find that this leads to u; = 0, D;3 = 0 and E;5 = 0 for our
problem of principal wrinkles in a transverse electrical field. Because curl E; = 0, we can introduce the electric potential ¢
and write that

Eu =—¢1, ELZ =—¢2. (60)
The push-forward versions of the incremental constitutive equations then have the following non-zero entries,

Ty = (Aorn + P)U11 + Aonzzliz2 — o2z — P

Tia = (Aot221 + P12 + Aotziatiz1 — Toon @1,

Ty = (Aor221 + P21 + Aozi211.2 — Do @11,

Tyy = (Ao2222 + P)ti2.2 + Aoti22ti11 — Dozz2@.2 — P (61)
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and
DLl = —Ton (2 +ux1)+Kong,
Di» = —Tomatr 1 — Toazalin 2 + Kona 2, (62)

because all other components of the electro-elastic moduli are zero. Here Agjj, I'ojix and Ko are given by Egs. (53), (54) and
(55), respectively.
The equilibrium equations in the incremental case, divT = 0 and divD; = 0, are then as follows,

T +T2 =0, Tia1 + Tz =0, D11+ Dpa =0, (63)
which together with the incompressibility condition,
divu = Upq+uUx2=0, (64)

fully describe the incremental motion.
A3. Stroh formulation

We look for solutions that are harmonic in the x;-direction, i.e., solutions of the form
{ur. uz, Dia, Ty, Top, 0} = S{[KT1Uy, k71U, B, 181, 1805, k71 @ e}, (65)

where Uy, Uy, A, ¥y, X9y and @ are functions of kx, only, and k = 27 /£ is the wavenumber. We can then rewrite the full
problem in Stroh form, i.e., as

n’ =iNnp, (66)
where
T T
)7 = [U] Uz A 221 222 (D] = [U S] s (67)
is the Stroh vector, the prime denotes differentiation with respect to kx,, and N is the Stroh matrix, which can be partitioned
as
N: N,
N =
|:N3 Nﬂ’ (68)

where T denotes the Hermitian operator. We derived the Stroh matrix N as follows.
First, substituting u; and u, into the incompressibility condition, (64), gives

Uj = —iUy, (69)

the second line of the Stroh equation. We then substitute the expression for D5 into Eq. (62), and using (69) we get the
following expression for @’,

.| Tomz — T2z 1
P =i| ———U1 + —A |, 70
|: Kozo " Koz (70)
i.e., the last line of the Stroh equation. Similarly, we can then get an expression for U] by using Ty in Eq. (61)3, so that
| —(Ao1221 + p) 1 Coa11
U =i U, + Yo+ —>|, 71
! [ Aoz 27 Aoy T Ao 71

which is the first line of the Stroh equation.

In order to get the remaining three equations, we use the equilibrium equations Eqs. (63). We first find an expression for
p by rearranging the expression (61), for Ty, and then substitute this into (61); and use (70) and (63); to find the fourth
line of the Stroh equation as follows,

. r -r 2 I -r
25 = —i{ | Aot + Aoz2zz — 2Aomizz + 2p — Qo ~ Tozzz)” U +XZp - MA ) (72)
Kozz Koz
Similarly, we use (61),, (71) and (63), to find the fifth Stroh equation as
[ (Aoraz + p)? Aotz + A +
o, =i (Ao1221 + p) — Ao |Us — (Ao1221 + p) Sy — Fozu( 01221 +P 1><I> . (73)
Ao2121 Ao2121 Ao2121

Finally, to get an equation for A’, we use (62);, (71) and (63)3 so that,

. A r r 2
A =il Tom 1 (Aozz1 +p) U, ¢ Loy (To211) Koy )@ ! (74)
Ao2121 Ao2121 Ao2121
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We can then write these six equations in the Stroh matrix form. Adopting the following shorthand notation,

a= Aoz, €= Aop2i, 2b = Ao + Ao2222 — 2 Ao1122 — 2 Ao1221, (75)
d=Tou. e=Toppn—-Ton. f=Ku  &=Kon.

we find the partitions of the Stroh matrix, N7, N, and N3, as follows,

[0 —14710n/c O 1/c O d/c
N, =|-1 0 0], N,=| 0 0 0 s

| 0 dty/c 0 dic 0 d?/c—f

[—2(b+c— 1) +e%/g 0 —e/g
N3 = 0 —a+ (c— T22)2/C 0 s (76)
L —e/g 0 1/g

where we have also made use of the connection Agjzz1 + p = Agz121 — T2 (see Chadwick, 1997 or Shams et al., 2011).

In particular, in this paper, we solve a problem where there is no electric field external to the plate, and so 75, =0 in
the expressions above.

