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A B S T R A C T

Fracture and crack-face instability may occur separately or concurrently, severely impairing the 
reliability of flexible electroactive devices. Based on the nonlinear theory of electroelasticity and 
incremental field theory, this work establishes general solutions to the governing equations for a 
soft electroelastic body subjected to particular yet common biasing fields. We use potential theory 
method to obtain and validate explicit analytical solutions of the resulting integro-differential 
equations for both crack and anti-crack problems under various elementary loading conditions. 
We examine two types of surface instabilities in pre-deformed cracked electroactive bodies for 
perturbations in the x–z and ρ–z planes. To quantitatively describe the fracture and stability 
behavior, we further introduce incremental intensity factors and incremental energy release rates 
to assess crack propagation, together with a buckling topological number to classify crack-face 
buckling and persistent stability. The derived bifurcation equations further reveal re-entrant 
phenomena as pre-stretch and initial electrical displacement vary. Overall, the proposed frame
work provides a unified, quantitative analysis for electromechanically coupled fracture and 
instability in soft electroelastic materials.

1. Introduction

Dielectric elastomers (DEs) are typical soft electroactive materials capable of achieving more than 100% reversible large strains 
under an electric field. Their high energy density, fast response, and low cost make DEs suitable for fabricating lots of functional 
devices such as actuators, energy harvesters, and flexible sensors (Bar-Cohen, 2002; Koh et al., 2011; Kornbluh et al., 2012a; 2012b; 
Maas and Graf, 2012; Sharma et al., 2022; Sun et al., 2023; Zhou et al., 2024). These devices further endow DEs with significant 
application potential in soft robotics, aerospace, and intelligent bionics (Shian et al., 2015; Gu et al., 2017; Branz and Francesconi, 
2017; Cao et al., 2019; Ji et al., 2019; Huang et al., 2025). Nevertheless, the failure of DE-based devices considerably limits their 
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performance in those scenarios. Specifically, electromechanical coupling failure in DEs involves multiple factors, including material 
fracture and electromechanical instability. Accurately characterizing their electromechanical failure behavior and quantitatively 
analyzing such failures are essential for engineering applications of DEs (Ahmad et al., 2019; Manikkavel et al., 2020; Moreno-Mateos 
et al., 2024). Thus, effectively suppressing or strategically utilizing electromechanical failure represents a key challenge in enhancing 
the functional performance of DE-based devices, and there is an acute need to develop rigorous theoretical models to understand the 
underlying mechanisms.

The operating principle of DE-based devices hinges on Coulomb forces between compliant electrodes and material polarization, 
which transduce an applied electric field into mechanical deformations (Kornbluh et al., 1999; O'Halloran et al., 2008; Suo, 2010). 
Though large actuation strain enables their functionality, it also renders DEs highly susceptible to various failure modes, especially the 
onset and formation of cracks under high electric fields and excessive deformations (Pelrine et al., 2000; Chen et al., 2017). To this end, 
plenty of practical strategies in modifying the material properties have been adopted to enhance fracture resistance (Long and Hui, 
2016), such as tuning the polymer chain network to improve intrinsic toughness (Hua et al., 2021; Kim et al., 2021; Liu et al., 
2023) and incorporating fiber reinforcements to enhance matrix toughness (Li et al., 2020; Khatami et al., 2024) or microstructural 
features to arrest crack propagation (Gent et al., 2003; Lee and Pharr, 2019). Although those strategies (e.g., microstructure-induced 
crack path alteration and energy dissipation) work in certain scenarios, the fracture process is complicated by its intrinsic coupling 
with electromechanical instabilities and electric breakdown. This interplay makes the failure modes even more complex (Leng et al., 
2009; Park and Nguyen, 2012; Yamada et al., 2014; Zhou et al., 2020) (Fig. 1).

Research efforts increasingly combine experimental characterization with advanced numerical simulations. Foundational works 
have examined fracture under purely mechanical loading experimentally (Pharr et al., 2012; Ahmad et al., 2019). Phase-field modeling 
is also involved to study crack evolution in these electroactive soft materials (Kaliske et al., 2022). While existing studies have explored 
the computational and experimental aspects of fracture problems, achieving a unified theoretical framework that accurately describes 
the complex interplay between mechanical stress, electric field, and material damage remains an ongoing and central challenge. In this 
regard, there have been limited attempts to establish theoretical models for the description of electromechanical fracture. For example, 
a simple fracture model for an electrode and interfacial crack in a DE under tensile loading was developed by Manikkavel et al. (2020). 
Although quantitatively analyzing techniques have been integrated into the development of fracture models, only few explicit 
analytical solutions exist.

As a potent analytical approach (originally proposed by Fabrikant (1989)), the potential theory method has made essential con
tributions to transversely isotropic elasticity, piezoelectricity, and magnetoelectric thermoelasticity (Chen, 2000; Chen and Ding, 
2004). A series of exact solutions was derived and extended by Chen and his collaborators (Chen, 2015). Building upon the incre
mental field theory established by Dorfmann and Ogden (2010; 2014), Zhang et al. (2012) first applied the potential theory method to 
contact analysis. They analyzed compressible isotropic soft electroactive half-spaces under uniform finite deformation, demonstrating 
the applicability of this method to problems involving finite pre-deformation and electromechanical coupling. However, to the best of 
our knowledge, no studies have yet been conducted on fracture analysis of finite deformed solids from the perspective of potential 
theory, nor has an analytical model for coupled cracking and instability been developed. Hence, the present work seeks to utilize and 
extend the potential theory method to not only analytically solve fracture problems in soft electroactive materials but also conduct 
effective stability analysis.

This article is structured as follows. Section 2 presents the nonlinear theory of electroelasticity and the corresponding incremental 
field theory. We describe the configurations of a soft electroactive continuum containing an internal crack under a general pre- 
deformation. In Section 3, we specialize the governing equations derived in the previous section to the case of equi-biaxial stretch 
and establish a general solution to the equations. In Section 4, we develop complete solutions via the potential theory method and 
provide analytical treatments for problems with penny-shaped cracks and flat cracks of general shape. Besides, we derive explicit 
analytical solutions for crack and anti-crack problems under various loading conditions, and we verify the solutions via finite element 
simulations. In Section 5, we investigate two types of surface instability of the cracked electroactive body. A buckling topological 
number is introduced to assess persistent stability. Finally, the article is summarized in Section 6, with perspectives proposed for future 

Fig. 1. Crack cavitation, propagation, and surface undulation in soft materials (Wang et al., 2023).
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investigation. Note that Appendix B provides a detailed exposition of the potential theory method. Furthermore, it incorporates a 
singular term that was previously omitted in the literature, which enhances the completeness of the theory.

2. Nonlinear theory of electroelasticity and incremental field theory

Consider a compressible electroactive body that occupies a region Br with boundary ∂Br (outward unit normal of ∂Br is N) in the 
reference configuration. A material frame is established in Br by identifying a material point via its position vector X. Upon the 
application of specified elastic and electric loads or displacements, the body deforms into a novel configuration (i.e., the initial 
configuration) B with boundary ∂B (outward unit normal of ∂B is n), and the position vector of the material point becomes x in a space- 
fixed frame. The mapping χ : X ↦ x between the vectors in Br and B is assumed to be a twice-differentiable tensor function. The 
deformation gradient is defined as F = Gradχ , where Grad denotes the gradient operator in Br. The left and right Cauchy-Green 
deformation tensors are b = FFT and C = FTF, respectively, with the superscript T indicating tensor transpose. The surface and vol
ume elements in the initial (dâ and dv) and reference (dÂ and dV) configurations are related by dâ = ndâ = JF− TNdÂ (Nanson 
formula) and dv = JdV, respectively, where J = detF is the volume ratio. Definitions of symbolic notations and connections among the 
three configurations are summarized in Fig. 2 below.

Under the quasi-electrostatic approximation and in the absence of free charges, electric currents, and body forces, the equilibrium 
equations can be expressed as 

DivT = 0, DivD = 0, CurlE = 0 , (1) 

where T = JF− 1τ is the nominal stress tensor; while D = JF− 1D and E = FTE represent the Lagrangian electric displacement and 
electric field vectors, respectively. Note that the operators Div and Curl are both defined in Br. If fixed charges are compactly 
distributed on a plane to generate an electric field (specifically, the plane in the infinite medium discussed later refers to the z = 0 
plane, which is a plane of symmetry within the electroactive body), the boundary conditions on ∂B read 

τn = tâ, n ⋅ D = qâ, n × E = 0 , (2) 

where tâ and qâ are the surface traction and charge density (per unit area) on ∂B, respectively. The material behavior is characterized 
by an energy density (per unit reference volume) function Ω = Ω(F,D ), such that Ω(I,0) = 0 in Br, with I being a two-point identity 
tensor. The nonlinear constitutive relations (Dorfmann and Ogden, 2006) are established as 

T =
∂Ω
∂F

, E =
∂Ω
∂D

. (3) 

Fig. 2. The reference (Br), initial (B), and current (Bc) configurations of a soft electroactive continuum with an internal crack. 
{
Er

α
}
, {ei}, and {ẽa}

are configuration bases. N, n, and ñ are outward unit normal vectors. X, x, and x̃ are material point position vectors. ar , a, and ãc are the radius of 

crack surface in Br , B, and Bc, respectively. E* and Ẽ
* 

are exterior electric field vectors in B and Bc, respectively. The mechanical and electrical 
boundary conditions are marked on the corresponding configurations. Compatible mechanical loads are applied on the crack surfaces.

