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Originating in the field of biomechanics, Fung’s model of quasi-linear viscoelasticity (QLV) is one of the
most popular constitutive theories employed to compute the time-dependent relationship between stress
and deformation in soft solids. It is one of the simplest models of nonlinear viscoelasticity, based on
a time-domain integral formulation. In the present study, we consider the QLV model incorporating a
single scalar relaxation function. We provide natural internal variables of state, as well as a consistent
expression of the free energy to illustrate the thermodynamic consistency of this version of the QLV
model. The thermodynamic formulation highlights striking similarities between QLV and the internal-
variable models introduced by Holzapfel and Simo. Finally, the dissipative features of compressible QLV
materials are illustrated in simple tension.
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1. Introduction

Nonlinear viscoelastic behaviour is observed in many soft solids,
such as elastomers, gels, and biological materials. More specif-
ically, the nonlinear mechanical response of viscous soft solids
exhibits relaxation and creep phenomena in large deformation
quasi-static tests. In dynamic tests, the response of such materials
is sensitive to strain rates. Moreover, marked hysteresis loops in
loading-unloading experiments are evident in such media [1,2].

Historically, the mechanical modelling of nonlinear viscoelastic
solids has been approached in many different ways. Fundamentally,
however, modelling viscoelastic effects amounts to a specification
of the constitutive law to provide an accurate functional relation-
ship between the instantaneous stress and the entire strain history
[3,4]. In the monograph by Truesdell and Noll [5], this definition
corresponds to the concept of simple materials (Sec. 29 therein),
see also Sec. 6.7 of the book by Malvern [6].

If the stress depends only on a very short interval of the re-
cent history of the deformation, then it can be expressed as a
function of the time derivatives of the deformation gradient up
to a finite order (cf. Truesdell and Noll [5] Sec. 35). Often, time
derivatives of the strain up to first order are considered (i.e., the
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stress is expressed in terms of strain and strain rates), which leads
to Newtonian-type viscosity models [7,8]. Similarly to the linear
Kelvin-Voigt model, nonlinear strain-rate differential models fail to
describe stress relaxation phenomena [9,10].

Differential models involving time derivatives of stress as well
as strain provide a natural bridge to models involving longer du-
rations of time history. Indeed, the stress can then be expressed
via an integral representation or via models with memory vari-
ables. These models can be seen as more or less equivalent, with
memory variables manifesting themselves as terms within a stress
relaxation function that arises in integral models. There is a vast
literature for both integral and memory variable approaches. Re-
views of viscoelastic constitutive modelling contrast these different
approaches [1,3,4], or introduce them in a disconnected way [2,11].

A popular and simple model of the integral type is Fung’s quasi-
linear viscoelasticity (QLV) [12,13], see Fig. 1, which is based on a
Boltzmann superposition principle. The instantaneous stress is ex-
pressed as a convolution product between a relaxation tensor and
the elastic stress response. Originating in biomechanics, Fung's QLV
has been successfully employed in related applications, with the
development of associated experimental techniques [14-16] and
dedicated computational methods [17,18]. It has also been em-
ployed to model polymers and rubbers [19,20].

The computation of the instantaneous QLV stress by means of
the convolution product requires the storage of the whole strain
history, since the constitutive law is non-local in time. In computa-
tional applications, this can be avoided by expanding the relaxation
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Fig. 1. Number of QLV records by year in the Web of Science (WoS) database for
the very specific query: AB=(visco* AND quasi* AND (Fung OR QLV*)).

tensor as a Prony series, leading to the natural definition of mem-
ory variables [17,18]. Suitable memory variables account for the de-
formation history in a time-local fashion [21], allowing efficient
evaluation of the mechanical response.

As described extensively by Maugin [22,23], constitutive models
with memory variables rely on thermodynamics with internal vari-
ables of state to ensure that the addition of new variables entails
a dissipative contribution. Various viscoelastic constitutive models
of the literature satisfy these principles by design [1]. In particu-
lar, viscous strain variables may be consistently introduced within
a multiplicative decomposition of the deformation gradient tensor,
in combination with Maxwell-type rheologies [24,25].

