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Soft electro-active (SEA) materials can be designed and manufactured with gradients in their material properties,
to modify and potentially improve their mechanical response in service. Here, we investigate the nonlinear re-
sponse of, and axisymmetric wave propagation in a soft circular tube made of a functionally graded SEA material
and subject to several biasing fields, including axial pre-stretch, internal/external pressure, and through-thickness
electric voltage. We take the energy density function of the material to be of the Mooney-Rivlin ideal dielectric
type, with material parameters changing linearly along the radial direction. We employ the general theory of non-
linear electro-elasticity to obtain explicitly the nonlinear response of the tube to the applied fields. To study wave
propagation under inhomogeneous biasing fields, we formulate the incremental equations of motion within the
state-space formalism. We adopt the approximate laminate technique to derive the analytical dispersion relations
for the small-amplitude torsional and longitudinal waves superimposed on a finitely deformed state. Comprehen-
sive numerical results then illustrate that the material gradients and biasing fields have significant influences on
the static nonlinear response and on the axisymmetric wave propagation in the tube. This study lays the ground-
work for designing SEA actuators with improved performance, for tailoring tunable SEA waveguides, and for

characterizing non-destructively functionally graded tubular structures.

1. Introduction

As a new type of inhomogeneous materials, functionally graded ma-
terials (FGMs) are characterized by gradual variations in composition
and structure over their volume, resulting in continuous changes in their
mechanical, physical, or biological properties along one or more direc-
tions. Compared with traditional materials, FGMs may display some un-
precedented performance such as reducing residual stress and thermal
stress, enhancing fracture toughness of interface bonding, eliminating
sharp stress discontinuities, and improving efficiency and life of acous-
tic wave devices [1,2].

Historically, the concept of FGMs was first proposed in the mid-
1980s by a group of Japanese material scientists, who manufactured a
functionally graded thermal barrier capable of withstanding a large tem-
perature gradient. Since then, FGMs have been widely used not only in
the field of aerospace engineering but also in biology [3,4]. No less than
fourteen different fabrication approaches of FGMs are described in de-
tail in the book by Schwartz [5], including bulk particulate processing,

preform processing, layer processing, and melt processing. In the con-
text of linear elasticity, a considerable amount of literature has focused
on the theoretical modelling, numerical methods, and experimental test-
ing of FGMs, and the interested reader is referred to the review article
by Birman and Byrd [1] and the book edited by Zhong et al. [2].
Although the concept of FGMs is now well established, it is still rel-
atively rare to use it in soft materials with highly elastic behavior such
as rubber-like materials and gels. A unique superiority of a soft FGM is
that it can be exploited to create a smooth transition between a soft and
a hard material, thereby eliminating the structural stiffness mismatch.
Recently, several soft hyperelastic structures with functionally
graded properties have been proposed and prepared. Hence, making
use of a construction-based layering method, Ikeda [6] achieved func-
tionally graded styrene-butadiene rubber vulcanization. Libanori et al.
[7] used a hierarchical reinforcement approach to successfully produce
a heterogeneous composite with extreme soft-to-hard transition and tun-
able local elastic stiffness. Bartlett et al. [8] 3D-printed a combustion-
powered soft robot, whose explosive actuator connected to pneumatic
pegs possesses a stiffness gradient spanning three orders of magnitude.
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Li et al. [9] used repeated freeze/thaw cycles to create a vertical gradi-
ent of mechanical properties in blocs of soft PVA cryogels.

With respect to a theoretical analysis of soft FGMs, several works
have been devoted to the static nonlinear response and elastic wave
behaviors of incompressible or compressible functionally graded hyper-
elastic structures [9-14]. Already, the existing research recognizes the
critical role played by material gradients in the mechanical response and
the function of soft materials and structures.

As one type of promising intelligent materials, soft electro-active
(SEA) materials have received intensive academic and industrial interest
owing to their superior electro-mechanical coupling properties. This is
reflected by the following three breakthroughs: (i) A general theoreti-
cal framework of nonlinear electro-elasticity has been well developed
to describe their high nonlinearity and notable electro-mechanical cou-
pling [15-18]; (ii) Their advantages, such as rapid response and large
deformation under electric stimuli as well as high energy density, have
been confirmed experimentally, making SEA materials ideal candidates
for broad applications as transducers, actuators, sensors, energy har-
vesters, biomedical devices and flexible electronics [19-22]; (iii) The
application of biasing fields (for example, pre-stretch, internal/external
pressure, electric stimuli, etc.) results in significant changes in vibration
and wave characteristics of SEA materials, prefiguring various poten-
tial prospects in tunable resonators, loudspeakers, vibration isolators,
waveguides, phononic crystals and metamaterials [23-29].

Since Pelrine et al. [30] proposed an SEA tube actuator, there has
been an increasing interest in studying the nonlinear static and dynamic
responses of this particular structural configuration subject to biasing
fields [16,31-34]. Based on the theory of nonlinear electro-elasticity
and its linearized incremental theory developed by Dorfmann and Og-
den [16,35], considerable efforts have been devoted to elucidating the
effects of biasing fields on the structural stability of SEA tubes [31,36-
38], elastic wave propagation [39-43], and tunable vibrations and oscil-
lations [32,34,44-46]. Note that recent advances in the study of insta-
bilities, tunable phononic crystals, and acoustic/vibration control based
on SEA materials have been reviewed in the papers by Zhao et al. [25],
Dorfmann and Ogden [47] and Wang et al. [48].

To model electrode protection from aggressive agents, achieve
greater actuation and improve the efficiency of energy harvesting, some
researchers have proposed laminated or stacked SEA actuators and en-
ergy harvesters [49-51], which have been recently studied theoretically
by Gei et al. [52], Cohen [53], or Bortot [54].

The present work introduces the concept of functional gradients of
properties into the study of SEA materials, to investigate the nonlinear
response of, and elastic guided wave propagation in tubes under cou-
pled biasing fields. The tubes are characterized by the Mooney-Rivlin
ideal dielectric model with affine variations of material parameters in
the radial direction [11,12]. The biasing fields are induced by the com-
bined action of an axial pre-stretch, a pressure difference and an elec-
tric voltage applied to the electrodes on the inner and outer cylindrical
surfaces, resulting in nonlinear axisymmetric deformations as shown in
Fig. 1(a)-(b). We consider both incremental torsional and longitudinal
guided waves (hereafter abbreviated as the T waves and L waves, respec-
tively) along the axial direction in the deformed functionally graded SEA
tube (see Fig. 1(c)-(d)). To deal with the inhomogeneous biasing fields,
we use the state-space method (SSM) [13,43] to analyze axisymmetric
elastic wave propagation.

This paper is organized as follows. Section 2 summarizes the nonlin-
ear electro-elasticity theory and the corresponding linearized incremen-
tal theory. The nonlinear axisymmetric deformation of a tube is analyzed
in Section 3.1 for any form of energy density function, and then special-
ized to the functionally graded Mooney-Rivlin ideal dielectric model in
Section 3.2. Numerical results are illustrated in Section 3.3 for the static
nonlinear response and the distributions of biasing fields. Section 4 com-
bines the state-space formalism with the approximate laminate tech-
nique. We derive the dispersion relations for both T and L waves in
Section 5. Numerical calculations are presented in Section 6 to validate
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the effectiveness of the SSM and elucidate the effects of material gradi-
ent parameters and biasing fields on the propagation characteristics of
T and L waves. Finally, we provide a summary in Section 7.

2. Theoretical background

To describe the kinematics of a deformable SEA continuum, the po-
sition vector of a given material point is denoted as X in the undeformed
state (the reference configuration /3,), and as x in the deformed state (the
current configuration 53,). The mapping x = y(X, 1), with t being the time
variable, is assumed to be sufficiently smooth, and its derivative with re-
spect to X defines the deformation gradient tensor F = Grad y = Gradx,
where ‘Grad’ is the gradient operator with respect to 5,. The local mea-
sure of change in material volume is tracked by J = det F, which always
equals one for an incompressible material, as considered throughout this
paper. In this work, we adopt the general theoretical framework of non-
linear electro-elasticity and its relevant linearized incremental theory
for the superimposed small-amplitude motions developed by Dorfmann
and Ogden [16,17,35]. We also show that all seemingly different the-
ories in the literature are actually equivalent and have no substantive
difference [55].

2.1. Nonlinear electro-elasticity

For incompressible SEA materials, the nonlinear constitutive rela-
tions can be written as
T=%—pr1, s:%, )
where Q = Q(F, D) is the total energy density function per unit volume
in the reference configuration, p is a Lagrange multiplier related to the
incompressibility constraint, T = F~'t is the total nominal stress tensor
with 7 being the total Cauchy stress tensor, and D = F~!D and £ = F'E
are the Lagrangian counterparts of the Eulerian electric displacement vec-
tor D and electric field vector E, respectively. Note that the superscripts
()" and ()T signify the inverse and transpose of a tensor, respectively.