In general, the expressions (75) read as follows,

a =2[AMQ + ATA3Q2 + AAZEG (R + (A2 + 20303) ) |,
2b = 4{ (A3 = A72A3%)[(A — A7%A5%) (1 + 2A3Q12 + A3Q02) + 2ATA3ES (R
+22323 Q16 + A3 Q05 + 2A3A5Q06) | + ATASES (255 + 44343 Q56 + 4ATA3Q66) }
+2{ (A3 + A7223%) (21 + A39) + AAZEG[ Qs + 2(3A1A3 — A2) 6]}
€ = 2[A7%A5%Q + A7 + A3E3 Q)
d = —2h123[Qs + (A% + A123) Q6 Eo.
e 4A1A3[(A;2A§2 — A (A2A32 Q04 + Qs + ATA3Q6 + A2 Q04 + A3 Q05 + ATAG206)
—AIAZES (A2 A52 Qus + 29 + Q55 + 3ATA3Qs6 + 24149 Qe6) — (25 + 22203Q) |Fo.
f=2A3Q + Q5 + 27°Q),
g = 4[A7A5" Qua + 207757 Qus + 296 + s + 2ATA3 256 + ATA Q66 |ATAES
+2(A 7032 Q + Q5 + A213Qp). (77)

We can non-dimensionalise both the Stroh constants and entries of y by introducing the following dimensionless mod-
uli,

a=a/pu, b=b/u, C=c/u, T
d=d/ e, e=e/Jme. [=fle. @

and dimensionless fields,
U,‘ZU,‘, f21' = Ezi/l‘(’v Z: A/\/ Mne, 6= D S/I‘Ls (79)

2 = T2/, (78)
= g/¢,

for i = 1,2, where X denotes a dimensionless measure of X, and y and & are the initial shear modulus and initial permit-
tivity of the dielectric material,

Ho=2(21 + ) |1 2,=3.1,=I =l=0; £ =—2(4+ Q5 + Q26) |1, 21,31, =1, =ls=0- (80)
The finite fields can also be non-dimensionalized by introducing
Eo=Eo/e/u., D=D/Jpe, lo=(e/W)ly (¢ =4.,56). (81)

Once a is replaced by ua, b by ub, etc., the equations of equilibrium can be re-written in their non-dimensional form
7’ = iN7. For the rest of the appendix, the overline notation is understood everywhere, and all quantities are non-dimensional.

A4. Method of resolution for plates

Since N has constant entries, we look for solutions to (66) in the form,
n(kxy) = 0™, (82)
which results in an eigen-problem for the eigenvalues g and eigenvectors #° of the matrix N,
(N—ql)n°=0. (83)
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The characteristic equation associated with this eigen-problem is
cgq® + [2bg + cf — (d — e)?1q* + [2bf + ag + 2d(d — e)]q* + af —d* = 0. (84)

This equation is bi-cubic in q and does not depend on the Cauchy stress 7, for any choice of energy density function.
After calculating the eigenvalues g; and eigenvectors nY), j=1,2,...,6, for the Stroh matrix N, we can construct the
solution to (66) for a plate of electroelastic material,

6
e = [ls]((zlffzz)) } =2 e, (85)
j=1

where ¢; for j=1,2,...,6 are arbitrary constants to be determined from the boundary conditions. The eigenvalues come in
conjugate pairs because the bicubic has real coefficients. We specialise the analysis to free energies for which the g; are pure
imaginary, and so we write them as q; = ip; and q;,3 = —ip; for j = 1,2, 3, where py, py, p3 are real. Then the eigenvectors

are also conjugate pairs, ) = yU+3) for j=1,2,3.

The incremental equations must be solved subject to the boundary conditions of no incremental mechanical tractions
and no incremental electric field on the faces of the plate, i.e., S(kh/2) = S(—kh/2) = 0. Using this boundary condition and
(85), we can write the following matrix equation,

FlE; FQEZ_ F3E3_ F4ET F5E; FGE;' C1
G]E; GzE; G3E§ (;451Jr G5E§r GGE;r Cy
[S(kh/Z)}_ HiE;  HE,  HE; HES HE] HES || o | _g (86)
S(—khy2)| = | REf RE} RE; RE, KE, FRE ||c|="
GEr  GoEf  GsEf GsE;y  GsE, Geks || cs
H]ET HzE;— HgE; H4El_ H5E2_ H5E3_ Ce

where Fj = nflj) is the fourth component, G; = néj) is the fifth component, and H; = néj) is the sixth component of the

eigenvector »¥), and Eji = e*Pi*/2 for j=1,2,...,6. We also note that since gj,3 = —q;, we have Eji+3 =EF, for j=1.2.3.
For our choices of free energy densities, we find that Fit3 =Fj, Gji3 = —Gj, Hj 3 =Hj, for j =1, 2,3. Then some simple
linear manipulations (Nayfeh, 1995) of the matrix result in two 3 x 3 blocks, the antisymmetric and symmetric modes, and

its determinant factorises as follows,

KG  EG  BG ES1  ES; BSs
GiS1 G5y GsS3 GG GG GG
HiGi H,G; HG HiS1  H,S;  H3Ss

X

-0, (87)

where Cj = cosh(pjkh/2) and S; = sinh(p;kh/2). Here the antisymmetric mode is described by the determinant on the left,
and the symmetric mode by the one on the right. We then get the following expressions for the dispersion equations in
general,

hspace + —6ptG, (EH, — EHs) tanh(p1kh/2) + G, (FH3 — EEHy) tanh(pykh/2) + G3 (EH; — FiH;) tanh(pskh/2) = 0,
(88)

for the antisymmetric mode and,
Gl (F3H2 — F2H3) COth(p] kh/Z) + Gz (F]H3 — F3H1) COth(pzkh/Z) + G3 (F2H1 - F]Hz) coth(p31<h/2) =0, (89)

for the symmetric mode. The quantity kh can be expressed as kh = an;lkng/L, where H is the initial thickness of the
plate and £ is the wavelength of the wrinkles, two quantities that are easy to measure experimentally.