To the present authors’ knowledge, a thermodynamically-
consistent expression of the energy in terms of the memory vari-
ables of QLV is yet to be presented. In this paper, we recall
the equations governing the motion of QLV solids with a single
scalar relaxation function (Section 2). The main result is derived
in Section 3, namely a thermodynamically consistent expression
of the free energy with appropriate internal variables of state.
This way, we establish links between Fung’s QLV and the internal-
variable models by Simo [26], and Holzapfel and Simo [27]. Us-
ing a neoHookean model, the dissipative features of compressible
QLV solids are illustrated in Section 4. The incompressible case is
addressed in Appendix A.

2. Governing equations
2.1. Preliminaries

In what follows, we present the basic equations of Lagrangian
solid dynamics [1,28]. We consider a homogeneous and isotropic
solid continuum on which no external volume force is applied. A
particle initially at position X in the reference configuration moves
to position x in the current configuration. The deformation gradi-
ent tensor is the second-order tensor

F:S—;:I+Gradu, (1)
where u = x — X is the displacement field, I is the identity tensor,
and Grad denotes the gradient operator with respect to the ma-
terial coordinates X (Lagrangian gradient). If the Euclidean space
is described by an orthonormal basis {e;, e, es} and a Cartesian
coordinate system, then I = [§;;], where §;; is the Kronecker delta.
The volume dilatation

J = detF (2)

equals the ratio pg/p of the mass densities in the reference (unde-
formed) and deformed configurations.

One can define various strain tensors as functions of F, such
as the right Cauchy-Green deformation tensor C = F'F, and the
Green-Lagrange strain tensor E = %(C —1I). Frequently, principal
stretches A; are introduced, whose squares Aiz correspond to the
eigenvalues of C. Thus, the principal invariants I; of C are given by
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L =trC =A%+ 2%+ 22
b= %((trc)z —tr(€%)) = A{A3 + 2325 + 273 (3)
I3 = detC = A2A30% = 2.

The dynamics of the continuum in question are governed by
conservation of momentum, which involves the divergence of a
stress tensor. Typically, in the Lagrangian description, this equation
of motion involves the first Piola-Kirchhoff stress tensor P, and
the Eulerian version involves the Cauchy stress tensor ¢ = J~'PF .
Specified by the constitutive law, these stress measures are also
related to the second Piola-Kirchhoff stress tensor § = F~!P.

2.2. Fung’s quasi-linear viscoelasticity

Fung’s quasi-linear viscoelasticity (QLV) is presented below (see
Sec. 713 of [12]). This model is based on the assumption that the
stress is linearly dependent on the history of the elastic stress
response, and a Boltzmann superposition principle between both
quantities is assumed. The second Piola-Kirchhoff stress is given
by

szc*se:/Rc(t—s):Se(s)ds:ﬁ*se, (4)

where the elastic response [13]

§° = OW/9dE = 2 0W/aC
= 2(W; + LWy)I — 2W4C + 2IW5C! (5)
= 2WiI + 2(LW, + LW3)C™! — 2W,C2

is derived from a strain energy density function W (I, I, I3), and G
is a fourth-order relaxation tensor. Here the colon denotes the dou-
ble contraction G : $° = [GUMSEZ] where Einstein notation is used
and the dot denotes the material time derivative. The notation W;
is shorthand for the derivative dW/dlI;.

Also, in a similar fashion to Taylor et al. [21], we introduce the
Flory decomposition of the deformation into volumetric and de-
viatoric parts (see Holzapfel [1] Sec. 6.4). Thus, we introduce the
volume-preserving Cauchy-Green strain tensor € = J~2/3C and its
volume-changing counterpart J%/3I. We perform the change of vari-
able W = W(I;, I, J) in the expression of the strain energy, where

L=, L=JL, ]= \/E (6)

The invariants I; in Eq. (6) describe volume-preserving deforma-
tion, while the dilatation J describes volume-changing deformation.
The third invariant I3 of € is equal to one, as deduced from the
definitions in Eq. (3).