Accordingly, the corresponding expressions for = and E read as
T= F% -l E= F‘T%,
where I is the identity tensor. For an incompressible and isotropic SEA
material, Q can be seen as a function of the following five invariants:

(@)

I =tC, 1= 3[aCP —tr(c?)],

I,=D-D, I;=D-CD, I;=D-CD, 3)

where C = FTF is the right Cauchy-Green deformation tensor.
Combination of Egs. (2) and (3) gives the total Cauchy stress tensor
and the electric field vector as

T = 2Q,b+2Q,(1;b - b?) - pL +2Q5D ® D + 2Q((D @ bD + bD ® D),
E = 2(Q,b7'D + QD + Q¢bD), e

where b = FFT is the left Cauchy-Green deformation tensor and the
shorthand notation Q,, = 0Q/dI,, (m = 1,2,4,5,6) is adopted hereafter.

Under the quasi-electrostatic approximation and in the absence of
mechanical body forces as well as free charges and electric currents, the
equations of motion, the Gauss law and the Faraday law are

divz = po*x/ot?, divDh =0, curlE = 0, )

respectively, where p is the unchanged mass density during the motion,
and ‘curl’ and ‘div’ are the curl and divergence operators in B,, respec-
tively. We emphasize that = takes account of the contribution of the
electric body forces and that the conservation of angular momentum
ensures the symmetry of z.

The mechanical and electric boundary conditions to be satisfied on
the boundary a5, are expressed in Eulerian form as

t'n,=t3, Exn=0, D-.n =—o (6)
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where n; is the outward unit normal vector of the current configuration
B,, and t? and o; denote the applied mechanical traction vector per unit
area of 013, and the free surface charge density on d/3,, respectively. Note
that, since an electric voltage will be applied to the surfaces of the SEA
body coated with flexible electrodes, the electric field in the surrounding
vacuum can been neglected in Eq. (6).

2.2. Linearized theory for incremental motions

When a time-dependent infinitesimal incremental motion x(X,?) is
superimposed on a finitely deformed SEA body that occupies a static
configuration B associated with the mapping x = y(X), the linearized
incremental incompressibility condition, governing equations and con-
stitutive laws for incompressible SEA materials can be written in updated
Lagrangian form as

divu=trH=0, @)
divTy = po*u/or?, divD, =0, curl& =0, ®)
where

Ty = AgH + MyD, + pH — pI,

&) = MJH+ R D,. ©

Here a superposed dot indicates an increment in the quantity con-
cerned, u(x,r) = x(X, ?) is the incremental mechanical displacement vec-
tor, H = gradu denotes the incremental displacement gradient tensor
with ‘grad’ being the gradient operator in B, p is the incremental La-
grange multiplier, and Ty, D, and &, represent the push-forward versions
of the corresponding Lagrangian increments, all updating the reference
configuration from the original unstressed reference configuration 5, to
the initial deformed configuration 3. Note that a subscript ‘0’ is utilized
to identify the resultant push-forward variables.

In component notation, the components of the instantaneous electro-
elastic moduli tensors A, M, and R, in Eq. (9) are defined as
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Fig. 1. Schematic diagram of a functionally graded SEA tube
with its cylindrical coordinates and cross sections: (a) unde-
formed configuration before activation; (b) deformed config-
uration after activation induced by a combined action of ax-
ial pre-stretch 4,, radial electric voltage V as well as inter-
nal (P;,,) and external (P,,) pressures. Incremental motion
fields created by (c) torsional T-waves and (d) longitudinal
X L-waves.

- — p-lp-1
= FpuFgpA Roij = Fy Fy; Rap:

AOpqu aifj>
—1
M()piq = Fpanq Maw, (10)

where A = 9?Q/(0FdF), M = 0*Q/(0FdD) and R = 9*Q/(0DID) are the

referential electro-elastic moduli tensors. Note the following symme-

tries

Aopigi = Aogipis Roij = Rojis - Mopig = Moipg- an
When we neglect the increments of electrical variables in vacuum,

the updated Lagrangian incremental forms of the mechanical and elec-

tric boundary conditions satisfied on 93 are

Tin=i% & xn=0, D, n=—d, (12)
where n is the outward unit normal vector of the static configuration
B, ié\ is the updated Lagrangian incremental traction vector per unit
area of the boundary 02, and 67 is the incremental surface charge den-
sity on 0/3. When a hydrostatic pressure P, is applied to the boundary
0B, the incremental mechanical boundary condition Eq. (12); becomes

[13,56,57]
Tin=P,H'n— P;n, 13)

where P, denotes the increment of the applied pressure.

3. Axisymmetric deformation of a functionally graded SEA tube

The nonlinear axisymmetric deformations of a homogeneous SEA tube
subject to different electro-mechanical biasing fields have been exam-
ined by several authors [16,31,33,40,43]. For a functionally graded hy-
perelastic hollow cylinder without electro-mechanical coupling, several
studies have also been carried out on the static nonlinear response [11-
13]. This section further extends these results to consider the finite ax-
isymmetric deformations of functionally graded SEA tubes under the com-
bined actions of axial pre-stretch, radial electric voltage and pressure
difference.
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3.1. General dielectric material model

We consider an incompressible isotropic functionally graded SEA
tube coated with flexible electrodes on its inner and outer surfaces.
Fig. 1(a)-(b) show schematic diagrams of its nonlinear axisymmetric de-
formation under electro-mechanical activation.

The cylindrical coordinates in the undeformed and deformed config-
urations are denoted by (R, ©, Z) and (r, 6, 2), respectively, with cor-
responding vector bases (E;.Eg.E ) and (e, ey, e,), respectively. Let
the length, inner and outer radii of the tube in the undeformed config-
uration be L, A and B, respectively, with the thickness H = B — A. The
tube is deformed by an axial stretching, a pressure difference and an
electric voltage in the radial direction to maintain the axial symmetry.
The current length, inner and outer radii are #, a and b, respectively,
with the thickness 4 = b — a.

We take the nonlinear axisymmetric deformation in the following
form:

=1/G+ ;1R

where G = 4% - it A? and 4, is the uniform axial principal stretch. Note
that it is a simple exercise to check that this deformation is isochoric
and thus compatible with the incompressibility constraint. The corre-
sponding deformation gradient has components F = diag[4,, 4y, 4,] in
the e;®E; basis, where 4, = A(;l 47! and Ay = r/R are the radial and cir-
cumferential principal stretches, respectively.

The underlying Eulerian electric displacement vector is taken to be
radial only, so that D = [D,,0,0]T, say, and its Lagrangian counterpart
is D=F"'D = [D,,0,0], where D, = 4,4,D,.

From Eq. (14);, we obtain the connection between the circumferen-
tial stretches 4, = a/A on the inner surface and 4, = b/B on the outer
surface, as

B, —1=AN (B4, - 1) =n? (224, - 1), (15)

0=0, z=.,Z, (14)

where n = B/A is the outer-to-inner radius ratio, and A = R/A € [1,7]

is the dimensionless radial coordinate in the undeformed configuration.
In terms of the stretches and the radial electric displacement, the five

independent invariants in Eq. (3) and the nonzero components of r and

E in Eq. (4) are calculated as

I = 32072+ 2+ 22, =222+ 47+ 277

I, = B2A2D%, Is= %0700, 1= %00y, (16)

and
= 20572077 Q) + @y (43 + 22)] +2(Qs5 + 294457 47%) D? — p,

T = 2A2[Q) +Qy (452477 + 22)] - p.

= 242[Q + (452477 + 22)] - 1,

E, = 2(Q,4342 + Qs +Q6/192/1Z )D,. (17

Now by defining a reduced energy density function w* as

®*(Ag, A,, 1) = Q1,, I, I, I5, I), we obtain the following relations from

Egs. (16) and (17) for a general dielectric material model [33,43]:
Aga)jg = Ty — Trps Azwjz =Ty — Trps

E

r

2232205 D,, (18)

where a)/L = dw* /04y, *” = 0w* /04, and w; = dw* [d1,.

Due to the considered axisymmetric deformatlon all initial physical
quantities depend only on r. Therefore, Faraday’s law Eq. (5)5 is satisfied
automatically, and Gauss’s law Eq. (5), and the equilibrium equation
divr = 0 simplify to
la(rDr) -0 % — To0 — Trr — % (19)
roor ’ dr r ro
respectively, where Eq. (18); has been used. Integration of Eq. (19);
leads to

__ Q@ __ 00

" 2xri,L 2rrd, L’

(20)
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where Q(a) and Q(b) (satisfying Q(a) + Q(b) = 0) are total free surface
charges on the inner and outer surfaces of the deformed tube, respec-
tively. These charges are related to the free surface charge densities oy,
and oy, on the inner and outer deformed surfaces as o, = O(a)/(27a,L)
and og, = O(b)/(2zbA, L), respectively. Note that the initial boundary
condition Eq. (6)3 (i.e., D,(a) = of, and D,(b) = —op,) has been employed
to derive Eq. (20).

Moreover, the curl-free electric field can be expressed as E = —grad¢
by introducing an electrostatic potential ¢, which here yields the only
nonzero electric field component as E, = —d¢/dr. Inserting Eq. (20) into
Eq. (18); and integrating the resultant equation from the inner surface
to the outer one, we obtain

Q(a)/ PRot r’ @1

where V' = ¢(a) — ¢(b) is the electric potential difference or electric volt-
age between the inner and outer surfaces. Thus, Eq. (21) represents a
general relationship between the electric voltage V and the surface free
charge Q, which is affected by the initial deformation.