L. Chen et al.                                                                                                                                                                                                           Journal of the Mechanics and Physics of Solids 216 (2026) 106772 

3 



Assuming that the energy density is a scalar-valued isotropic tensor function, then it can be represented in terms of six invariants 
(Zheng, 1994) as Ω(F,D ) = Ω(I 1,I 2,I 3,I 4,I 5,I 6), where 

I 1 = trC, I 2 =
1
2
[
(trC)2

− tr
(
C2)], I 3 = detC,

I 4 = D ⋅ D , I 5 = D ⋅ (CD ), I 6 = D ⋅
(
C2D

)
.

(4) 

Applying the chain rule, Eq. (3) leads to 

T =
∑6

m=1,m∕=4
Ωm

∂I m

∂F
, E =

∑6

m=4
Ωm

∂I m

∂D
, (5) 

with Ωm ≡ ∂Ω /∂I m for m = 1,2,⋯,6. From Eqs. (4) and (5), we arrive at the Cauchy stress tensor τ and electric field vector E as 

τ = J− 1FT = J− 1F
∂Ω
∂F

= 2J− 1[Ω1b + Ω2
(
I 1b − b2)

+ I 3Ω3 Ĩ + I 3Ω5D ⊗ D + I 3Ω6(D ⊗ bD + bD ⊗ D)
]
,

E = F− TE = F− T ∂Ω
∂D

= 2J
(
Ω4b− 1D + Ω5D + Ω6bD

)
,

(6) 

respectively, where “⊗” represents the tensor product.
For significantly smaller load and displacement further applied on the electroactive body compared to the biasing fields, an 

infinitesimal incremental perturbation is superimposed on the initial configuration. According to Dorfmann and Ogden (2010), an 
incremental deformation ẋ(X) and an incremental electric displacement Ḋ0 are applied to B, leading to the current configuration Bc. 
Here, dotted variables denote incremental quantities (not time derivatives). The incremental equilibrium equations in Eulerian form 
are derived as 

divṪ0 = 0, divḊ0 = 0, curlĖ0 = 0, (7) 

where Ṫ0 = J− 1FṪ, Ḋ0 = J− 1FḊ , and Ė0 = F− TĖ represent the push-forward versions of the incremental stress, electric displacement 
vector, and electric field vector, respectively.

The constitutive relations are linearized via Taylor expansion as 

Ṫ0 = J− 1F
∂2Ω
∂F∂F

⋅ ⋅Ḟ + J− 1F
∂2Ω

∂F∂D
Ḋ := A0 ⋅ ⋅L + M0Ḋ0,

Ė0 = F− T ∂2Ω
∂D ∂F

⋅ ⋅Ḟ + F− T ∂2Ω
∂D ∂D

Ḋ := MT
0 ⋅ ⋅L + K0Ḋ0,

(8) 

where L =
(
[I⊛]

TF̃ − F
)
F− 1 := ḞF− 1 = gradu is the displacement gradient tensor, with u(x) = u(χ(X)) = ẋ(X). It should be noted that I⊛ 

is a two-point unit tensor used to transform bases across configurations and will be omitted hereafter when no ambiguity arises. The 
double inner products follow the rules of Ξ1 : Ξ2 = (Ξ1)ij(Ξ2)ij and Ξ1 ⋅ ⋅Ξ2 = (Ξ1)ij(Ξ2)ji, respectively (where Ξ1 and Ξ2 are two 
distinct second-order tensors); while the product “∘

2
” follows A∘

2
FT = AαiβjEr

α ⊗ ei ⊗ Er
β ⊗ ej∘

2
FkγEr

γ ⊗ ek = AαiβjFkβEr
α ⊗ ei ⊗ ek ⊗ ej, where 

{
Er

α
}

and {ei} are the bases in the reference and initial configurations, respectively. The instantaneous material tensors A0, M0, and K0 

have components given by 

A0jigk = J− 1FjαFgβ

(
∑6

m=1,m∕=4

∑6

n=1,n∕=4
Ωmn

∂I m

∂Fiα

∂I n

∂Fkβ
+

∑6

m=1,m∕=4
Ωm

∂2
I m

∂Fiα∂Fkβ

)

= A0gkji,

M0jik = FjαF− 1
βk

(
∑6

m=1,m∕=4

∑6

n=4
Ωmn

∂I m

∂Fiα

∂I n

∂D β
+
∑6

m=5
Ωm

∂2
I m

∂Fiα∂D β

)

= M0kji,

K0jk = JF− 1
αj F− 1

βk

(
∑6

m=4

∑6

n=4
Ωmn

∂I m

∂D α

∂I n

∂D β
+
∑6

m=4
Ωm

∂2
I m

∂D α∂D β

)

= K0kj,

(9) 

where Ωmn = ∂2Ω /(∂I m∂I n). Here, we use the Einstein summation convention to express the instantaneous material tensors. If the 
external electric field is neglected, the incremental boundary conditions yield 

ṪT
0n = ṫâ, n ⋅ Ḋ0 = q̇â, n × Ė0 = 0 , (10) 

where ṫâ and q̇â denote the incremental mechanical traction and incremental electric charge per unit area on ∂B, satisfying ṫâdâ =
ṫÂdÂ and q̇âdâ = q̇ÂdÂ, respectively.
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3. Governing equations and general solutions

We consider that an electroactive body undergoes a uniform, finite deformation, consisting of an equi-biaxial stretch λ1 within the 
plane perpendicular to the z-axis (i.e., λ2 = λ1) and a transverse stretch λ3 parallel to the z-axis. Given the symmetry of the problem 
with respect to the plane z = 0, it is sufficient to analyse only the z ≥ 0 half-space, as illustrated in Fig. 3. This deformed configuration 
is also accompanied by an electric displacement field that is purely normal to the plane z = 0, with D3 as its only non-zero component. 
Thus, we have 

F =

⎡

⎢
⎢
⎣

λ1 0 0

0 λ1 0

0 0 λ3

⎤

⎥
⎥
⎦, D =

⎧
⎪⎪⎨

⎪⎪⎩

0

0

D3

⎫
⎪⎪⎬

⎪⎪⎭

. (11) 

Substituting the deformation gradient and electric displacement field into the linearized equilibrium equations displayed in Eq. (8), 
we have

Ṫ0xx = A01111
∂ux

∂x
+ A01122

∂uy

∂y
+ A01133

∂uz

∂z
+ M0113Ḋ0z,

Ṫ0yy = A01122
∂ux

∂x
+ A01111

∂uy

∂y
+ A01133

∂uz

∂z
+ M0113Ḋ0z,

Ṫ0zz = A01133
∂ux

∂x
+ A01133

∂uy

∂y
+ A03333

∂uz

∂z
+ M0333Ḋ0z,

Ṫ0xy = A01221
∂ux

∂y
+ A01212

∂uy

∂x
, Ṫ0yx = A01212

∂ux

∂y
+ A01221

∂uy

∂x
,

Ṫ0xz = A01331
∂ux

∂z
+ A01313

∂uz

∂x
+ M0131Ḋ0x, Ṫ0zx = A03131

∂ux

∂z
+ A01331

∂uz

∂x
+ M0131Ḋ0x,

Ṫ0yz = A01331
∂uy

∂z
+ A01313

∂uz

∂y
+ M0131Ḋ0y, Ṫ0zy = A03131

∂uy

∂z
+ A01331

∂uz

∂y
+ M0131Ḋ0y,

(12) 

Ė0x = M0131

(
∂ux

∂z
+

∂uz

∂x

)

+ K011Ḋ0x, Ė0y = M0131

(
∂uy

∂z
+

∂uz

∂y

)

+ K011Ḋ0y,

Ė0z = M0113

(
∂ux

∂x
+

∂uy

∂y

)

+ M0333
∂uz

∂z
+ K033Ḋ0z,

(13) 

which can be represented in terms of displacement components uκ and electric potential φ̃ by introducing Ė0κ = − ∂φ̃ /∂κ (κ = x,y,z) 
according to Eq. (7)3: 

Fig. 3. Definitions of symmetric crack problem. The pre-stretches λ1, λ2, and λ3 together with an electric displacement component D3 are along the 
axes of the Cartesian coordinate system. A crack of general shape with surface area S in B is embedded in the electroactive material. ar and a 
represent the radius of the crack surface before and after pre-stretch, respectively. ap denotes the radial length of crack propagation during pre- 
deformation. The function f̃({λi}) quantifies the proportional variation of the crack surface radius due to changes in the stretches λi (i = 1,2, 3).
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Ṫ0xx = c11
∂ux