A5. Examples

Of course, solving the bicubic (84) is quite cumbersome in the general case, but for some special forms of the free energy
density, it simplifies quite a lot. Hence, for generalized neo-Hookean ideal dielectrics, which are such that

Q=w) -k, (90)
where W is an arbitrary function of I; only, we find that it factorises as
W//
(q* + 1){q4 + [1 + A 20303 — A;‘A;l)zw,}qz + A;‘A%} =0. (91)

Here we call g¢; and g, the two roots of the factorized biquadratic with positive imaginary part.
Now we define all six eigenvalues and the three real numbers p; by

g1 = —q4 = ipy, G2 = —qs = ipa. g3=—-qs=1 (p3=1). (92)
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The real quantities p,, p, are such that

W//
Pips =AM PP =1+ A A+ 2000 - AT A (93)
Solving for real positive pq, p, gives
A2h3+1 oW A2As -1 141 W
P1.2=]2\/l+2(kl—k11k31)zwi12 1+2(k1+)»]1)»31)2W/. (94)
The six eigenvectors are
[ —ip1 ] i —ip2 ]
1 1
—ip1AAsEo —ipaA1AsEg
M _ w’ @ _ w’
"t =1 20 +p%))»2)\2 +MAES |- mT =] 20 +p%)x2/\2 +MAEE |
143 13
L0434 L0434
P1ATAS P2A3A3
L _)\1)"350 _ L —)\,1)\3E0
B 0
0
i - - -
=1 e | 1= a® =@ g© =90 (95)
iA1A3Eg
-1

From these expressions we deduce the dispersion equation for anti-symmetric buckling (88) in the form
2W'[p1 (1 + p3)*tanh (7 py Ay A3 H/L) — p2(1+ p})* tanh (7 po Ay A5 TH/L) |
= (p3 — pPDAASES tanh (T AT A5TH/L). (96)
Here we can take H/L — 0 and H/L — oo to establish explicit expressions for the thin-plate and the short-wave limits, as
in the main text. The equation is valid for any plate made of a generalized neo-Hookean ideal dielectric (90), subject to a
bi-axial pre-stretch Aq, A3.
For example, for a neo-Hookean ideal dielectric, we have W' =1/2, W/ =0, p; =1, py = )\.%)\.3, and the dispersion equa-
tions simplify to
tanh(raH/L) |7 A +A8H2  (1-a2)2A3
— = 5 + Ej. (97)
tanh(zA7'A; H/L) 4023 4

In the short wavelength limit (H/£ — oo), we find that it can be rearranged as
3 2
(Mi23)” + (Ah3)” +3(A7A3) — 1= (1+A3a3) AIASES, (98)

and we check that the left hand-side is the cubic established by Flavin (1963) for the surface stability of a purely elastic
half-space.
Another example of free energy density for which it is possible to make good progress is defined by the following class,

n-p) B
Q="—"7 Lt
2 2
where F is an arbitrary function of I5 only and 0 < <1. Then we find that the characteristic equation Eq. (84) factorises
fully, as
(@® + 1)(q* + AAD[RAIAESF” + F')g* + F'] = 0. (100)

The six eigenvalues can again be written in terms of three real numbers p;,

(h=3)+—=-(=3) - F(ls), (99)

g1 = —q4 = ip1, G2 = —qs = ipa. 43 = —(qs = ip3, (101)

where

F/
=1, = A2As, e — 102
P1 P2 13 P3 2)\.%)\,%F”E3+F/ ( )
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We find that the corresponding eigenvectors are

B i N B i N
-1 -2t
) —2iAA3F'Ey @ ZiAfA3F’E0
N = 29 2p/F2 2. | n = /E2 -1 2 3-2y-2 .
—2MA3F'ES — 207K —2MASF'E§ — AT A3(A + AT°A5%)kK
—iA3 (A% + A2A5 K —2ir 'k
L )’1)\,3E0 | L EO _
— 0 -
0
—2iF’ — — —
3) _ @) _ p() 5) — p@) (CEN 10
n —2p3AiAsFE | n nt, n n<, n n (103)
—2iAA3F'Ey
L p3 i
where
K =x32+B(1-2A32). (104)
We then find that the antisymmetric mode for the thin-plate limit, a — c = 0, in this case reads
2MFEE+ k(A - A%05%) =0, (105)
and that the short-wave limit, H/L — oo, is as follows,
p3k (A3 + AA3T + 3471432 = A7°A5%) — 202 (0 + A TASHF'EE = 0. (106)
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