Additionally, integrating Eq. (19), from a to b and assuming that the
internal and external pressures Pmn and P, are applied to the inner and
outer surfaces (i.e., 7,,(a) = — Py, and z,,.(b) = —Pyy), we have

b dr

Pout = Pipn = — /a /16’(‘):9 T’ (22)
Note that 4; may be expressed in terms of 4, and A, by Eq. (15). Thus,
Eq. (22) establishes a general nonlinear relation between the pressure
difference (or the net pressure) AP = P, — P,,,, the electrical variable
Qor V (included in »*) and the inner radius a (measured by 4,) for any
given geometric parameter 5 and the axial pre-stretch A,. Similarly, the
radial normal stress is obtained by integrating Eq. (19), from a to r as

" . dr
7,,.(r) = /lew/le - Pin- (23)
a

In order to maintain the fixed axial stretch and the axisymmetric
deformation state, an axial load is required at the ends of the tube, which
can be open or closed. Using Eq. (18)1,2, the equilibrium Eq. (19), and
the initial mechanical boundary conditions, the axial normal stress 7,
and the resultant axial force N are written as

1d e
T2z = [r dl‘( ) - ’19(’)/1(.,

and

+ 405, 24

b b
N = 271'/ 7 (rrdr = 7[/ (2/11(1)’;_ - Agwjo)rdr+7z(a o — b Pout)
a a -
(25)

which is required in the case where the tube has open ends. However, in
the case of closed ends, the resultant axial force N includes a contribution
from the internal and external pressures on the tube ends. Consequently,
a reduced axial force (i.e. the externally applied axial force) is defined
as

b
N, =N = 2(a? Py = b Pyyg) = 7 / (24,05, — g3, Jrer 26)
a

which eliminates the contribution of the pressures from the resultant
axial force N.

We emphasize that the theoretical formulations obtained above are
completely general for an incompressible isotropic functionally graded
SEA tube characterized by an arbitrary reduced energy function o*. The
integrations in Egs. (21)—(26) can be conducted analytically or numeri-
cally once the form of w* is prescribed.

3.2. Functionally graded Mooney-Rivlin ideal dielectric model

For definiteness, the previous results are now specialized to the
generalized functionally graded Mooney-Rivlin ideal dielectric model,
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which is characterized by the following energy density function:

1
Q=9Q(I.L)+ mg
R R
Q(I1, 1) = %)(Il -3) - ”2; )(12‘3)’ @n

where 4 (R), 45(R) and e(R) are the electro-mechanical material param-
eters, with properties depending on the undeformed radial coordinate
R. The quantity u;(R) — u,(R) is the shear modulus u(R) > 0 in the ab-
sence of electrical fields. In view of Eq. (16) 5 4, the reduced form of
the energy density is

" . 45t
@*(Ags An 1y) = @) (A9, 4;) + 2R
R
oy 12) = M0 (35252 + 43 + 42 -3)
—”2;R) (2222437 + 072 =3). 28)

To be specific, we assume affine variations of material parameters
[11,13], as follows

H(R) = (14 B1A), 1y (R) = g (14 foA),
e(R) = £,9(1+ B3A), (29)

where p1o and s, are elastic material constants (in N/m?2), g4 is a
dielectric constant (in F/m), #; and B, are elastic moduli gradient param-
eters, and f; is the permittivity gradient parameter. Note that #;, f,, f3
are dimensionless and characterize the functionally graded properties
of the SEA tube.

Differentiation of Eq. (28); with respect to I, 4, and A, yields in
turn

2 % }'22 s s Dz
/10604 = m,igwﬂg = Aea)oyl(’ - m,
D2
¢ r
Azwjz = }‘ng,ﬂz - _e(R)’ (30)
where a)m = awg/ajf,, 0/1 = aw;/az and Eq. (16); has been used.

Substltutlng Egs. (30); and (29)3 into Eq. (21) and conducting the inte-
gration, we obtain the dimensionless electric voltage V* =V \/€ 0/ 110/ H
as

V= o

24,00 = D(1+G*p24;)
where O* = Q(a)/(2r AL/ 0€4) is the dimensionless surface charge,
G*=G/A? =2 - 7', and [V (M) |? =V () - V5 (1) with

vy, 31

* 2

LJFAZ +2p;1/4,G* tan™! A
(1+450) 1.G*
In the absence of functional gradients (i.e., §; = 0), the relation (31) re-
covers Eq. (51) in the paper by Melnikov and Ogden [33] and Eq. (63),
in the paper by Wu et al. [43] for homogeneous SEA tubes.

After substituting Eq. (30),,3 into Egs. (22) and (26), the pressure
difference and the reduced axial force become

Vi(A) =l (32)

b b 2
dr Dy qr
AP = Foy - Pinn:_/u /1950040 ; +/a ‘R 1
b b p2
N, = (2/1*-/1*)d—/ " rdr. 33
, 7z/a 20 ;. 0@, Jrdr == ; e(R)r r (33)

Inserting Eq. (20) into the second terms of Egs. (33); and (33), and
integrating the resultant expressions, we have

/” D dr _ ( 0@ )2 Al 4G+ R
. ER) 1 2zA,L 26”0(142 + Gﬂ§

ApPIn —2F——
4f[ T (A+BR)
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B
B3 (GB A, — A* R—A
+ ( )tan‘l R_4 (A% + Gﬁgxz)ﬁ3—Z , (34
V4,6 V4,6 4G+ R |
and
b’ D} 0@ \’ 7A 1.G + R
z rdr = Aln
« &R 2z, L 2600(A2+ﬂ§AZG) (A+/33R)2
B
1 R
+2p3/2,G tan™! ] (35)
VG|,

In addition, differentiating Eq. (28), with respect to 4, and 4, leads to
24 - R4

Ag@}y ;= [ (R) = up(RIAZ]| = AR

, (36)

o R (R 44 - R
2P0, 2 R2 12
z

where we have used Ay = r/R. Thus, substituting Eq. (36) into the first
terms of Eq. (33);, and carrying out the integration of the resultant

expressions, we obtain
G
3 ) (In g+ %)
— Hao > 0t 53

—/bia; dr _ [( H0
a 90/19,, j'z

B
w L (Pop s ) R Z3vG tan ! R . 6D
24\ 4, r? VG /||,
* H20
/ 2/11%,1 Ao, 0',19>rdr =z [(Mloﬂz + ?>R2
z
R? 2R3 Haoba
( + HaoA; )(/1_1 - Gln,10> + E(ﬂloizﬂl 5
4 z
A B
3 (Mloﬁl 4+ Btz ﬂ2> 38)
Al A ,//IZG B

Consequently, the combination of Egs. (34)-(35) and (37)-(38)
yields the dimensionless pressure difference AP* = AP/u,, and the re-
duced axial force N* = N, /(zujgA?) as
AP* = [APF(A) + AP;(A)”",

2 2.2 s n
Ni = N = (P, = B Pay) = [N = Ny (39)

where N* = N /(zu;y,A?) is the dimensionless resultant axial force, and
0 = Pinn/H10> Payy = Pout/#1o denote the dimensionless internal and
external pressures, respectively, and

) 1 Hoo G*
AP (A= ——-—=1 Inig+ —mM
T <’12 Hio )( ¢ 2(G* +AZIA2)>

*
+l<ﬂ_1_@,1 ﬂ2> _GA 5 2,G* tan™! A ,
2 Hio G* + A7IA? i 1.G*

)
7 [ﬁzm
24, (1+ p24,.G*)

1,G* + A2

AP*(A) =
: (1+BA)°

2),G* =1 _
ﬂ3(ﬂ3 z ) 1 A +(1+G*ﬂ—§ﬂ'z) B ,
\/A,G* \4,G* A,G* + A2

2
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*)? 1,G* + A?
> © )2 — [In = 5 +2631/1.G* tan™!
222(1+ 634:G) | (14 p5A) 2.G*

(40)

Ny =

Using Mathematica (Wolfram Research, Inc., 2013), we validated the
previous formulations derived from the analytical integrations. When
there are no functional gradients (i.e., f; =0) and the SEA tube is
characterized by the neo-Hookean ideal dielectric model (i.e., p,, = 0),
Egs. (39) and (40) reduce to

AZ_/‘LZ 2A4 2_]
AP——@<Zn‘ﬂ+L“ b>+<Q(a)> (" -1)

7 7y 24, 2R 27AL ) 2e 923020

z

A2A, -1 4
N, = A2 (A, -2 (1) - 2=—m=2
r TTH10 |:( z z )( ) /‘lg ib

in2, 4
2AL) epi 'a “1)

_( 0(a) )2 7A2 b
which, for P, =0, are equal to Eqs. (59) and (60) obtained by Mel-
nikov and Ogden [33] but expressed in a different notation.