∂x
+ c12

∂uy

∂y
+ c13

∂uz

∂z
+ e31

∂φ̃
∂z

,

Ṫ0yy = c12
∂ux

∂x
+ c11

∂uy

∂y
+ c13

∂uz

∂z
+ e31

∂φ̃
∂z

,

Ṫ0zz = c13
∂ux

∂x
+ c13

∂uy

∂y
+ c33

∂uz

∂z
+ e33

∂φ̃
∂z

,

Ṫ0xy = c69
∂ux

∂y
+ c66

∂uy

∂x
, Ṫ0yx = c66

∂ux

∂y
+ c69

∂uy

∂x
,

Ṫ0xz = c58
∂ux

∂z
+ c55

∂uz

∂x
+ e15

∂φ̃
∂x

, Ṫ0zx = c88
∂ux

∂z
+ c58

∂uz

∂x
+ e15

∂φ̃
∂x

,

Ṫ0yz = c58
∂uy

∂z
+ c55

∂uz

∂y
+ e15

∂φ̃
∂y

, Ṫ0zy = c88
∂uy

∂z
+ c58

∂uz

∂y
+ e15

∂φ̃
∂y

,

(14) 

Ḋ0x = e15

(
∂ux

∂z
+

∂uz

∂x

)

− ε11
∂φ̃
∂x

, Ḋ0y = e15

(
∂uy

∂z
+

∂uz

∂y

)

− ε11
∂φ̃
∂y

,

Ḋ0z = e31

(
∂ux

∂x
+

∂uy

∂y

)

+ e33
∂uz

∂z
− ε33

∂φ̃
∂z

,

(15) 

where the instantaneous material tensors A0jigk, M0jik, and K0jk (i,j,k,g = 1,2,3) together with equivalent constants cmn, emn, and εmn (m,

n = {1, 2, 3, 5, 6, 8, 9}) are presented in Appendix A. Note that relation c11 − c12 = c69 + c66 is applied in the derivation process. 
Substituting Eqs. (14) and (15) into Eq. (7)1-2, the governing equations are derived as 

(

c11
∂2

∂x2 + c66
∂2

∂y2 + c88
∂2

∂z2

)

ux + (c12 + c69)
∂2uy

∂x∂y
+ (c13 + c58)

∂2uz

∂x∂z
+ (e15 + e31)

∂2φ̃
∂x∂z

= 0,

(c12 + c69)
∂2ux

∂x∂y
+

(

c66
∂2

∂x2 + c11
∂2

∂y2 + c88
∂2

∂z2

)

uy + (c13 + c58)
∂2uz

∂y∂z
+ (e15 + e31)

∂2φ̃
∂y∂z

= 0,

(c13 + c58)
∂
∂z

(
∂ux

∂x
+

∂uy

∂y

)

+

(

c55Δ + c33
∂2

∂z2

)

uz +

(

e15Δ + e33
∂2

∂z2

)

φ̃ = 0,

(e15 + e31)
∂
∂z

(
∂ux

∂x
+

∂uy

∂y

)

+

(

e15Δ + e33
∂2

∂z2

)

uz −

(

ε11Δ + ε33
∂2

∂z2

)

φ̃ = 0,

(16) 

where Δ = ∂2 /∂x2 + ∂2 /∂y2 is the planar Laplacian. If we set 

ux =
∂(ψ0 + ψ̃)

∂y
−

∂(Φ0 + Φ̃)

∂x
, uy = −

∂(ψ0 + ψ̃)
∂x

−
∂(Φ0 + Φ̃)

∂y
, (17) 

Eq. (16)1-2 can be expressed as 

∂
∂y

[(

c66Δ + c88
∂2

∂z2

)

(ψ0 + ψ̃)
]

−
∂

∂x

[(

c11Δ + c88
∂2

∂z2

)

(Φ0 + Φ̃) − (c13 + c58)
∂uz

∂z
− (e15 + e31)

∂φ̃
∂z

]

= 0,

∂
∂x

[(

c66Δ + c88
∂2

∂z2

)

(ψ0 + ψ̃)
]

+
∂
∂y

[(

c11Δ + c88
∂2

∂z2

)

(Φ0 + Φ̃) − (c13 + c58)
∂uz

∂z
− (e15 + e31)

∂φ̃
∂z

]

= 0.

(18) 

The solutions are obtained by introducing Ψ that fulfils 

∂Ψ
∂x

=

(

c66Δ + c88
∂2

∂z2

)

(ψ0 + ψ̃),

∂Ψ
∂y

=

(

c11Δ + c88
∂2

∂z2

)

(Φ0 + Φ̃) − (c13 + c58)
∂uz

∂z
− (e15 + e31)

∂φ̃
∂z

,

(19) 

and ΔΨ = 0, where ψ̃ and Φ̃ are nontrivial solutions of ∂ψ̃ /∂y − ∂Φ̃ /∂x = 0 and ∂ψ̃ /∂x+ ∂Φ̃ /∂y = 0, leading to Δψ̃ = 0 and ΔΦ̃ = 0. 
Assuming c88∂2ψ̃ /∂z2 = ∂Ψ /∂x and c88∂2Φ̃ /∂z2 = ∂Ψ /∂y, then Eq. (19) simplifies as 

(

c66Δ + c88
∂2

∂z2

)

ψ0 = 0,

(

c11Δ + c88
∂2

∂z2

)

Φ0 − (c13 + c58)
∂uz

∂z
− (e15 + e31)

∂φ̃
∂z

= 0.

(20) 

Substituting Eq. (17) into Eq. (16)3-4 and combining Eq. (20)2, the governing equations for Φ0, uz, and φ̃ can be organized in a 
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matrix form as 

D

⎧
⎨

⎩

Φ0
uz
φ̃

⎫
⎬

⎭
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c11Δ + c88
∂2

∂z2 − (c13 + c58)
∂
∂z

− (e15 + e31)
∂
∂z

− (c13 + c58)Δ
∂
∂z

c55Δ + c33
∂2

∂z2 e15Δ + e33
∂2

∂z2

(e15 + e31)Δ
∂
∂z

−

(

e15Δ + e33
∂2

∂z2

)

ε11Δ + ε33
∂2

∂z2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎨

⎩

Φ0
uz
φ̃

⎫
⎬

⎭
= 0. (21) 

Then, the solution is assumed to be 
⎧
⎨

⎩

Φ0
uz
φ̃

⎫
⎬

⎭
= D

†ξ =

⎡

⎣
F11 F21 F31
F12 F22 F32
F13 F23 F33

⎤

⎦

⎧
⎨

⎩

ξ(1)
ξ(2)
ξ(3)

⎫
⎬

⎭
, (22) 

where D† is the adjugate of D; Fij (i, j = 1, 2,3) are the cofactors of the operator matrix D; ξ =
[
ξ(1), ξ(2), ξ(3)

]T is a vector function 
that satisfies 

DD
†ξ = (detD)ξ =

(

ℏ0
∂6

∂z6 +ℏ1Δ
∂4

∂z4 +ℏ2Δ2 ∂2

∂z2 +ℏ3Δ3
)

ξ = ℏ3

(

Δ+
∂2

∂z2
1

)(

Δ+
∂2

∂z2
2

)(

Δ+
∂2

∂z2
3

)

ξ = 0, (23) 

where ℏi(i= 0,1, 2,3) are presented in Appendix A; z2
j = s2

j z2(j = 1,2,3), and s2
j are the roots of the bicubic ℏ0s6 − ℏ1s4 + ℏ2s2 − ℏ3 =

0, as derived in Appendix A. It is noted that ξ(1), ξ(2), and ξ(3) are not independent, which indicates that any one of them, e.g., ξ(i)(i = 1,
2,3), can be selected for convenience. According to the generalized Almansi’s theorem (Ding et al., 1996), the solutions of Eq. (22) may 
be classified into three cases: 

⎧
⎪⎪⎨

⎪⎪⎩

ξ(i) = ξ(i)1 + ξ(i)2 + ξ(i)3 ,
(
whens2

1 ∕= s2
2 ∕= s2

3 ∕= s2
1
)

ξ(i) = ξ(i)1 + ξ(i)2 + zξ(i)3 ,
(
whens2

1 ∕= s2
2 = s2

3
)

ξ(i) = ξ(i)1 + zξ(i)2 + z2ξ(i)3 ,
(
whens2

1 = s2
2 = s2

3
)

(24) 

where ξ(i)k (k = 1, 2,3) are governed by 
(

Δ+
∂2

∂z2
k

)

ξ(i)k = 0, no summation over k. (25) 

It is important to note that the roots of ℏ0s6 − ℏ1s4 + ℏ2s2 − ℏ3 = 0 may become imaginary, leading to instability of the electroactive 
material induced by pre-deformation. For brevity, we may simply assume that the roots are distinct hereinafter.