To compute the elastic response (5) in terms of the new vari-
ables (I}, 15,]), let us recall expressions for the tensor derivatives
aC/9C =23 (1- 1c®C™") and 9J/9C = 3JC", where the fourth-
order unit tensor is defined as I = [§;d,]. Thus, we introduce the
decomposition

st — le)_i_se ,
S¢S =J23Dpev(8°) with §° =23W/dC, (7)
b= (@W/anJc,

where Dev(e) = (o) — %(o :C)C! denotes the deviatoric operator

in the Lagrangian description [1]. The expression of §° is de-
duced from Eq. (5) with W3 = 0. Converting back to the variables
(I, b, I3), the chain rule yields

2
E = 2(W] + I]Wz)’ - 2WLhC — §(11W1 + 212W2)C71
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—2Wil + %(Izw2 — LW = 2BW5C2, (8)

2
= 3 (W1 + 2L,W, + 315Ws e,

which are the same expressions as in De Pascalis et al.
[13] (Egs. (3.19)-(3.20) therein). In a standard fashion [1], Taylor
et al. [21] assumes the separability of isochoric and volumetric de-
formations W = Wiso ([, I,) + WYel(J), which is a particular case of
the present expressions.

In a similar fashion to related works [3,21], we assume that
the relaxation is the same in all directions, i.e. G =%1° where
we have defined the fourth-order symmetric identity tensor IS =
%[Sikr?ﬂ +3i¢8jk], and ¢ is a scalar function. Thus, the constitutive
law (4) yields

S=9+S =% xS (9)

Fung [12] initially proposed an integral expression of ¢ with a con-
tinuous spectrum of relaxation. This expression leads to high com-
putational costs as it requires the storage of the whole deformation
history [9]. This drawback can be avoided by approximating ¢ as
an exponential series [17,18]' of the form

n
70 = (1- Y& -e ™) ) HO). (10)
k=1
with an arbitrary number n of relaxation mechanisms [15,21]. The
Heaviside step function H is included in Eq. (10) for convenience.
Such a Prony series with magnitudes g, > 0 and characteristic re-
laxation times 7, > 0 can be linked to generalised Maxwell-type
rheologies.

3. Thermodynamics
3.1. Generalities

The consequences of the first and second principles of thermo-
dynamics are summarized below. We consider deformable solids
whose associated constitutive law involves n second-order tenso-
rial internal variables of state a1, ..., an [22,23].

Isentropic modelling. We consider the set of variables of state
{n.E, oy, ..., o}, where n denotes the entropy per unit mass. The
state is assumed local in time, i.e.,, only its instantaneous value
is considered. The first principle of thermodynamics is reflected
in the conservation of energy pé = o : D, where é is the material
time-derivative of the internal energy e per unit mass, and D =
F~'EF~! denotes the strain-rate tensor (i.e., the symmetric part of
the Eulerian velocity gradient FF~'). The second principle of ther-
modynamics imposes the increase of entropy p#n > 0. Assuming
an adiabatic process, the dissipation per unit of reference volume
reads 2 = poT1 (W/m3), where T > 0 is the absolute temperature.
Thus, combining the local equations of thermodynamics with the
Gibbs identity, the Clausius-Duhem inequality is obtained:

de W .. U .
@:p()(T—an)r/Jrja D - 5 E 2 34
>0. (11)

Here, U = pge is the internal energy per unit reference volume.
Since the inequality (11) must be satisfied for all states and all
evolutions, the coefficient T — de/dn must equal zero. Using the
identity Jo:D=S:E, see eg Ref [29], the Clausius-Duhem
inequality (11) is rewritten as

(s—> E- Za 1o, >0. (12)

! The increasing exponentials in cited literature indicate a potential error.
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We call this framework isentropic because the partial derivatives
d/0E, 0/0ay, are evaluated at constant entropy [1].

Isothermal modelling. This approach involves the variables of
state {T,E,aq, ..., ap}. It is linked to the above expressions by in-
troducing the partial Legendre transform ¢ = e — T of e, which is
Helmholtz’ free energy per unit mass. We have

_dy o _ow v o 1)
T 9T’ 0E = 0E’ Botk - 8“1{’

where W = pg is the Helmholtz free energy per unit of reference

volume. The Clausius-Duhem inequality (12) is re-expressed as

v

(-) E- Zak (14)

We observe that thermodynamic restrictions have the same form
in the isentropic and in the isothermal frameworks. In the isother-
mal framework described here, proving thermodynamic consis-
tency of Fung's QLV (9) amounts to finding W, «; such that the
Clausius-Duhem inequality (14) is always satisfied.