Analogous to the derivation of the pressure difference in Eq. (39);,
integration of Eq. (23) gives the radial normal stress as
— P*

* * * A
7=~ (AR W+ AR W[ - P

42)
where T =17,/ - Substituting Egs. (30)3 and (36) into Eq. (18)1 2,
we find the circumferential and axial normal stresses as

T = Tt (14 AN (45— 257477)

Ha —2 _ 4242 _
+M10(1+ﬂ2A)(/19 AgA2) T hA

o =i (14 BA) (A2 - 452077)

2
Ha0 —2 4242\ _ (D:)
+”10 (1 + ﬁZA)(lz AGAZ) 1 +ﬂ3A,

43)

where 7, = 799/ 1, 7%, = 7./ M9 and D} = D, /+/p19€,0- The Lagrange
multiplier can be obtained by Eqs. (27) and (17); as

2
(o;)”

Trr ’

* —2,-2 _ M2 )
=(1+pMNA2 72— 21+ /A A2+ A7) + -
p ( ﬁl )0 z ”10( ﬂz )(6 z) 1+ﬁ3A

where p* = p/u,,. The dimensionless form of the relation (20) is written
as
( D*)Z — (Q*)2

' 2(G* + 471A2)

(44)

45)

Without the electro-mechanical coupling, the results obtained above
recover those of Batra and Bahrami [11] and Chen et al. [12] for the
purely elastic functionally graded tube. We note from Egs. (42)—(45) that
the initial physical variables are radially inhomogeneous due to the ap-
plication of a pressure difference or a radial electric voltage, even for
homogeneous tubes. In the absence of pressure and voltage, a uniform
deformation state always exists in functionally graded elastomeric tubes
subject to an axial stretch only. In that state, 4, = 4, = /1;1/ %, the radial
and circumferential stresses both vanish, and the only nonzero stress
component is the axial normal stress 7, given by

T = (R4 = A71) + (R (477 = 4. (46)

which varies along the radial direction of the functionally graded tube.
3.3. Numerical results

In the following numerical calculations, the elastic material con-
stants p;, and uy, take the values ujo = 1.858 x 10° Pa and py, =
—0.1935 x 10° Pa, as obtained for rubber by Batra et al. [58]; thus here,
Moo/ 1o = —0.104. The two elastic moduli gradient parameters f; and
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p, are assumed to be equal, §; = f,. Moreover, the requirement that the
shear modulus u(R) = u;(R) — u,(R) and the dielectric permittivity e(R)
of the functionally graded SEA material in the undeformed state should
be positive leads to the following condition for the material gradient pa-
rameters: §; > —1/5 (i = 1,2, 3). Here the initial undeformed shape factor
n = B/A is fixed as n = 2.0, which gives g, > —0.5.

3.3.1. Nonlinear axisymmetric deformation

First, we examine the nonlinear axisymmetric response of the func-
tionally graded SEA tube to different biasing fields. The numerical re-
sults are calculated from Egs. (31), (32), (39); and (40); 5.

For three axial pre-stretches 1, = 0.8, 1.0,2.0, Fig. 2 shows the vari-
ations of 1, with the dimensionless pressure difference AP* for various
material gradient values = §; (i = 1,2, 3). Note that we consistently set
the lower bound of A, to be 0.5, which corresponds to a positive pres-
sure difference. A smaller A, induced by a larger positive AP* may lead
to an instability of the tube [12]. As explained earlier, a uniform defor-
mation state always exists for the functionally graded tube when there
is no pressure difference and no voltage, i.e., 1, = 1y = /1;1/ 2= con-
stant when AP* = V* = 0. Specifically we find 4, = 1.11803,1.0,0.70711
when 1, = 0.8, 1.0, 2.0, respectively, as seen at the intersection point of
all curves in each of the panels of Fig. 2. For a fixed axial pre-stretch
and fixed material gradient, 1, increases monotonically when AP* de-
creases. Beyond a critical negative pressure difference AP’ <0, no so-
lution exists for the axisymmetric deformation and the tube collapses,
as the compressive force exceeds the mechanical resistance force of the
tube. For example, when g = 5.0, we find that the critical pressure differ-
ence is AP’ = —-7.42,-6.20,-4.04 for 4, = 0.8,1.0,2.0, respectively. This
phenomenon was observed by Melnikov and Ogden [33] for a pressur-
ized homogeneous SEA tube. What is clearly seen in Fig. 2 is the gradual
decline of the critical pressure difference with an increase in § and a de-
crease in 4,. This trend reveals that increasing the material gradient and
axial compression widens the existence range of the nonlinear response.
Moreover, in order to reach the same level of 4,, a larger absolute value
of AP* is required when increasing the value of f#, indicating that the
functionally graded SEA tube is stiffened by an increasing material gra-
dient.

Fig. 3 displays 4, as a function of AP* for the three axial pre-
stretches 4, = 0.8, 1.0, 2.0 and various values of increasing voltage (VV* =
0.0,0.4,0.6,0.8). We observe that 4, rises notably when the voltage in-
creases for a fixed AP*, which indicates that the voltage tends to inflate
the SEA tube. Furthermore, the critical pressure difference A P* is lifted
up with an increase in V*. In particular, for 1, = 2.0 and a high voltage
(V* = 0.8), AP becomes positive, which means that an external pressure
larger than the internal pressure is needed to maintain the axisymmetric
deformation.

For the three axial pre-stretches 4, =0.8,1.0,2.0, Fig. 4 illustrates
the variations of the inner side circumferential stretch A, with the di-
mensionless voltage V*, for various values of pressure difference AP*.
It shows that there is a nonlinear monotonous increase in 4, with V¥,
thus inflating the SEA tube. Similar to the case of pressure difference
in Figs. 2 and 3, there is no solution of the axisymmetric deformation
beyond a critical voltage V*, once the electrostatic compressive force
surpasses the elastic resistance force of the tube itself [40,43]. The crit-
ical voltage value V* increases with the pressure difference AP* but
decreases with the axial pre-stretch 4,. Thus, when the applied voltage
becomes large, the axisymmetric deformation may be maintained by
increasing the external pressure.

Fig. 5 highlights the influence of material gradient parameters on the
nonlinear response of 4, with V* for a pre-stretched functionally graded
SEA tube with 4, = 2.0 and AP* = 0. What is striking here is the remark-
able decrease in the critical voltage V. when the permittivity gradient
B3 increases. The reason for this behaviour is that the larger the permit-
tivity gradient, the stronger the electrostatic compressive force induced
by the electric field in the tube, leading to a lower critical voltage. In or-
der to reach the same level of circumferential stretch 4,, a lower voltage
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Fig. 2. Variations of the inner surface circumferential ratio 4, with the dimensionless pressure difference AP* in a functionally graded SEA tube with no voltage
V* =0, for different values of material gradient § = ; = , = f; and various axial pre-stretches A,: (a) 1, = 0.8; (b) A, = 1.0; (c) 4, = 2.0.
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Fig. 3. Variations of the inner surface circumferential ratio A, with the dimensionless pressure difference AP* in a functionally graded SEA tube with material
gradient g = f, = p, = p; = 5.0, for different values of voltage V* and various axial pre-stretches 4,: (a) 4, = 0.8; (b) 4, = 1.0; (c) 4, =2.0.
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Fig. 4. Variations of the inner surface circumferential ratio 4, with the dimensionless voltage V* in a functionally graded SEA tube with material gradient § = g, =
p, = p; = 5.0, for different values of pressure difference AP* and various axial pre-stretches 4,: (a) 4, = 0.8; (b) 1, = 1.0; (c) 4, =2.0.

may be applied to a functionally graded SEA tube with a larger permit-
tivity gradient. Moreover, we find that for a stiffer functionally graded
tube (with a larger elastic moduli gradient g, = f,), the critical voltage
V* increases markedly. As a result, a greater actuation at a low voltage
may be achieved by increasing the permittivity gradient or by decreasing the
elastic moduli gradients.

We emphasize that according to Egs. (31), (32), (39) and (40),
the nonlinear axisymmetric deformation and the reduced axial force
N, are independent of the specific value of the internal or external
pressure, and depend only on the material gradients, axial pre-stretch,
voltage, and pressure difference. The actual internal or external pres-
sure, however, affects the resultant axial force N and the initial stresses
7; (i =r,0,z), see Egs. (39),, (42) and (43). The effect of the circumfer-
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Fig. 5. Variations of the inner surface circumferential ratio 4, with the dimensionless voltage V* in a functionally graded SEA tube with 1, = 2.0 and AP* = 0, for
different permittivity gradients f; and three sets of elastic moduli gradients: (a) g, = §, = —0.25; (b) g, =, =0; (c) p, =, =2.0.
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Fig. 6. Variations of the inner surface circumferential ratio 4, with the dimensionless resultant axial force N* (a-c) and reduced axial force N (d-f) in a functionally

graded SEA tube with P¥
1, =20.

ential stretch 4, on the dimensionless resultant (N*) and reduced (N;)
axial forces in a functionally graded SEA tube is illustrated in Fig. 6 for
the same material gradients § and axial pre-stretches 4, as those in Fig. 2.
Note that there is no external pressure here (i.e., P, = 0) and only an
internal pressure P, is applied on the inner surface of the tube. Here
the increase of 4, reflects the inflation of the tube resulting from the
increase in P,,,. The starting point of 4, corresponding to P, = V* =0
satisfies the relation 4, = A;l/ %

In the case where the tube has open ends, a resultant axial force N*
needs to be applied to maintain a fixed axial pre-stretch 4,, as shown

=0 and V* =0, for different material gradients g = §, = , = f; and various axial pre-stretches 4,: (a, d) 4, =0.8; (b, e) 4, = 1.0; (c, f)

in Fig. 6(a)—(c). For an axial contraction, 4, = 0.8 in Fig. 6(a), a nega-
tive (compressive) resultant axial force is required. As the inflation takes
place, the axial force eventually becomes positive (tensile) once a suffi-
cient value of 4, is reached. In contrast, a positive (tensile) axial force
is initially required for an axial extension A, = 2.0, which then increases
continuously with the inflation, as displayed in Fig. 6(c). For 4, = 1.0
in Fig. 6(b), there is no axial force initially, but an increasing tensile
axial force is then required during the inflation. We also observe from
Fig. 6(a)-(c) that an increase in the material gradient significantly in-
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Fig. 7. Radial distributions of the dimensionless radial normal stress 7, (a), circumferential normal stress

creases the absolute value of N* required to reach the same level of 4,,
due to the material stiffening effect.