Without loss of generality, we may adopt Φ0 = F21ξ(2), uz = F22ξ(2), and φ = F23ξ(2). Then 

Φ0 =

[

(c13 + c58)

(

ε11Δ + ε33
∂2

∂z2

)

+ (e15 + e31)

(

e15Δ + e33
∂2

∂z2

)]
∂ξ(2)

∂z

=

(

a1
∂2

∂z2 + b1Δ
)

∂ξ(2)

∂z
=
∑3

k=1

(
a1s3

k − b1s2
k
) ∂3ξ(2)k

∂z3
k

:=
∑3

k=1

ψk,

uz =

[(

c11Δ + c88
∂2

∂z2

)(

ε11Δ + ε33
∂2

∂z2

)

+ (e15 + e31)
2Δ

∂2

∂z2

]

ξ(2)

=

(

a2
∂4

∂z4 + b2Δ
∂2

∂z2 + d2Δ2
)

ξ(2) =
∑3

k=1

(
a2s4

k − b2s2
k + d2

) ∂4ξ(2)k
∂z4

k
:=
∑3

k=1
α1k

∂ψk

∂zk
,

φ =

[(

c11Δ + c88
∂2

∂z2

)(

e15Δ + e33
∂2

∂z2

)

− (c13 + c58)(e15 + e31)Δ
∂2

∂z2

]

ξ(2)

=

(

a3
∂4

∂z4 + b3Δ
∂2

∂z2 + d3Δ2
)

ξ(2) =
∑3

k=1

(
a3s4

k − b3s2
k + d3

) ∂4ξ(2)k
∂z4

k
:=
∑3

k=1

α2k
∂ψk

∂zk
,

(26) 

where 
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a1 = (c13 + c58)ε33 + (e15 + e31)e33,

b1 = (c13 + c58)ε11 + (e15 + e31)e15,

a2 = c88ε33, b2 = c11ε33 + c88ε11 + (e15 + e31)
2
, d2 = c11ε11,

a3 = c88e33, b3 = c11e33 + c88e15 − (c13 + c58)(e15 + e31), d3 = c11e15,

α1k =
a2s4

k − b2s2
k + d2

sk
(
a1s2

k − b1
) , α2k =

a3s4
k − b3s2

k + d3

sk
(
a1s2

k − b1
) .

(27) 

In view of Eqs. (20)1 and (25), ψ i (i = 0,1, 2,3) satisfies 
(

Δ +
∂2

∂z2
i

)

ψ i = 0, no summation over i (28) 

where s2
0 = c66 /c88. In Cartesian coordinates (x, y, z), the mechanical displacement components and the electric potential are thus 

expressed as 

ux =
∂ψ0

∂y
−
∑3

k=1

∂ψk

∂x
, uy = −

∂ψ0

∂x
−
∑3

k=1

∂ψk

∂y
, uz =

∑3

k=1

α1k
∂ψk

∂zk
, φ̃ =

∑3

k=1

α2k
∂ψk

∂zk
, (29) 

which is the general solution to the governing equations. To facilitate later derivation steps, it can be rewritten in cylindrical co
ordinates (ρ,ϕ, z) as 

uρ =
1
ρ

∂ψ0

∂ϕ
−
∑3

k=1

∂ψk

∂ρ , uϕ = −
∂ψ0

∂ρ −
1
ρ
∑3

k=1

∂ψk

∂ϕ
, uz =

∑3

k=1
α1k

∂ψk

∂zk
:= w1, φ̃ =

∑3

k=1
α2k

∂ψk

∂zk
:= w2 . (30) 

Therefore, the equivalent incremental stress and electric displacement components are 

Fig. 4. Schematic of a soft electroactive solid containing a flat crack under mechanical loading in the z‑direction: (a) the reference, initial, and 
current states together with the corresponding boundary conditions, and (b) the equivalent boundary conditions in the incremental state.
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Ṫ0zz =
∑3

k=1

γ1k
∂2ψk

∂z2
k
:= σz1, Ḋ0z =

∑3

k=1

γ2k
∂2ψk

∂z2
k
:= σz2, Ṫ0ρρ + Ṫ0ϕϕ =

∑3

k=1

γ3k
∂2ψk

∂z2
k
:= σz3,

Ṫ0ρρ − Ṫ0ϕϕ =(c12 − c11)

[
2
ρ

(
1
ρ

∂ψ0

∂ϕ
−

∂2ψ0

∂ρ∂ϕ

)

+
∑3

k=1

(
∂2ψk

∂ρ2 −
1
ρ

∂ψk

∂ρ −
1
ρ2

∂2ψk

∂ϕ2

)]

:= σρt ,

Ṫ0ρϕ + Ṫ0ϕρ =(c66 + c69)

[(

−
∂2ψ0

∂ρ2 +
1
ρ

∂ψ0

∂ρ +
1
ρ2

∂2ψ0

∂ϕ2

)

+
∑3

k=1

2
ρ

(
1
ρ

∂ψk

∂ϕ
−

∂2ψk

∂ρ∂ϕ

)]

:= σϕt, Ṫ0ρϕ − Ṫ0ϕρ =(c69 − c66)Δψ0 := σzt ,

Ṫ0zρ = c88
1
ρ

∂2ψ0

∂ϕ∂z
+
∑3

k=1

ϖ1k
∂2ψk

∂ρ∂zk
:= σρ1, Ṫ0ρz = c58

1
ρ

∂2ψ0

∂ϕ∂z
+
∑3

k=1

ϖ2k
∂2ψk

∂ρ∂zk
:= σρ2, Ḋ0ρ = e15

1
ρ

∂2ψ0

∂ϕ∂z
+
∑3

k=1

ϖ3k
∂2ψk

∂ρ∂zk
:= σρ3,

Ṫ0zϕ = − c88
∂2ψ0

∂ρ∂z
+
∑3

k=1

ϖ1k
1
ρ

∂2ψk

∂ϕ∂zk
:= σϕ1, Ṫ0ϕz = − c58

∂2ψ0

∂ρ∂z
+
∑3

k=1

ϖ2k
1
ρ

∂2ψk

∂ϕ∂zk
:= σϕ2, Ḋ0ϕ = − e15

∂2ψ0

∂ρ∂z
+
∑3

k=1

ϖ3k
1
ρ

∂2ψk

∂ϕ∂zk
:= σϕ3,

(31) 

where 

γ1k = c13 + sk(c33α1k + e33α2k), γ2k = e31 + sk(e33α1k − ε33α2k), γ3k = c11 + c12 + 2sk(c13α1k + e31α2k),

ϖ1k = − c88sk + c58α1k + e15α2k, ϖ2k = − c58sk + c55α1k + e15α2k, ϖ3k = − e15sk + e15α1k − ε11α2k.
(32) 

4. Potential theory method for complete solutions

In general, maintaining a flat crack under pre-deformation usually necessitates applying external loads on the crack surfaces. In the 
absence of such loads, an initial crack opening is likely to develop. Physically, the case of zero crack-face stress and electric 
displacement can be interpreted via superimposing a surface load that is equal in magnitude but opposite in direction. As an illustrative 
example, a schematic of the mechanical loading condition in the z‑direction is provided in Fig. 4.

The incremental boundary conditions of a flat crack at z = 0 read 

σz1 = P1(ρ,ϕ), σz2 = P2(ρ,ϕ), (ρ,ϕ) ∈ S
w1 = 0, w2 = 0, (ρ,ϕ) ∕∈ S
σρ1 = 0, σϕ1 = 0, (ρ,ϕ) ∈ [0,+∞) × [0,2π]

(33) 

and the potentials are assumed as 

⎧
⎨

⎩

ψ0 = 0,

ψk =
∑2

i=1
ςki Ĥi(ρ,ϕ, zk), (k = 1,2, 3)

(34) 

where Ĥi(ρ,ϕ, zk) are established over the crack surface S, as 

Ĥi(ρ,ϕ, zk) =

∫ ∫

S

ωi(ρ0,ϕ0)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 + ρ2

0 − 2ρρ0cos(ϕ − ϕ0) + z2
k

√ ρ0dρ0dϕ0, (i = 1, 2; k = 1,2, 3) (35) 

in which ω1(ρ,ϕ) and ω2(ρ,ϕ) represent the densities of crack face displacement w1(ρ,ϕ, 0) and electric potential w2(ρ, ϕ, 0), 
respectively. We emphasize that the crack surface S⊂∂B differs from Sr⊂∂Br due to the evolving crack size during pre-deformation and 
the potential crack propagation. According to the property of single layer potential (Fabrikant, 1989), we have 

lim
zk→0+

∂Ĥi(ρ,ϕ, zk)

∂zk
= − 2πωi(ρ,ϕ) = − 2πwi(ρ,ϕ,0), (ρ,ϕ) ∈ S

lim
zk→0+

∂Ĥi(ρ,ϕ, zk)

∂zk
= 0, (ρ,ϕ) ∕∈ S

(36) 

for i = 1,2,3. With Eqs. (30), (31), (33)2-3, (34), and (36), we arrive at 

σρ1(ρ,ϕ, 0) =
∑2

i=1

(
∑3

k=1
ϖ1kςki

)

lim
zk→0+

∂2 Ĥi(ρ,ϕ, zk)