3.2. Fung’s quasi-linear viscoelasticity

Memory variables. Using the expression of the relaxation func-
tion (10), the constitutive law (9) is rewritten as [21]

n
_ ZSX (15)
k=1
where the viscous stress
[ .
Z:gk/ (1- e 9/m)§(s)ds (16)
0

can thus be interpreted as a memory variable. Computing its mate-
rial time-derivative, one shows that S, satisfies the linear evolution
equation [21]

Tks\,: = nge - S;g . (17)

Thus, the convolution product (9) is replaced by a sum of n mem-
ory variables, which satisfy a linear differential equation.

By construction, Fung’s QLV model reduces to hyperelasticity for
particular relaxation functions involving certain limits of relaxation
times:

e Relaxed elastic solid. The relaxed elastic limit corresponds to in-
finite durations, i.e. to short relaxation times 7, — 0. Hence, the
evolution Eq. (17) produces S} = g;S¢. If the motion is causal,
the convolution product (9) reduces to S = (1 — Y}, g) S® where
the coefficient 1 — )", g defines the relaxed elastic modulus.
Unrelaxed elastic solid. The unrelaxed elastic limit corresponds
to infinitesimal durations, i.e. to long relaxation times 7, —
+o0. Hence, the evolution Eq. (17) gives S} = 0 for causal signal.
The convolution product (9) reduces to S = §¢. With respect to
the relaxed elastic solid, the effective elastic moduli differ by a
scalar coefficient.

These elastic limits correspond to zero dissipation [30].

Dissipation. Consider a (presumably convex) strain energy func-
tion W from which the elastic response S is obtained by differen-
tiation. We define the free energy in such a way that S = 0W/0E
is satisfied:

n
W =W(E)-> (S

k=1

1E— D(S))). (18)

The arbitrary functions &, are (presumably convex) potentials
whose dependency on the variables S of Eq. (16) needs to be



H. Berjamin, M. Destrade and W,. Parnell

specified. If the viscous stresses S, governed by Eq. (17) are in-
ternal variables of state o, then the dissipation (14) reads

n
1 0D,
=y —|E- : (&S° - Sy).
7, ( 9s! ) (gk k)
Let us introduce the Legendre transform W, (E}) =S} : E} — ®,(S})

of @, such that E] = d®,/0dS), is the conjugate variable of S} =
W, /OE). The free energy (18) and the dissipation (19) become

(19)

n

aw,
wowe) -3 (waEp s Gt e )
k=1 k

(20)

11 " oW oW,
@:kX;Tk(EEk).(gkaE aEx)

To ensure the positivity of the dissipation, a compatible choice
of potentials is W, (-) = ggW (-) pointwise. Consequently, the scal-
ing property of the Legendre transformation imposes ®(-) =
2. D(-/g,) pointwise, where the potential & known as complemen-
tary energy density defines the Legendre transform S€ : E — W (E) of
W, with E = 9®/0S¢ [28,31]. Finally, we have

v =WE) —ng<W(Ez>+ WE . &y )
k=1 k

n
N & (g gy (IWE)  IW(EY
@_g?k(E Ek).( oF B )

By virtue of the convexity inequality [28], the dissipation 2 is non-
negative for any convex strain energy density function W of E.
Therefore, the present compressible QLV model is thermodynam-
ically admissible.

Connections with other models. The derivation of the model in-
troduced by Simo [26] is very similar. In fact, this model is based
on the free energy

(21)

n
W =W(E) - (Si:E - P(Sp), (22)
k=1
where the separability of isochoric and volumetric deformations
W =Wiso(f;, L) + WYl(J) is assumed. Similarly to Eq. (17), a con-
sistent linear evolution equation for the viscous stresses is pro-
posed. Thus, the main difference between Eqs. (22) and (18) lies
in the presence of the volume-preserving version E = }(C—1) of
E. Note that the “Simo” model described in the MSC Nastran Im-
plicit Nonlinear user guide is actually a QLV model (Ref. [32],
Chap. 10, Eq. (10-88)). Nevertheless, that implementation assumes
“that the viscoelastic behavior ...acts only on the deviatoric behav-
ior”. While it remains unclear how this is done, the implemen-
tation may therefore be consistent with the original Simo model
[26].
The free energy (18) of Fung’s QLV can be rewritten as ¥ =
wee 4 37 Ty with

Vo= (1-) g|)W(E),
(1-X=) -
Yi=gW (E) — (S : E — D(S})).