When the tube has closed ends, the externally applied axial load is de-
fined as the reduced axial force N, in Eq. (26). We present the variation
of N} with A, (i.e., Pyy,) in Fig. 6(d)—(f). We observe that a stiffer tube
with a larger material gradient § requires a larger absolute value of N*
to reach the same level of 4,, a phenomenon similar to that observed
in Fig. 6(a)—-(c). However, the reduced axial force N decreases mono-
tonically with A,, which is in contrast to the behaviour of the resultant
force N*. This is because the increase of internal pressure accompanied
by an increase in 4, makes the tube with closed ends exhibit both in-
flation and elongation trends, and the decreasing axial force caused by
the elongation trend prevails over the increasing inflation-induced axial
force (also see Eq. (26)).

3.3.2. Inhomogeneous biasing fields

Next, we examine the effect of the applied voltage and of the material
gradients on the inhomogeneous biasing fields.

Fig. 7 is plotted according to Egs. (15), (42), (43); and (45). It il-
lustrates the variations of 77, 159, Ay and D* along the radial direction
(A = R/A) in a functionally graded SEA tube subject to the internal pres-
sure P;m = 1.12, for different values of voltage V*. It is clear that these
biasing fields are radially inhomogeneous in the tube, even for V* =0,
where D7 disappears. As expected, the radial stress component 7 is
compressive throughout the tube and has its minimum value at the inner
surface, independent of the applied voltage. The circumferential stress
component r;‘g, on the other hand, is tensile in the tube and its radial
distribution is affected by the voltage. Specifically, the maximum value
of 7, appears at the inner surface for a low voltage and at the outer
surface for a higher voltage, as expected from Eq. (43),. The radial dis-
tribution of 7, is almost uniform for a moderate voltage, as seen for
V* =0.12 in Fig. 7(b). Therefore, as the voltage increases, the degree of

inhomogeneity of 7, decreases first and then increases. Another inter-
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(b), circumferential stretch 4, (c), and radial electric

o
displacement D; (d) in a functionally graded SEA tube with P} =0, P} =1.12, 4, = 1.0 and §, = f, = f; = 5.0, for different values of V*.

esting phenomenon is that 7, remains essentially unchanged with the
applied voltage at the point A ~ 1.31. Fig. 7(c)-(d) show that increasing
the electric voltage enlarges substantially the inhomogeneous degree of
Ag and D, and that their values at the inner surface are always larger
than those at the outer surface, which is in agreement with Egs. (15) and
(45).

Fig. 8 shows the effect of the elastic moduli gradients § = §; = , and
the permittivity gradient f3 on the radial distributions of z;, and D in
a functionally graded SEA tube subject to the voltage V* = 0.4. We see
from Fig. 8(a)-(b) that the value of D} drops down with an increase in
the elastic moduli gradient p = g, = , and goes up with an increasing
permittivity gradient f3. This is because the value of D* depends mainly
on the denominator in the fraction of Eq. (31), where a larger g leads
to a smaller , for a given voltage (i.e., a smaller G* = A2 — 17!) while a
larger f results in the opposite trend (also seen in Fig. 5). Fig. 8(c)-(d)
clearly show that the material gradients also influence noticeably the
distribution of ng- Similar to the role of voltage in Fig. 7(b), as # or
P3 increases, the inhomogeneous degree of 7;, decreases first and then
becomes large. In particular, the radial distribution of r;, when g, =
B, =2.0and p; = —0.25 is nearly uniform. Thus, the stress concentration or
sharp stress variations in SEA tubes subject to electric fields may be alleviated
by properly tailoring the material gradient parameters. Interestingly, the
circumferential stress 7, takes almost the same value at the point A =
/1 = 1.414 when varying f or p3, which has been observed by Batra

and Bahrami [11] for purely elastic functionally graded tubes.

4. State-space method for incremental fields

Because of the functional gradients and of the radially inhomoge-
neous character of the biasing fields for the static nonlinear deformation
in the SEA tube shown in Section 3, the instantaneous electro-elastic
moduli also depend on the radial coordinate r. Thus, it is intractable
to solve analytically the resulting incremental governing equations by
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Fig. 8. Radial variations of the dimensionless electric displacement D’ (a, b) and circumferential normal stress 7, (c, d) in a functionally graded SEA tube with
P =P' =0,4 =10and V*=0.4: (a, c) for fixed permittivity gradient g; = 2.0 and different elastic moduli gradients g = g, = p,; (b, d) for fixed elastic moduli

out inn

gradients §; = g, = 2.0 and different permittivity gradients .

means of the conventional displacement-based method because they are
a system of coupled partial differential equations with variable coeffi-
cients. Moreover, their numerical resolution may run into problems be-
cause they are likely to be stiff. Note that Shmuel and deBotton [40] used
the compound matrix method to study axisymmetric waves propagating
in neo-Hookean ideal SEA tubes under radial electric voltage, but met
the problem of numerical divergence when searching for roots in the
case of thick-walled tubes.

In this work, we rely on the state-space method (SSM) to combine
the incremental state-space formalism (Section 4.1) with the approx-
imate laminate technique (Section 4.2) in order to derive the disper-
sion relations of the superimposed axisymmetric waves propagating
in the deformed functionally graded SEA tube. The SSM, as a special
mixed-variable method, transforms the governing equations into a set
of first-order ordinary differential equations with respect to one partic-
ular coordinate, the radial coordinate here. The SSM presents several
advantages over the displacement-based methods in solving many prac-
tical problems, such as multi-layered or functionally graded structures
[12,13] and inhomogeneous biasing fields [28,43], as it is numerically
robust. The interested readers are referred to Ding and Chen [59] for
more details and the references cited therein.

4.1. Incremental equations and state-space formalism in cylindrical
coordinates

In the cylindrical coordinates (r, 6, z) shown in Fig. 1(b), the basic in-
cremental governing equations of the deformed tube are the incremental
equations of motion and incremental Gauss’s law,

T orr At ITogr + Torr = Tooo + loer 0w,

ar r 00 r 0z or?

B

or r 00 r 0z o2
T " 1 9Top: " 0T sz n @ _ 62”27
or r 00 0z r or?

9Dy, 19Dy | . 9Dy,
oy 2 D = =0, 47
ar+r<ae+°’+az “7)

9Torg L1 9Toge + Toor + Torg + 0Toeg _ up

B

together with the incremental incompressibility constraint,

d P d
"’+l<ﬁ+u,>+ Lo, 48)

or T r\ 08 0z

and the incremental constitutive relations,

. ou 1 ( duy ou o
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. 1 ou Ouy 10¢
Do = x| (55 —t0) + 52| enr

. du du )
DOZ = 835( arz + a—zr> —8335. (49)
Note that Ty # Ty (i # j:i,j =r.0,2). Also, cj e and g in

Eq. (49) are the effective material parameters associated with the in-
stantaneous electro-elastic moduli Ay, My;j, and Ry;; and their ex-
pressions are given in Eq. (41) in the paper of Wu et al. [43]. In Eq. (49),
we specialized the incremental displacement gradient tensor H to the
cylindrical coordinates. We also introduced an incremental electric poten-
tial ¢, defined by &, = —grad¢, so that the incremental Faraday’s law
Eq. (8)5 is identically satisfied.

For the nonlinear axisymmetric deformation of the homogeneous
SEA tube subject to a radial electric displacement, Wu et al. [43] derived
the nonzero components of the instantaneous electro-elastic moduli ten-
sors Ay, M, and R, (see their Appendix B for specific expressions). We
emphasize that tailoring the material gradient and tuning the electro-
mechanical biasing fields alters greatly the instantaneous material prop-
erties of the tube, with notable knock-on effects on the dynamic behavior
of the incremental motions, as we show below.

First we write the basic incremental governing Eqs. (47)-(49) as a
first-order system of differential equations with respect to the deformed
radial coordinate, in the form

Y _ MY,
ar

which is called the state equation, where the incremental state vector Y
is defined as

(50)

Y=[u, w w. & T Tow Tom Dor]Ts 6D
with the elements being the state variables. The specific expressions of
the 8 x 8 system matrix M are the same as those for a homogeneous SEA
tube presented in Appendix C in Wu et al. [43]; they are omitted here
for brevity.