∂ρ∂zk
= 0 ⇒

∑3

k=1
ϖ1kςki = 0,

wj(ρ,ϕ,0) =
∑2

i=1

(
∑3

k=1
αjkςki

)

lim
zk→0+

∂Ĥi(ρ,ϕ, zk)

∂zk
= − 2π

∑2

i=1

(
∑3

k=1
αjkςki

)

wi ⇒
∑3

k=1
αjkςki = −

δji

2π,

(37) 
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where j = 1,2, and δji is the Kronecker delta. It is noted that the summations are interchanged in Eq. (37), and the terms with Ĥi are 
independent of zk when zk→0+. Besides, σϕ1(ρ,ϕ,0) = 0 gives the same equation as that derived from σρ1(ρ,ϕ,0) = 0, because ψ0 is 
assumed to be zero. Hence, we only claim σρ1(ρ,ϕ, 0) = 0 in Eq. (37). Eventually, ςki can be determined as 

⎧
⎨

⎩

ς1i
ς2i
ς3i

⎫
⎬

⎭
= −

1
2π

⎡

⎣
ϖ11 ϖ12 ϖ13
α11 α12 α13
α21 α22 α23

⎤

⎦

− 1⎧
⎨

⎩

0
δ1i
δ2i

⎫
⎬

⎭
. (38) 

From Eq. (33)1, the integro-differential equations are derived as 

∑2

i=1

(
∑3

k=1

γjkςki

)

lim
zk→0

∂2

∂z2
k

∫ ∫

S

ωi(ρ0,ϕ0)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 + ρ2

0 − 2ρρ0cos(ϕ − ϕ0) + z2
k

√ ρ0dρ0dϕ0 = Pj(ρ,ϕ), (j = 1,2) (39) 

leading to 

lim
zk→0

∂2

∂z2
k

∫ ∫

S

ωi(ρ0,ϕ0)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 + ρ2

0 − 2ρρ0cos(ϕ − ϕ0) + z2
k

√ ρ0dρ0dϕ0 =
∑2

j=1
ηijPj(ρ,ϕ), (i = 1,2) (40) 

where 

[
η11 η12
η21 η22

]

=

⎡

⎢
⎢
⎢
⎣

∑3

k=1

γ1kςk1

∑3

k=1

γ1kςk2

∑3

k=1
γ2kςk1

∑3

k=1
γ2kςk2

⎤

⎥
⎥
⎥
⎦

− 1

. (41) 

In torsionless axisymmetric problems, ∂(#) /∂ϕ = 0, uϕ = 0, and σϕm = 0(m = 1,2,3). The terms in σρt, σϕt, and σzt are also modified 
accordingly. As shown in Appendix B, Eq. (40) is a type-A integro-differential equation, with solution 

ωi(ρ,ϕ) =
1
π2

∫ a

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)∑2

j=1
ηijPj(ρ0,ϕ), (i = 1,2) (42) 

when S = {(ρ,ϕ)|0 ≤ ρ ≤ a; 0 ≤ ϕ ≤ 2π}. Here, a := a(λ1) = ar + (λ1 − 1)ar + ap, where ar represents the radius of the crack surface Sr 

in reference configuration, and ap denotes the radial length of the crack propagation during pre-deformation (ap = 0 if no crack 
propagation occurs). It is noted that the crack is assumed to grow along its initial path according to the kinking stability. Thus, the 
potential functions are in the form of 

Ĥi(ρ,ϕ, zk) = 4
∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

g(x)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√ L

(
x2

ρρ0

)

ωi(ρ0,ϕ), (i = 1, 2; k = 1, 2,3) (43) 

where L (#), g(x), and l1(a) are defined in Appendix B. When the integral is intractable by analytical approaches, we employ semi- 
analytical or numerical methods, with the densities formulated as 

ωi(ρ,ϕ) =
1

2π3

∫ 2π

0

∫ a

0

1
R0

arctan

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − ρ2
√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − ρ2
0

√

l2(a)R0

⎞

⎠
∑2

j=1
ηijPj(ρ0,ϕ0)ρ0dρ0dϕ0 (44) 

according to Eq. (B.44), where R0 is elucidated in Appendix B. In the following subsections, we present several representative examples 
for verification and application.

4.1. Penny-shaped cracks

For axisymmetric uniform loads applied on the crack surface S, i.e., Pj(ρ,ϕ) ≡ Pj(j = 1,2), Eqs. (42) and (43) yield 

ωi(ρ) =
1
π2

∫ a

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)∑2

j=1
ηijPj =

1
π2

(
∑2

j=1
ηijPj

)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√
, (45) 

Ĥi(ρ, zk) =

∑2
j=1ηijPj

2π

⎧
⎪⎨

⎪⎩

[
2
(
a2 + z2

k
)
− ρ2]arctan

⎡

⎢
⎣

l1(a)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√

⎤

⎥
⎦+

l1(a)
[
ρ2 − l21(a) − 2z2

k
]

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√

⎫
⎪⎬

⎪⎭
. (46) 

Using the identities 
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arctan

⎡

⎢
⎣

l1(a)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√

⎤

⎥
⎦ = arcsin

[
l1(a)

ρ

]

= arcsin
[

a
l2(a)

]

(47) 

and 

l1(a)
[
ρ2 − l21(a) − 2z2

k
]

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√ =

3l21(a) − 2a2

a

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√

, (48) 

yields another form of Eq. (46) as 

Ĥi(ρ, zk) =

∑2
j=1ηijPj

2π

{
[
2
(
a2 + z2

k
)
− ρ2]arcsin

[
a

l2(a)

]

−
2a2 − 3l21(a)

a

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√ }

, (49) 

where l2(a) is defined in Appendix B, that satisfies l1(a)l2(a) = ρa and l21(a)+ l22(a) = ρ2 + a2 + z2
k . Within an incremental field 

framework, the potential function in Eq. (49) matches the published linear-case result except for the involved material parameters 
(Chen et al., 2004), and hence the proposed theory is validated. Substituting Eq. (46) into Eqs. (30) and (31), the nonzero mechanical 
displacement, electric potential, equivalent incremental stress, and electric displacement components are derived in Appendix D. By 
letting z = 0, σzm(m= 1, 2) can be simplified as 

lim
z→0

σzm =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑3

k=1

∑2

i=1
γmkςki

∑2

j=1
ηijPj, (ρ ≤ a)

2
π
∑3

k=1

∑2

i=1
γmkςki

∑2

j=1
ηijPj

[

arctan
(

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

)

−
a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

]

. (ρ > a)

(50) 

In view of Eq. (41), it readily follows that 
∑3

k=1
∑2

i=1 γmkςki
∑2

j=1 ηijPj = Pm, which is identical to the boundary conditions 
Pj(ρ,ϕ) ≡ Pj(j= 1, 2) when ρ ≤ a, thus confirming the validity of analytical solutions. Besides, the incremental intensity factors (mode 
I) are obtained as 

K̇IT = lim
ρ→a

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(ρ − a)

√
Ṫ0zz|z=0

]
= −

2
π
̅̅̅
a

√
P1,

K̇ID = lim
ρ→a

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(ρ − a)

√
Ḋ0z|z=0

]
= −

2
π
̅̅̅
a

√
P2,

(51) 

from which we find that K̇IT and K̇ID are independent of material properties and are solely governed by the crack geometry and the 
applied loads in the respective fields.

We also conducted finite element (FE) simulations for a special case with the energy density function (Zhao et al., 2007) 

Fig. 5. Finite element simulations and verifications for axial displacement uz at z = 0(m) under (a) purely mechanical loading and (b) coupled 
electromechanical loading. The finite element model is a cylinder with a radius and height of 1 m each, which is significantly larger than the loading 
zone to represent a half-space. Given the decay of physical fields away from the loaded region, where they approach zero, the comparative analysis 
is confined to the vicinity of the loaded region specifically for ρ ∈ [0, 0.15](m). Taking advantage of the axisymmetry of the problem, the finite 
element model was simplified and discretized with a mesh consisting of 57,600 quadrilateral elements and 58,081 nodes.
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Ω(F,D ) =
μ

2Λ
(
J− 2Λ − 1

)
+

μ
2
(I 1 − 3) +

1
Jε0

(ζ1I 4 + ζ2I 5), (52) 

where Λ = ν /(1 − 2ν) is a material coefficient; μ, ν, ε0, ζ1, and ζ2 are shear modulus, Poisson’s ratio, dielectric permittivity (ε0 = 8.854 
×10− 12(F /m) in vacuum), and two dimensionless coefficients describing the electromechanical coupling effect, respectively. As 
displayed in Fig. 5, we consider a purely mechanical case and an electromechanical case to validate our analytical solutions. In the 
electromechanical case, λ1 = 1.1, λ3 = 0.832, D3 =

̅̅̅̅̅̅̅με0
√ (

C /m2), μ = 1.0(MPa), ν = 0.49, ζ1 = 0.0, ζ2 = 0.05, P1 = − 700(Pa), P2 =
̅̅̅̅̅̅̅με0