The symbol W denotes the free energy of the relaxed elastic
solid, such that $*° = dW>/9E is the corresponding Piola-Kirchhoff
stress. Introducing the variable

Q= 37, /0E = gS° - S

_g / Ce9/m 8 (5) ds 2y
0
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yields the constitutive law § =8> + 3", Q, and the rate equation
Qk =nge — Qy/7. These expressions are very similar to Sec. 6.10
of the monograph by Holzapfel [1]. Indeed, the latter follow from
the works of Simo [26] and Holzapfel and Simo [27], as well as
Govindjee and Simo [33]. Thus, the above nonlinear viscoelasticity
theories are strongly related to QLV. Moreover, they are equivalent
in the incompressible limit (see Appendix A), as observed in previ-
ous work [20,34].

The expression of the free energy may also be rewritten as
a hereditary integral. Miller and Chinzei [35] and related studies
[11,21] introduce the convolution product W* =% « W from which
the stress § =% *$° is derived. While the final expression of the
stress can easily be related to the present study (Eq. (9)), it is not
as straightforward to explain the form of the free energy W*. This
may be a consequence of a daring differentiation of the free energy
with respect to the instantaneous strain inside the convolution in-
tegral (see Ref. [21] Eq. (8)). Note that in the infinitesimal strain
limit, the consistent potential energy reads as a double convolu-
tion of the relaxation function with the strain rates (see e.g. Car-
cione [10] Chap. 2). This remark further questions the expression
WU+ of the free energy as a single convolution product.

4. Illustrations

The theoretical analysis of Section 3 is now illustrated by means
of simple deformations. We consider compressible neoHookean
QLV solids described by the strain energy [28]

W= ~3-2In)) + S 172, (25)

where the Lamé parameters u’, w are positive. The correspond-
ing bulk modulus reads u’ + %[,L. The elastic response §¢ = 0W/9E
deduced from Eqgs. (7) and (8) reads

S=pd-ChH+uJjg-1c'. (26)

Due to consistency with linear elasticity in the infinitesimal strain
limit, this constitutive law is at least locally invertible. Thus, we
introduce the complementary energy density ®(S¢) such that E =
od/0s°.

The components of F and C for uniform extension along the X-
direction are of the form [28]

A0 0 220 0
F=|0 Jyr 0 |[, cz[o I/ o}, (27)
0 0 0 0 J/i

where A > 0 is the tensile stretch. In simple tension, the tractions
transverse to the X-direction vanish, so that

1
125(1_19/“\/(1—0/%) (28)

with @ = u/u’. The elastic response of Eq. (26) becomes
S*=s"e;@e; with s°=pu(1-J/A%). (29)

Fig. 2a shows the evolution of s® with respect to the stretch A,
as well as the evolution of the Cauchy stress component A2s€/J.
Here, we have chosen @ = % x 1073, which is a typical value for
nearly-incompressible rubber-like soft solids. One observes that the
stress-stretch relationship is one-to-one over the range displayed
in the figure. Within this range, we can deduce the stretch A > 0
from s® using Egs. (28) and (29), e.g. by means of a root-finding
algorithm. Thus, we can retrieve the deformation in Eq. (27) from
the stress.

The viscoelastic stress S is given by the convolution product in
Eq. (9). This constitutive law is rewritten as § = $¢ — }", S}, in terms
of the memory variables S}, which depend on the whole history
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Fig. 2. (a) Tensile stress of neoHookean elastic material with moduli © = 1.0 kPa
and p' = 3000 u. (b) Dissipation term of Eq. (31). The black line marks the locus
A = A, of the relaxed elastic solid limit.

t — SE(t) of the elastic stress. Here, the viscous stresses are of the
form S, = sye;® eq for all times, where

t
sy = g /O (1—e~=9rm) 2 (s) ds (30)

is obtained by componentwise integration of Eq. (16).

The viscous strains E}, are deduced from the viscous stresses,
as specified in Section 3. Thus, these memory variables are also
functions of the entire stress history. In fact, one shows that E] =
9P (S)/8,)/9(S]/g) by using the definition of &) with respect to
®. In other words, the mappings E — S and E} — S} /g based
on the strain energy W are the same, and they admit the same
inverse based on the complementary energy ®. In the present
one-dimensional case, it suffices to replace s¢, A by s//g,, A} in
Eqgs. (28) and (29) to retrieve the stretches A} from the viscous
stresses s;. This way, the corresponding deformations E} are ob-
tained. Note in passing that besides being quite involved, the com-
putation of E}, is not needed in most practical applications.