Note that the state Eq. (50) is valid for any arbitrary energy density

function of incompressible, isotropic, functionally graded SEA tubes.
4.2. Approximate laminate technique

For axisymmetric wave propagation along the axial direction, /00 =
0, which splits the state Eq. (50) into two systems,

M _my N My (52)
o D o 27
here Y, = [ug. Tpo] " Y, = b, Tors Torgs Dol and
where x; = ['49, 0r9] 2 Yo = [y, z, @, Topy, Torg, Dyl an
oo 1 1
— Co6 I C66
M =| » 4 2 s 1l (53)
pP=+—=-cp— —|—+1)=
or? r2 0z2 Ce6 r
[ 1 -9 0 0 0 o ]
Cssrd 0z €35 0 1
T 02 ’ T
a nl 0 0 0 -L
r 0z £,
M=l «&_ & [ P _mo
Pt T2 r oz ho 5z cs5 0z r
9 9 2 _ 2 0 _9 _1 9
r oz p()rz % 0z2 daz r a2 0z
g 9 0 o 0 _%s5 9 _1
L T2 h2 cs5 02 r |
(54)

(the material parameters g; are given in Appendix C of Wu et al. [43].)

It is clear from Egs. (52)-(54) that the two state variables u, and
Tose are uncoupled from the other six physical variables u,, u,, ¢, Ty,
Tor. and Dy,, which indicates that there exist two classes of indepen-
dent axisymmetric waves superimposed on the underlying nonlinear

International Journal of Mechanical Sciences 187 (2020) 106006

pre-deformation: (i) purely torsional waves (T waves) described by Y,
and M;, with the only mechanical displacement component u, (see
Fig. 1(c)); (ii) torsionless longitudinal waves (L waves) associated with
Y, and M,, whose nonzero displacement components are u, and u, (see
Fig. 1(d)).

For time-harmonic axisymmetric waves, the traveling wave solutions
are assumed in the form

=
|

. = aU,.(€) exp [l(kz - wt)],ug = aUy(&) exp [l(kz - a)t)],
. = aU,(&)exp [l(kz - wt)], & = a\/ 110/ € 0@ () exp [l(kz - (ot)],
Torr = Hi0Zor(€) €Xp [1(kz - cot)],TO,g = p19Z0r9(E) €Xp [l(kz - wt)],

= p10Zor (& exp [i(kz — w1)], Dy, = y/H10€ 2000, exp [i(kz — ot)],
(55)

<
|

=
N
|

where k is the axial wave number, w is the circular frequency, i = \/—_1
is the imaginary unit, and & = r/a is the dimensionless radial coordinate
in the deformed configuration.

Substituting Eq. (55) into Egs. (52)-(54), we obtain

d J—
d—éVl(rE) =M, OV,

d —
d—évz(f) =M, (§)V,(&), (56)

where V, = [U,, ZO,G]T, v, = [U,.iU,, ®,%,,.i%,.. AO,]T and the dimen-
sionless matrices M, and M, are

69 1 Hio
v 66 € ¢
Ml - €66 S 66 (57)
A2 I a7 17 52 <069 ) Ly
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@ & uyo Hi0 4 €66 4
r 1 N
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v X 0 72%4 0 )‘0 0
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M, = ¢ - €11
271 4 ﬂAZ_.,%Z X 4 ws 72 0 —y 7 vl
&g Mo &y ’ ! ¢
X 4s 96 .o 2 N 1 N
= — i -w 0 7 -2 2y
& o Hio q ¢ )
52 12 2 A
% 0 -—— 0 -y —-=
L X €40 i ¢ |
(58)
Here the following dimensionless quantities were introduced,
_ 658 _ €5 [Ho _ €40
v = —, Yo =—"1/—"—> V3 =414/ —>
Cs5 €55 V €a0 Hio
€40 d10
Vi =Gy —> Ys = ——, (59)
Hio VH10€40
as well as
w = wa/\ pup/p=wA,/(n—1),
7 =ka=yl, /-1, (60)

where w = wH /+/po/p and y = kH are the dimensionless circular fre-
quency and axial wave number, respectively. Thus, the dimensionless
Dhase velocity is defined as v, = w/y = ¢/+/u19/p, where ¢ = o/k is the
actual phase velocity.

Egs. (56); and (56), are differential systems with variable coeffi-
cients, which are intractable analytically and numerically stiff. To cir-
cumvent this difficulty, we employ the approximate laminate model,
and divide the tube into n equal thin sublayers with thickness h/n being
sufficiently small that the M, within each sublayer may be approxi-
mately constant. To be specific, the material parameters and the dimen-
sionless deformed radial coordinate itself take the values at the mid-
plane of each sublayer.
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Accordingly, the formal solutions in the jth sublayer can be written
as [43]

Vi© = exp [(€ = 0 My, &) | Vi)

(o<é<&; k=12 j=1,2,--n), 61)

where M, (&) are the approximated constant system matrices within
the jth sublayer by taking & = ¢;,. The dimensionless deformed radial
coordinates at the inner, outer and middle surfaces of the jth sublayer
are

N . -1
5,-():14‘(]—1)7, ¢ :1+IT,
@j-bE-1)
G = 14— —. (62)

respectively, where 7 = b/a. From Eq. (61), the following recurrence
formulas between the state vectors at the inner and outer surfaces of
the jth sublayer are derived,

Vilg) =exp [ (71— 1)Myg/n|Vi(g) k € (1,2), ©3)

which, combined with the continuity conditions of state variables at
each fictitious interface, results in

V, =K, V0, ke{l,2}, (64)

where V}( and V‘,: are the incremental state vectors at the outer and inner
surfaces of the tube, respectively, and K, = H/‘.zn expl(7 — DMy;/n] is
the global transfer matrix of second-order (k = 1) or sixth-order (k =
2) through which the boundary state variables at the inner and outer
surfaces are connected.

5. Dispersion relations for axisymmetric waves
5.1. Incremental boundary conditions

Due to the electric voltage applied at the flexible electrodes, there
are no incremental electric fields outside the tube for the superimposed
motion. Furthermore, the internal and external pressures P;,, and P,
as well as the voltage V are kept fixed during the incremental motion,
so that the incremental mechanical and electric boundary condition
Egs. (12); 5 and (13) in cylindrical coordinates read

. ou, . 1 ( ou,
Torr = Pirm;’ Tog = Pirm; S5 "4 )

du

Tors = Pi““a_zr’ ¢=0, (r=aj

. du, . 1 ( ou,

TOrr=PoutE’ TOrf):Pout; ﬁ‘“e ,

. du .

Tory = Pouta_zr’ $=0, (r=>b). (65)

For axisymmetric waves (d/d6 = 0), these equations, combined with the
incremental incompressibility constraint Eq. (48), reduce to

. u, Ou, . ug
Torr = —Pipn 7"" oz ) T()re:_PinnT’

. ou .
TOrZ = Pinna_zr’ ¢=0, (r=a)

. u, Ou, . Ug
Torr = —Pout 7+ az ) T0r6=_Pout7’

. u .
Ty = Po 5z $=0. (r=b) (66)

Then, substituting Eq. (55) into Eq. (66) and using Eq. (60),, we arrive
at the dimensionless form of incremental boundary conditions,

0 =-P: (UY+iU0%7), =0, =-P; U,

Orr inn 0ro inn
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iv0 5770 0 _
12“Or-z - _1:,;111er , @ =0,
slo=—pr (77Ul +ivlp), = =-pP:q'U)
Orr — out\ r 24 ) 0ro — out” 0’
iz, =-pPr UL o' =0 (67)

5.2. Dispersion relations

By combining the incremental boundary conditions Eq. (67) with
Eq. (64), we obtain two sets of independent linear algebraic equa-
tions,

T
K, [Uy.05]" =0,
K, [U%i00,40 .U iu!, Al ] =0, (68)

where K, and K, are the coefficient matrices of second-order and sixth-
order, respectively, with nonzero components

KDy = (KDgy = PE(K D (Rpp =1,

Ry = PE (k=1,2), (69)

and

(Ko = (Ky)gt = P [(K)a + 2(Ko)ys s
(Kyia = (Ko = Py 2(Ko)as

Koz = (Kolge:  (k=1,....6).
Ky = (Ky)ps = (Kygs = —1.

(K2)44 = :utﬁ_]’ (K2)45 = (k2)54 = )?P:ut' (70)

in which (Kk)ij are the elements of the global transfer matrix K.
For non-trivial solutions of Eq. (68), the determinants of the coeffi-
cient matrices must vanish, i.e.,

det (R,) =0,  det (Ry) =0, an

which are the dispersion relations of the two independent classes of ax-
isymmetric waves (T and L waves) propagating in the deformed func-
tionally graded SEA tube under radially inhomogeneous biasing fields.