√
× 10− 3( C /m2), and a = 0.05(m) are adopted in the electromechanical loading case. Under purely mechanical loading, λ3 =

0.832, D3 = 0
(
C /m2), ζ2 = 0.0, and P2 = 0.0

(
C /m2) are substituted for the corresponding parameters listed above, while the other 

parameters remain unchanged, so as to preserve physical compatibility.
The results confirm a close match between theoretical predictions and finite element numerical simulations. It is important to note, 

however, that the incremental theory provides accurate predictions primarily under relatively small incremental external loads. For 
large loadings, the analysis necessitates a multi-step incremental procedure. The spatial distributions of selected mechanical and 
electrical quantities along ρ ∈ [0, 0.3](m) are illustrated at different depths in Fig. 6, with representative parameters λ1 = 1.1, λ3 =

0.832, D3 =
̅̅̅̅̅̅̅με0

√ (
C /m2), μ = 1.0(MPa), ν = 0.49, ζ1 = 0.0, ζ2 = 0.05, P1 = − 1000 (Pa), P2 = 2.976× 10− 7( C /m2), and a =

0.05(m). It should be emphasized that, prior to numerical computation, the analytical solution should be nondimensionalized. This 
treatment mitigates the accumulation of round‑off errors caused by large discrepancies in the orders of magnitude among terms during 
floating‑point arithmetic, thereby enhancing both the accuracy and robustness of the numerical solution. The results show that the 
curves exhibit greater similarity with increasing depth, whereas the crack singularity and applied loads display more pronounced 
effects on the field distributions near the surface. All physical quantities approach zero in the far-field region, away from the crack and 
the loaded area.

To investigate the effects of parametric variations and stability on physical field distributions, the z-direction displacement 
component is presented as an illustrative example in Fig. 7. The parameters are set initially as λ1 = 1.1, λ3 = 0.832, D3 =
̅̅̅̅̅̅̅με0

√ (
C /m2), μ = 1(MPa), ν = 0.49, ζ1 = 0.0, ζ2 = 0.05, P1 = − 700(Pa), P2 =

̅̅̅̅̅̅̅με0
√

× 10− 3( C /m2), and a = 0.05(m). With the 
exception of the varying parameter, the other quantities remain unchanged at their initial values.

The figure reveals a nonlinear relationship between uz and the parameters studied, with uz being notably sensitive to specific 

Fig. 6. Spatial distributions of selected mechanical and electrical quantities for (a) radial displacement uρ and axial displacement uz; (b) radial 
incremental electric displacement Ḋ0ρ and axial incremental electric displacement Ḋ0z; (c) the push-forward version of the incremental stress 
components Ṫ0zρ and Ṫ0zz; and (d) the push-forward version of the incremental stress components Ṫ0ρρ and Ṫ0ϕϕ.
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parameter changes. For example, in Fig. 7(a), increasing Poisson’s ratio from 0.40 to 0.45 causes a pronounced shift in uz. This 
nonlinearity stems not only from the explicit mathematical form relating uz to the parameters, but also from the stability behavior of 
soft electroactive materials under finite pre-deformation. The surface instability within a penny-shaped crack is identified via the 
bifurcation equation in the subsequent section. Here, the onset of instability is indicated by curves annotated "unstable" in Fig. 7. 
Nevertheless, buckling may occur and yet remain stable due to the presence of external loads in some cases. It is noted that solutions for 
penny-shaped cracks subjected to alternative loadings are provided in Appendix E.

4.2. Flat cracks of general shape

The densities and potential functions shown in Eqs. (42) and (43) are designed for the case where S is a circular domain. For a flat 
crack of general shape with contour ∂S : ρ = a(ϕ), we may express Eq. (40) via Eq. (B.5) as 

2
π lim

zk→0

∂2

∂z2
k

∫ l1 [a(ϕ0)]

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ 2π

0
dϕ0

∫ a(ϕ0)

g(x)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√ G

(
x2

ρρ0
,ϕ − ϕ0

)

ωi(ρ0,ϕ0) =
∑2

j=1
ηijPj(ρ,ϕ). (53) 

We point out that the order of integration has been interchanged in the equation above, and this operation is valid only if 
ρ ≤ min[a(ϕ)]. For uniform loading (Fabrikant, 1989), we may take 

ωi(ρ,ϕ) =
Θi

a(ϕ)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2(ϕ) − ρ2

√
(54) 

in the analytical solution obtained in Eq. (45), where Θi are undetermined constants. Then, Eq. (53) may be further simplified by 
expanding G (#,#) and integrating over ρ0 as 

Fig. 7. Parametric dependence of uz distribution at z = 0.01(m) along ρ ∈ [0, 0.15](m) for (a) variation of Poisson’s ratio ν; (b) variation of stretch 
λ1; (c) variation of electrical displacement D3; and (d) variation of parameter ζ2.
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∑2

j=1
ηijPj =

2Θi

π lim
zk→0

∂2

∂z2
k

∫ l1 [a(ϕ0)]

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ 2π

0
dϕ0

∫ a(ϕ0)

g(x)

∑+∞

n=− ∞

(
x2

ρρ0

)|n|

ein(ϕ− ϕ0)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2(ϕ0) − ρ2

0

√

a(ϕ0)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√

=
Θi

2
̅̅̅
π

√ lim
zk→0

∂2

∂z2
k

∑+∞

n=− ∞

∫ l1 [a(ϕ0)]

0

(
x2

ρ

)|n| dx
g(x)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ 2π

0
Γ
(

1 −
|n|
2

)
⎡

⎢
⎣

a2− |n|(ϕ0)

Γ
(

5
2
−
|n|
2

)2F̃1

(
1
2
,1 −

|n|
2
;
5
2
−
|n|
2
;
a2(ϕ0)

g2(x)

)

−
2g2− |n|(x)

Γ
(

3
2
−
|n|
2

)2F̃1

(

−
1
2
,1 −

|n|
2
;
3
2
−
|n|
2
;

g2(x)
a2(ϕ0)

)
⎤

⎥
⎦iein(ϕ− ϕ0)dϕ0.

(55) 

Therefore, we can determine Θi via 
∑2

j=1ηijPj.

4.3. Anti-crack problems

The anti-crack problem is defined as a boundary value problem where the incremental displacement components within the crack 
are prescribed due to the presence of a perfectly embedded rigid inclusion, and the corresponding incremental stress components are to 
be determined. This is also a typical scenario in the puncture mechanics of soft matter (Fakhouri et al., 2015; Jiang et al., 2025). For 
simplicity, the rigid inclusion is assumed to be symmetric with respect to the z-axis and the plane z = 0. Given its symmetry, the 
boundary value problem in cylindrical coordinates takes the following mathematical form: 

w1 = W1(ρ,ϕ), w2 = W2(ρ,ϕ), (ρ,ϕ) ∈ S
w1 = 0, w2 = 0, (ρ,ϕ) ∕∈ S
σρ1 = 0, σϕ1 = 0, (ρ,ϕ) ∈ [0,+∞) × [0, 2π]

(56) 

where W1 and W2 denote the prescribed incremental displacement and electric potential within the crack surface, respectively. We 
take the same assumptions as those shown in Eq. (34) for potentials, hence the analytical solutions established in Eq. (35) are derived 
by replacing ωi with Wi directly, as 

Ĥi(ρ,ϕ, zk) =

∫ ∫

s

Wi(ρ0,ϕ0)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 + ρ2

0 − 2ρ ρ0cos(ϕ − ϕ0) + z2
k

√ ρ0dρ0dϕ0

= 4
∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

g(x)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√ L

(
x2

ρρ0

)

Wi(ρ0,ϕ)

(i=1, 2; k= 1,2, 3) (57) 

according to Eq. (36), where the second equality is a simplification resulting from the axisymmetric crack surface assumption. All 
previous analytical results designed for ωi still hold in this case and are omitted for brevity.

Apart from the direct method, the primary interest in inclusion and puncture problems often lies in the surface stress distribution on 
the crack surface, 

σzi(ρ,ϕ) = −
1

π2ρ L

(
1
ρ

)
d
dρ

∫ ρ

0

xdx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ L
(
x2) d

dx

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
1
ρ0

)

Wi(ρ0,ϕ), (0 ≤ ρ < a; i = 1,2)

σzi(ρ,ϕ) = −
1

π2ρ L

(
1
ρ

)
d
dρ

∫ a

0

xdx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ L
(
x2) d

dx

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
1
ρ0

)

Wi(ρ0,ϕ), (ρ ≥ a; i = 1, 2)
(58) 

where details of derivations are presented in Appendix F. Interestingly, the difference between the results inside and outside the crack 
lies solely in the upper limit of the integration with respect to x.