The dissipation 2 of Eq. (21) involves the sum of terms of the
form

D= (E — Ey) : (S° - S}/2)

= S (2= G (- st/

whose evaluation follows from Eqs. (28) and (29) in the present
one-dimensional case. The positivity of D, for all deformations
and all evolutions is illustrated in Fig. 2b. The black line marks
the locus E = E} of the relaxed elastic solid limit where D) van-
ishes. Finally, the compressible neoHookean QLV solid model is
thermodynamically admissible in simple tension over the range of
stretches considered here.

(31)

5. Conclusion

In the framework of Fung’s quasi-linear viscoelasticity model,
the reinterpretation of the natural memory variables as internal
variables of state provides an expression of the free energy. The
dissipation is shown to be positive provided that the strain energy
function is convex. We note that the model equations so-obtained
can be linked to other models in the literature.
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We should be aware of the limitations of the QLV model,
which is known to hardly capture the discrepancy between creep
and relaxation time scales [18] and which in general does not
exhibit strain-dependent relaxation effects. Moreover, QLV may
only be valid at moderate deformations [11]. However, its strong
similarities to other models mean that its regimes of validity
are more-or-less equivalent. The above results could be extended
and employed in the modelling of anisotropic materials [34] and
thermoelastic materials [1]. The results may also be extended to
compressible materials with distinct relaxation functions in shear
and in compression [13]. More general results could be obtained
by exploiting the notion of fading memory, and the similarity
between QLV and the linear viscoelasticity formalism [36,37].
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Appendix A. Incompressible case

In the case of incompressible materials, the volume dilatation
J=1is prescribed at all times, and the mass density p = pq is con-
stant. The deformation E is equal to its volume-preserving coun-
terpart E = J(C —1I). Moreover, the third invariant 5 =1 is pre-
scribed too, so that the strain energy can be reduced to a function
W (I3, ). The constitutive law (9) becomes

S=-—pC'+9+8 = —pC '+ xS, (A1)

where S§¢ = 9W/0E is deduced from Eq. (8) with W53 =0, and p is
an indeterminate Lagrange multiplier due to the incompressibility
constraint.

In a similar fashion to the compressible case (15), the constitu-
tive law (A.1) is expressed as

n
S=-pC'+5°-)s].
k=1

(A2)

where the viscous stresses S}, are governed by the linear evolution
Eq. (17). We define the free energy W using the same expression
as in Eq. (18). This way, the Piola-Kirchhoff stress of Eq. (A.1) sat-
isfies $ = —pC~' + 9W/JE. The incompressibility constraint is in-
cluded in the Clausius-Duhem inequality (14) by introducing the
Lagrange multiplier p as follows:

oV IPR WP | e
@_(saE+pc )'Ele:BS‘,j's"ZO’

(A3)

see Holzapfel [1] Sec. 6.3. The next steps of the derivation are anal-
ogous to the compressible case, and finally, we obtain the same ex-
pression of the dissipation as in Eq. (21). Therefore, the positivity
of the dissipation is guaranteed for convex strain energy functions
w.

Remark. In Eq. (A.1), the elastic stress §° may include hydro-
static stress contributions — in other words, we have §¢:C # 0.
Assuming the elastic stress S¢ purely deviatoric is rather restric-
tive. Indeed, the corresponding Lagrange-Charpit equations yield
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W= f(, /\/E) where f is an arbitrary function. Sometimes, incom-
pressible QLV is formulated as follows [13]

S=—pC'+9 8y =—pC 1+ 9 %S5 (A4)

where S5 = Dev(§°) is purely deviatoric. To proceed as above, one
may replace the strain energy W by the strain energy

W*:W(I1,12)—%(Se 1O —1) (A5)

in Eq. (18), which is defined in such a way that S5 = 0W*/0E
under the incompressibility constraint. Alternatively, one may ex-
tend W (I3, [;) to non-unimodular deformation gradients, such that
¢ = 0W/OE is satisfied when incompressibility is assumed [38].
Thus, the analysis of the dissipation’s sign for Eq. (A.4) seems more
intricate.
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