When there is no external pressure P, = 0, Eqs. (68) and (71) sim-
plify to

[(KDa1 = Py (KD |Uy =0

i 0 ;770 A01T _

KM [u?,iu?, A0 ] =0, (72)
and

K1)y = Pr (K =0, det (KiM) =0, (73)

respectively, where IA(iZ““ is the third-order matrix with components

(Iezhm)j[ = (K21 = Py [(Kz)k4 + )?(Kz)ks],
(Ieénn)jz = (Kpa — 7Py (Ky)gas
(KYMjs = (K (G =k=23 k=3,45). (74)
Analogous dispersion relations apply when the internal pressure P;,, is
vanishing.

For the incompressible, functionally graded, Mooney-Rivlin ideal di-
electric model Eq. (27), the nonzero components of the instantaneous

electro-elastic moduli tensors are evaluated from Appendix B in Wu et al.
[43] as

Agiin = 457477 [y = mo (4 + 22)] + €71 D} Agrioy = 2477,
Aotizs = =244y, Agaany = Ay — 1o (457427 + A2)],
—2;42131?, Apszzs = A2y — ”2(’152)‘;2 + ’15)]

Agioar = 1277 Agizs = oAy

Aoy = 457 (1472 = ) + €7D}, Apoy = 25 (11 = 12 22),

A02233
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Fig. 9. Convergence analysis of frequency spectra of the first five wave modes obtained by the SSM for a functionally graded SEA tube with g, = §, =5.0, f; = , = 1.0,
A, =1.0and V* =0.2: (a) T waves; (b) L waves. Here n = 4,5, 6 is the number of the discretized thin layers.

-2 -2 -1pn2 2 -2
A2 (i Ay = mp) + €7 D2, Agpans = py Ay — iy A7,

A01313

2,2 2 2 2 )
Azza = tagaz, Agziar = A2 (M) — HaAy). Apspzy = 1 A2 — Ay,
-1 -1 -1
Mor11 =267 Dy, Moipo = Moz =€~ Dy Roip = Ropp =Rz =€,
(75)

which determine the effective material parameters appearing in
Egs. (57) and (58). Note that for functionally graded SEA tubes, the
material parameters y, 45 and € in Eq. (75) depend on the radial coor-
dinate R and satisfy the affine variation Eq. (29).

6. Numerical results for wave propagation analysis

We now investigate the effects of material gradient parameters
and electro-mechanical biasing fields on the characteristics of small-
amplitude axisymmetric wave propagation in a functionally graded SEA
tube.

The ratio of uyq to uyq is again pyy/u;o = —0.104, as in Section 3.3.
In addition to the elastic moduli gradients #,, f, and the permittivity
gradient f3, the dynamic behavior analysis now involves the functionally
graded mass density, which we take as an affine variation as well, in the
form p(R) = py(1 + B4R/ A) with g4 being the density gradient. For wall
thickness such that n = B/A = 2, we must have the restriction g, > —0.5
for p(R) to be positive.

We set Pl’;m = P> . = 0 in the numerical calculations, because the ef-
fect of the pressure difference on axisymmetric wave propagation has
already been discussed in detail by Wu et al. [43], albeit in a purely
elastic functionally graded tube.

6.1. Validation of state-space method

We first examine the effectiveness of the SSM in terms of accuracy
and convergence. For a homogeneous pre-stretched tube without the ac-
tion of voltage and pressure difference, the accuracy of SSM to predict
the frequency and phase velocity spectra was validated by Wu et al.
[13], by making a comparison with the exact solutions based on the
displacement method [42], and thus that analysis is omitted here.

Fig. 9 displays the frequency spectra of the T and L waves calculated
by the SSM for a functionally graded SEA tube subject to the voltage
V* =0.2, and for different numbers of discretized thin layers. We see
from Fig. 9 that the frequency spectra of both T and L waves for the
thin-layer number n = 6 coincide with those corresponding to n = 5. We
also calculate the frequency spectra for the thin-layer number »n = 20,

which are almost the same as those for » = 5 in Fig. 9 and omitted here
for brevity. Thus, an excellent convergence of the SSM to predict the
frequencies is already achieved when the number of thin layers is n = 5.
Thus, we take 5 layers from now on, which is assumed to have high accu-
racy. In addition, Fig. 9 shows that the first branch (i.e., the fundamental
mode) of the T waves is almost non-dispersive despite the presence of
material gradient and voltage. The fundamental mode of the L waves,
however, is obviously dispersive and it is almost a straight line only at
a large wave number. In fact, the fundamental modes of the T and L
waves asymptotically tend to the surface shear wave and the Rayleigh-
type surface wave, respectively, at a large wave number.

6.2. Torsional waves

Fig. 10 displays the effect of the applied voltage on the frequency
spectra and the cut-off frequencies at y = 0 of the T waves in a pre-
stretched, functionally graded SEA tube with g; =2.0 (i =1,...,4) and
A, =2.0. To avoid the collapse of the tube, the applied voltage cannot
surpass the critical value V* ~ 0.59 found when f; = 2.0 (see Fig. 5(c)).

According to Fig. 10, the frequency spectra, including the cut-off
frequencies, are hardly changed by the application of a voltage in the
entire wave number range, even as the voltage approaches the critical
value V. This is physically understandable, as the applied direction of
the electric field due to the voltage is perpendicular to both the particle
motion direction and the propagation direction of the T wave modes,
so that we expect the work done by the biasing electric field to be neg-
ligible. Confirming numerically that the frequency is almost independent
of the voltage is a feature that could be exploited to design a torsional
waveguide which may work robustly, with a consistent working perfor-
mance.

Fig. 11 depicts the frequency spectra of the first five modes of the
T waves in a pre-stretched functionally graded SEA tube with 1, = 2.0
and V* = 04, for different material gradient values. To further demon-
strate the dependence of wave characteristics on the material gradient
parameters, Fig. 12(a)-(c) show the variations of the first three cut-off
frequencies at y = 0 with the elastic moduli gradient g, = f,, permittiv-
ity gradient 5, and density gradient g, respectively.

We observe from Figs. 11(a) and 12(a) that the cut-off frequencies
and the curve slopes of all T wave modes (i.e., the group velocities) have
a significant and monotonous rise with increasing elastic moduli gradi-
ent in the entire wave number range. Furthermore, the gap between two
neighboring branches becomes larger as #; increases. In fact, increasing
the elastic moduli gradient stiffens the tube, resulting in a remarkable
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Fig. 10. (a) Frequency spectra of the first four modes of the T
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waves for different values of V*, and (b) the first three nonzero
cut-off frequencies at y =0 versus V* in a functionally graded
SEA tube with g, =2.0(i=1,...,4) and 4, = 2.0.

Fig. 11. Frequency spectra of the first five modes of the T waves in a functionally graded SEA tube with 4, =2.0 and V*

0.4: (a) for various elastic moduli gradients

B = B, (with g; = —0.25 and g, = 1.0); (b) for various permittivity gradients f5 (with g, = , = 2.0 and g, = 1.0); (c) for various density gradients g, (with g, = §, = 2.0

and p; = 0).
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Fig. 12. The first three nonzero cut-off frequencies at y = 0 of the T waves versus the gradient parameter in a functionally graded SEA tube with A, = 2.0 and
V* = 0.4: (a) for varying elastic moduli gradient g, = p, (with p; = —0.25 and g, = 1.0); (b) for varying permittivity gradient g5 (with g, = , = 2.0 and g, = 1.0); (c) for

varying density gradient g, (with g, = g, =2.0 and p; = 0).
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Fig. 13. Frequency spectra (a-c) and phase velocity spectra (d-f) of the first three modes of the L waves in a functionally graded SEA tube with A, =2.0 and V* = 0.4
(a, d) for various elastic moduli gradients g, = §, (with p; = —0.25 and g, = 1.0); (b, e) for various permittivity gradients f; (with g, = g, = 2.0 and g, = 1.0); (c, f) for

various density gradients g, (with g, = §, =2.0 and g; = 0).

increase in the frequency. On the contrary, Figs. 11(c) and 12(c) reveal
that the frequencies and the group velocities undergo a sharp drop with
an increase in the density gradient 4. This is because the larger the
density gradient is, the lower the frequency is. Finally, it is clear from
Figs. 11(b) and 12(b) that the frequency spectra, including the cut-off
frequencies, are hardly influenced by the permittivity gradient f3; this
is essentially analogous to the minor effect that the voltage has on the
frequency, as seen in Fig. 10.

6.3. Longitudinal waves

We now turn our attention to the investigation of the L waves.

For fixed biasing fields (1, = 2.0 and V* = 0.4), Fig. 13 presents the
frequency spectra (Fig. (a)-(c)) and phase velocity spectra (Fig. (d)-(f))
of the first three L. wave modes for different values of material gradient
parameter. We see that all the L. wave modes are dispersive in all cases
(i.e., the phase velocity v, varies with the wave number y) except for
the fundamental mode when g, = §, = 0, which is almost non-dispersive
with a constant phase velocity (see Fig. 13(d)).