5. Crack-face stability analysis

The analysis in Section 4 quantitatively captures the incremental response of cracked electroactive materials under various me
chanical and electrical loadings. However, once the pre-deformation or initial electric displacement exceeds a critical threshold, 
instability may occur at the crack faces. For the stability analysis of an axisymmetric crack problem, the governing equations remain 
identical to those in Eqs. (7)1-2, (14), and (15), except for the boundary conditions at z = 0, which now read 

σz1 = 0, σz2 = 0, (ρ,ϕ) ∈ S
w1 = 0, w2 = 0, (ρ,ϕ) ∕∈ S
σρ1 = 0, σϕ1 = 0. (ρ,ϕ) ∈ [0,+∞) × [0, 2π]

(59) 

The trivial solution uκ = 0, φ̃ = 0 (κ = ρ,ϕ, z) is clearly one possible case. However, a non-trivial solution that satisfies the con
ditions above is possible. While the preceding equations are described in cylindrical coordinates, a similar form holds in Cartesian 
coordinates.
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5.1. Stability in the x–z plane

Within the x-z plane, uy = 0 and ∂(#) /∂y = 0 are adopted for simplification. Without loss of generality, we assume that the non- 
trivial solution has the following form 

ux = ϑ1(k̂z)eik̂x, uz = ϑ2(k̂z)eik̂x, φ̃ = ϑ3(k̂z)eik̂x, (60) 

where ̂k is the wavenumber, and ϑi(k̂z) (i = 1,2, 3) are three yet unknown functions. To satisfy the boundary conditions in Eq. (59), the 
uniformly pre-deformed electroactive material, with a crack inside, calls for a standing-wave-like condition where the crack width 2a 
should be equal to an integer multiple of the half-wavelength, i.e., 

2arλ1 + 2ap =
n
2

2π
k̂
, (61) 

where n ∈ N. Substituting Eq. (60) into Eq. (16) yields 

ux =
∑3

j=1
iAje− k̂sjzeik̂x, uz =

∑3

j=1
Bje− k̂sjzeik̂x, φ̃ =

∑3

j=1
Cje− k̂sjzeik̂x, (62) 

where sj (j = 1,2, 3) are the eigenvalues derived from 

det

⎡

⎣
c88s2 − c11 − (c13 + c58)s − (e15 + e31)s

(c13 + c58)s c33s2 − c55 e33s2 − e15
(e15 + e31)s e33s2 − e15 ε11 − ε33s2

⎤

⎦ = 0. (63) 

Note that the conditions Re
(
sj
)
> 0 are required to satisfy lim

z→∞
ϑi(k̂z) = 0(i = 1, 2,3). In Eq. (62), Aj, Bj, and Cj (j = 1,2, 3) are 

constants, which are connected via 
⎧
⎨

⎩

(
c88s2

j − c11

)
Aj − (c13 + c58)sjBj − (e15 + e31)sjCj = 0,

(c13 + c58)sjAj +
(

c33s2
j − c55

)
Bj +

(
e33s2

j − e15

)
Cj = 0.

(64) 

The boundary conditions shown in Eq. (59) can be reduced to 

Ṫ0zz = 0, Ṫ0zx = 0, Ḋ0z = 0 (65) 

within the crack surface, leading to the homogeneous system 

Fig. 8. Bifurcation curves of the x–z plane stability analysis: (a) stretch λ1 dependence on wave number k̂ for various modes n; and (b) critical 
stretch and electric displacement for λ3 = 0.6, μ = 1(MPa), ν = 0.25, ζ1 = 0, and ζ2 = 0.5. Here R1 and R3 are the stable regions, while R2 and R4 

correspond to the unstable regions.
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑3

j=1

(
c13Aj + c33sjBj + e33sjCj

)
= 0,

∑3

j=1

(
− c88sjAj + c58Bj + e15Cj

)
= 0,

∑3

j=1

(
e31Aj + e33sjBj − ε33sjCj

)
= 0.

(66) 

Combining Eqs. (64) and (66), we arrive at the following bifurcation equation 

det(Mx) = 0, (67) 

where Mx is presented in Appendix G.
Without crack growth (i.e., ap = 0), the energy release rate satisfies G < G*, where the critical energy release rate G* reflects the 

material property. An incremental energy release rate Ġ := Gc − G = − ∂Π̇ /∂S is further defined to determine whether crack propa
gation has occurred in the current configuration. Here Π̇ := U̇ − Ẇ is the incremental total potential energy governed by the principle 
of incremental minimum potential energy δΠ̇ = δ(Πc − Π) = 0, where Πc and Π are the total potential energies defined in Bc and B, 
respectively; U̇ is the incremental internal energy; Ẇ is the incremental work performed by the applied loads; while Gc and G are the 
energy release rates defined in Bc and B, respectively. Under these assumptions, the bifurcation curves are presented in Fig. 8 for ar =

1(cm).
When crack propagation occurs, the relation among ap, λ1, and λ3 can be fitted experimentally, under the constraint that ap = 0 

when λ1 = 1 and λ3 = 1. Generally, the energy density function Ω(F,D ), geometric characteristics of the specimen, and the crack are 
incorporated into the fracture criterion. This renders the relationship between λi(i= 1,2) and k̂ more intricate compared to the case of 
a non-propagating crack.

The conditions for the persistent stability of the crack-face buckling are further investigated. To this end, we define a buckling 
topological number as 

C n+ ,n− := C
+

n+ + C
−

n− , (68) 

where n♮ ≥ 0 (♮ = + , − ) characterizes the number of half-wavelengths within the crack surface radius in the buckling mode, and 
superscripts “+ ” and “ − ” correspond to the upper and lower crack faces, respectively. A mode is referred to as a simple mode when n+

Fig. 9. Criteria for persistent crack-face buckling stability: (a) definition of bulking topological number where λp
c is the critical transition point; (b) 

examples for the simple mode case; and (c) examples for the mixed mode case. In subfigures (b) and (c), the check marks (✓) and cross marks (⨯) 
indicate physically admissible and inadmissible modes, respectively.
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= n− , and as a mixed mode otherwise. The buckling amplitude is quantified by assigning C ♮
n♮ = +1

2 for displacement along the outward 

normal of the crack surface, and C ♮
n♮ = − 1

2 for displacement in the opposite direction. An analogous definition is adopted for the 

electric potential, where C ♮
n♮ = +1

2 or C ♮
n♮ = − 1

2 depending on whether its sign matches or opposes the direction of the outward normal 
of the crack surface. If all stretches λi(i= 1,3) exceed their critical values obtained from the bifurcation equation, buckling is absent (n 
= 0 and C 0,0 = C

+
0 = C

−
0 = 0), resulting in the trivial solution. Once buckling emerges, persistent stability is achieved if and only if 

C n+ ,n− = 0 or − 1 for ∀x ∈ (− a, a) \
{

a
(

4m
n♮ − 1

)}
when m, n♮ ∈ N+ and 2m < n♮ in simple mode, while for mixed mode, an additional 

condition max(n+, n− ) = 3min(n+, n− ) is required. In Fig. 9, representative examples are presented to illustrate the buckling topo
logical number for cases with penny-shaped cracks. Although the stability criterion remains identical for a crack with an initial opening 
displacement, the critical transition point from unstable to stable modes shifts.

For mixed-mode buckling, it is important to note that displacement continuity of ux (i.e., ux(a,0+) − ux(a,0− ) = Re

⎡

⎣ieinπ
2
∑3

j=1A
0+

j

⎤

⎦

− Re

⎡

⎣ieinπ
2
∑3

j=1A
0−

j

⎤

⎦ = 0) requires equal buckling amplitude (i.e., A0+

j = A
0−

j , B0+

j = B
0−

j , and C0+

j = C
0−

j ), because there is only one 

independent buckling amplitude according to Eq. (67). Without loss of generality, we may take A1 as the independent amplitude. 
However, different buckling modes possess distinct energy levels, making such a configuration physically unrealistic. For instance, the 
incremental internal energy defined above is in the form 

U̇ = U c − U ≈

∫ ∫ ∫

B

(τ : ϵ − D ⋅ Ė0)dv, (69) 

where ϵ = sym(L) :=
(
L + LT) /2. For simplicity, the discussion here may be confined to an incremental internal energy in the upper 

and lower bounded half-spaces embedded with the crack in B (S±
x = {(x,y,z)|x ∈ [ − a,a]; y ∈ ( − ∞,+ ∞); z ∈ ( − ∞,0− ) or z ∈ (0+,+

∞)}). Hence, Eq. (69) may be further analyzed in terms of the independent amplitude as 

U̇ S ±
x
∼ Re

⎡

⎢
⎣

(∫ ±∞

0
e∓k̂szdk̂z

)
2a
nπ

∫ nπ
2

−
nπ
2

A
0±

1 eik̂xdk̂x

⎤

⎥
⎦, (70) 

leading to U̇ S
±
x
= O

(
1
n sin

(
nπ
2

)
A 0±

1

)

. Although geometrically plausible mixed-mode buckling exists, it is precluded by physical 

constraints. Note that the contributions of incremental stress and electric displacement to the energy change are neglected in Eq. (69), 
which yields 