It is clear from Fig. 13 that the material gradients affect significantly
the frequency spectra and phase velocity spectra. Hence, the frequencies
and phase velocities of all L wave modes are lifted up with an increase
in the elastic moduli gradients §, = f, as a result of the enhanced stiff-
ening effect. Conversely, the frequencies and phase velocities exhibit a
monotonically decreasing trend in the whole wave number range when
the density gradient g, increases, due to the increasing mass effect. Ad-
ditionally, increasing g, = B, or decreasing g, also raises remarkably
the curve slope (hence, the group velocity) of all L. wave modes. These
phenomena are qualitatively the same as those observed in Fig. 11(a)
and (c) for the T waves. Similar to the independence of the T wave fre-
quency spectra with respect to the permittivity gradient f3 shown in
Fig. 11(b), the frequency and phase velocity of the fundamental L wave
mode remain almost unchanged when varying f#5. For the higher-order

L wave modes, the cut-off frequencies are hardly affected by 3, but the
frequencies and phase velocities gradually increase with the increasing
B3, especially at a large wave number (see Fig. 13(b) and (e)). Thus, tai-
loring the material gradient behavior can be used to adjust the characteristics
of elastic wave propagation in functionally graded SEA tubes.

Fig. 13 also illustrates that the phase velocity of the higher-order L
wave modes originates from infinity with a finite cut-off frequency de-
pending on the gradient parameters as described above. Nevertheless,
the phase velocity of the fundamental mode in all cases emanates from
a finite value which is also associated with the material gradients. In-
terestingly, a cut-off wave number ;(é‘;“i ~ (.64 exists in the fundamen-
tal mode of the frequency/phase velocity spectra when f; = §, = —0.25,
that is, the first branch emerges from ;(g;m. Through numerical calcula-
tions, the value of y2"! increases monotonically with a decrease in the
elastic moduli gradient to —0.5. Thus, a critical wavelength is defined by
;(é‘(‘)“i, below which there is no stable propagation of the longer L waves.
This phenomenon is reminiscent of the first antisymmetric Rayleigh-
Lamb wave mode in SEA plates subject to biasing fields [24].

Fig. 14 demonstrates the effect of the applied voltage on the fre-
quency spectra and phase velocity spectra of the first three L wave
modes in a functionally graded SEA tube with g; =2.0 (i = 1,...,4) and
A, = 1.0. All the applied voltages are in the allowable range (i.e., be-
low the critical value for collapse). We observe that the frequencies and
phase velocities for the higher-order modes have a monotonically in-
creasing behavior with an increase in V*, except for the first nonzero
cut-off frequency which remains almost unchanged.

Fig. 15 clearly illustrates the dependence of the first two nonzero cut-
off frequencies on the applied voltage for different axial pre-stretches
and material gradient parameters determining various critical voltages
(see Fig. 5). We observe from Fig. 15(a) that for the three axial pre-
stretches 4, = 0.8, 1.0, 2.0, the first cut-off frequency has a slight decrease
with the voltage while the second cut-off frequency increases gradually
with the voltage. Fig. 15(b) reveals that varying the material gradient
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Fig. 15. The first two nonzero cut-off frequencies at y = 0 of the L waves versus V*: (a) for different axial pre-stretches 4, (with g, = 2.0, i = 1,...,4); (b) for different

material gradients p = g, (i = 1, ...,4) (with A, = 1.0).

does not alter the variation trend of the second cut-off frequency with
the voltage. The first cut-off frequency, however, declines continually
with the voltage when the material gradient drops down.

Furthermore, Fig. 14 indicates that the influence of the voltage on the
frequency/phase velocity spectra of the fundamental mode is more com-
plex than for the higher-order modes. For V* = 0, the frequency of the
fundamental mode increases continuously with the wave number while
its phase velocity declines monotonically. When the voltage increases to
a high value such as V* = 0.85, the frequency and phase velocity exhibit
a non-monotonic variation with the wave number. Specifically, the neg-
ative slope of the frequency curve emerges within a certain wave num-
ber range and then becomes positive once again. This is a peculiar phe-
nomenon indicating that in response to the same excitation frequency,
there exist more than one wave with various wavelengths and veloci-
ties propagating in the fundamental branch. In addition, the phase ve-
locity of the fundamental mode first decreases to a minimum value and
subsequently increases gradually with the wave number, asymptotically
tending to the modified Rayleigh surface wave velocity [60]. This phe-
nomenon results from the complex wave interaction with the geometric
boundaries in terms of the thickness and mean radius of the deformed
tube [40,43]. Further increase in V* leads to a finite cut-off wave num-
ber of the fundamental frequency branch with negative slope, and a
new branch emerges at another finite wave number. This phenomenon
is discussed in detail below.

For a homogeneous (f; =0) SEA tube with A, =1.0, Fig. 16(a)
presents the evolution of the phase velocity spectra of the fundamen-
tal branch for different values of voltage. The variation trend of v, with
x in the voltage range below the critical value V* ~ 0.94 is qualitatively
similar to that shown in Fig. 14(b) for the functionally graded tube with
p; = 2.0. However, comparing Fig. 16(a) with Fig. 14(b), we find that
the phase velocity has a monotonous decrease with an increase in volt-
age V* over the entire wave number range when g; = 0 (no gradient),
while for the functionally graded tube with g, = 2.0, the phase velocity
increases gradually with V* at the small wavenumber (i.e., long wave-
length) range less than a certain wave number. These phenomena are
also observed in Fig. 16(b) for the variation of the lowest phase velocity
at y = 0 with V* for different combinations of 4, and f;, where the axial
pre-stretch does not change the variation trend. Thus, in principle, in-
situ ultrasonic nondestructive evaluation can be utilized to characterize the
material gradient behavior and the operating biasing fields state.

Similar to the functionally graded case in Fig. 14(b), Fig. 16(a) shows
that for a large enough value of voltage (for example, V* > 0.84) and
as the wave number increases, the phase velocity first decreases grad-
ually to zero at a smaller finite wave number k?ym and subsequently
the fundamental branch emerges again at another larger wave number
kg“ﬁ. This particular phenomenon also emerges in the study of symmet-
ric/antisymmetric Rayleigh-Lamb waves propagating in a homogeneous
SEA plate [24]. In fact, the circumferential stretch 4, of the tube in-
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Fig. 16. (a) Phase velocity spectra of the lowest L wave mode in a homogeneous (f; =0, i = 1,...,4) SEA tube with 4, = 1.0 for different values of V*. (b) Variations
of the lowest L wave phase velocity at y = 0 with V* for different combinations of the axial pre-stretch 4, and material gradient g =g, (i = 1,...,4).

creases considerably for a high voltage as observed in Fig. 5, leading to
a remarkable increase in the curvature radius. At this moment, there is
no difference between the tube and the flat plate for the L wave funda-
mental mode, and hence, the L. wave propagation behaviors resemble
those of the Rayleigh-Lamb wave in a SEA plate. As a result, this be-
havior provides a possibility to annihilate the L. wave propagation in
the wavelength range corresponding to the interval (k?ym, k;“ﬁ). Fur-
thermore, Fig. 16(a) also shows that raising the applied voltage results
in a decrease in ;"™ and a rapid increase in k3", and thus enlarges the
range of the annihilated wavelength. When the value of kg“ﬁ tends to
infinity due to the increasing voltage, the zero phase velocity represents
the surface instability of a SEA half-space subject to an electric field
[37,61].

7. Conclusions

We presented a theoretical analysis of finite axisymmetric deforma-
tion and superimposed axisymmetric wave propagation in a functionally
graded SEA tube subject to electro-mechanical biasing fields. We derived
the explicit expressions governing the static finite deformation and the
radially inhomogeneous biasing fields in the tube for the generalized
Mooney-Rivlin ideal dielectric model with a radial affine gradient vari-
ation. Employing the state-space method in cylindrical coordinates, we
obtained analytically the dispersion relations for the small-amplitude T
and L waves propagating in the deformed tube. Finally, we conducted
detailed calculations to elucidate the dependence of the static nonlinear
response as well as the T and L wave propagation behaviors on the bi-
asing fields and material gradient parameters. Our numerical findings
demonstrate that (i) tailoring properly the gradation of material prop-
erties may improve the actuation performance by a low voltage and
alleviate the stress inhomogeneity in SEA actuators; (ii) the axisymmet-
ric wave behaviors in SEA tubes may be readily tuned via adjusting
the biasing fields and material gradient properties; and (iii) the mate-
rial properties and working state of SEA tubes may be characterized by
real-time ultrasonic nondestructive testing.

We only considered the uncoupled T and L axisymmetric guided
waves. Other propagation modes include non-axisymmetric waves and
circumferential guided waves, and are worthy of further research.

The SEA tube studied in this work is characterized by the general-
ized functionally graded Mooney-Rivlin ideal dielectric model, which
does not capture the strain-stiffening effect [62]. Provided the tube is
not deformed excessively, the Mooney-Rivlin model provides a gen-
eral framework for this exploration, because it is equivalent to all
isotropic material models in the small-to-moderate regime of deforma-
tions [63,64]. The strain-stiffening effect of other nonlinear material

models [62,65] on the wave propagation characteristics of functionally
graded SEA tubes remains to be explored.

Finally, we point out that nonreciprocal transmission of acous-
tic/elastic waves can be achieved in principle based on structural asym-
metry or material nonlinearity [14,66,67]. Using functionally graded
SEA materials to design actively tunable acoustic/elastic diodes is an
interesting topic to address in the future.
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