1
2

∫ ∫ ∫

S ±
x

(Ṫ0 : ϵ − Ḋ0 ⋅ Ė0)dv=O
[
n
(
A

±
1
)2]

. (71) 

5.2. Stability in the ρ-z plane

Within the ρ-z plane, uϕ = 0 and ∂(#) /∂ϕ = 0 are adopted to express Eq. (16) as 
[

c11

(
∂2

∂ρ2 +
1
ρ

∂
∂ρ −

1
ρ2

)

+ c88
∂2

∂z2

]

uρ + (c13 + c58)
∂2uz

∂ρ∂z
+ (e15 + e31)

∂2φ̃
∂ρ∂z

= 0,

(c13 + c58)
∂
∂z

(
∂
∂ρ +

1
ρ

)

uρ +

[

c55

(
∂2

∂ρ2 +
1
ρ

∂
∂ρ

)

+ c33
∂2

∂z2

]

uz +

[

e15

(
∂2

∂ρ2 +
1
ρ

∂
∂ρ

)

+ e33
∂2

∂z2

]

φ̃ = 0,

(e15 + e31)
∂
∂z

(
∂

∂ρ +
1
ρ

)

uρ +

[

e15

(
∂2

∂ρ2 +
1
ρ

∂
∂ρ

)

+ e33
∂2

∂z2

]

uz −

[

ε11

(
∂2

∂ρ2 +
1
ρ

∂
∂ρ

)

+ ε33
∂2

∂z2

]

φ̃ = 0,

(72) 

from which we have 

uρ =
∑3

j=1
Aj J̃1

(
k̂ρ
)
e− k̂sjz, uz =

∑3

j=1
Bj J̃0

(
k̂ρ
)
e− k̂sjz, φ̃ =

∑3

j=1
Cj J̃0

(
k̂ρ
)
e− k̂sjz, (73) 

where sj(j= 1,2, 3) are the roots of 
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det

⎡

⎣
c88s2 − c11 (c13 + c58)s (e15 + e31)s

− (c13 + c58)s c33s2 − c55 e33s2 − e15
− (e15 + e31)s e33s2 − e15 ε11 − ε33s2

⎤

⎦ = 0, (74) 

which is identical to Eq. (63), because the transpose of a matrix leaves its determinant unchanged. Here, the conditions Re
(
sj
)
> 0 are 

required to satisfy lim
z→∞

uκ = 0 (κ = ρ, z) and lim
z→∞

φ̃ = 0. ̃Jυ(#) is the Bessel function of the first kind. The boundary conditions in Eq. (59)

are simplified as 

Ṫ0zz = c13

(
∂uρ

∂ρ +
uρ

ρ

)

+ c33
∂uz

∂z
+ e33

∂φ̃
∂z

= 0,

Ṫ0zρ = c88
∂uρ

∂z
+ c58

∂uz

∂ρ + e15
∂φ̃
∂ρ = 0,

Ḋ0z = e31

(
∂uρ

∂ρ +
uρ

ρ

)

+ e33
∂uz

∂z
− ε33

∂φ̃
∂z

= 0,

(75) 

together with 

J̃0
[
k̂
(
arλ1 + ap

)]
= 0 (76) 

within the crack surface. It is noted that the wavenumber can be derived via the zeros of the Bessel function of the first kind. Finally, the 
bifurcation equation is obtained after substituting Eq. (73) into Eq. (75) as 

det(Mρ) = 0, (77) 

where Mρ is also presented in Appendix G. Remarkably, the expression in Eq. (77) coincides with that of Eq. (67). Fig. 10 shows the 
bifurcation curves for the ρ-z plane case, with the same parameters as those described in Section 5.1. We further observe that when the 
energy release rate remains below the fracture toughness, crack-face buckling precedes crack propagation in systems falling into the 
unstable regions. Conversely, when systems lie within the stable regions, crack propagation occurs prior to buckling if the energy 
release rate exceeds the critical threshold. Moreover, a coupled regime where both crack-face instability and crack propagation coexist 
can occur. For instance, in region R4, the crack-face instability may induce crack opening and further promote crack propagation when 
λ1 < 1.

Owing to the identical bifurcation equations, a comparison between Figs. 8(b) and 10(b) reveals that the stable region under 
compression (where λ3 < 1) is smaller than that under tension (where λ3 > 1), which is consistent with our physical intuition. Besides, 
the figure suggests the possible emergence of a re-entrant phenomenon for a fixed D3. For decreasing λ1, the system may undergo a 
sequence of transitions from stable to unstable, back to stable, and finally to an unstable region again, which is a fascinating phe
nomenon. Note also that the consideration of re-entrant behavior yields a rich analysis of crack-face stability. We further analyze the 
influence of parameter variations on the bifurcation behavior, with the result presented in Fig. 11. All parameters remain identical to 
those in Fig. 8(b), except for the case under investigation. The comparison shows that the stable region expands as Poisson's ratio 
approaches zero. This indicates that when the compressive effect in the z-direction (i.e., λ3 = 0.6) has less influence on the in-plane 
deformation in the x-y plane, the overall system becomes more stable, which also aligns well with physical intuition. For ζ2 = 0.6, the 
re-entrant phenomenon is no longer observed across the range of analysis.

The topological number C n+ ,n− is extended here in a direct analogy with the previous section. It follows that for the simple mode, 

Fig. 10. Bifurcation curves of the ρ–z plane stability analysis: (a) stretch λ1 dependence on wave number k̂ for various modes n; and (b) critical 
stretch and electric displacement for λ3 = 1.2, μ = 1(MPa), ν = 0.25, ζ1 = 0, and ζ2 = 0.5. Here R1 and R3 are the stable regions, while R2 and R4 

correspond to the unstable regions.

L. Chen et al.                                                                                                                                                                                                           Journal of the Mechanics and Physics of Solids 216 (2026) 106772 

18 



buckling is persistently stable when C n+ ,n− = 0 or − 1 for ∀ρ ∈ (0,a) \ {ρn}, where ρn is the n-th zero of ̃J0(ρ). Similarly, the continuity 
condition for uρ requires the buckling amplitude to be identical. Therefore, the incremental internal energy in S

±
ρ of the initial 

configuration can be evaluated as 

U̇ S ±
ρ
∼ Y1 k̂

∫ 2π

0
dϕ
∫ a

0

∫ ±∞

0
A

0±

1 e∓k̂szJ̃0(k̂ρ)ρdzdρ + Y2 k̂
∫ 2π

0
dϕ
∫ a

0

∫ ±∞

0
A

0±

1 e∓k̂szJ̃1(k̂ρ)ρdzdρ

∼ Y1

(∫ ±∞

0
e∓k̂szdk̂z

)
1

k̂
2

∫ k̂a

0
A

0±

1 J̃0(k̂ρ)k̂ρdk̂ρ + Y2

(∫ ±∞

0
e∓k̂szdk̂z

)
1

k̂
2

∫ k̂a

0
A

0±

1 J̃1(k̂ρ)k̂ρdk̂ρ

∼ Y1A
0±

1
a2

ρn
J̃1(ρn) + Y2A

0±

1
π
2

a2

ρn
J̃1(ρn)H̃0(ρn),

(78) 

where Y1 and Y2 are two constants; S±
ρ = {(ρ,ϕ, z)|ρ ∈ [0, a];ϕ ∈ [0, 2π]; z ∈ ( − ∞, 0− ) or z ∈ (0+, + ∞)}; and H̃υ(#) is the Struve 

function. Consequently, these findings imply that mixed-mode buckling is also physically precluded. In addition, the term in energy 
variation arising from the incremental stress and electric displacement is analyzed by 

1
2

∫ ∫ ∫

S±
ρ

(Ṫ0 : ϵ − Ḋ0 ⋅ Ė0)dv ∼ ρna[J̃1(ρn)]
2(

A
0±

1
)2
. (79) 

A comparison between the results in Eqs. (78) and (79) and those in Eqs. (70) and (71) reveal their similar mathematical structure 
with respect to n and ρn. Notably, both Eqs. (70) and (78) indicate that the incremental energy is inversely proportional to n or ρn, 
implying that higher buckling modes involve smaller energy changes. This behavior originates from the decay characteristics in the z- 
direction, where, for higher-order modes, the displacement field decays more rapidly, confining the deformation to a region near the 
surface. This physical mechanism is also reflected in the evaluation of the integral 

∫+∞
0 e− k̂zdz = 1 /k̂.

6. Conclusions

Dielectric elastomers hold great promise for actuators, sensors, and soft robotics, yet their performance is severely limited by 
electromechanical failures such as material fracture and electromechanical instability. Accurately characterizing and quantitatively 
analyzing these failure behaviors is essential for engineering applications and demands rigorous theoretical models, which directly 
motivates the fracture and crack-face stability analysis of a cracked electroactive solid established in this work. Based on the proposed 
model, we can analytically determine the incremental mechanical and electrical responses of dielectric elastomers under combined 
external mechanical and electrical loads, and quantitatively evaluate fracture and crack-surface instability. Based on the nonlinear 
theory of electroelasticity and incremental field theory, we derived general solutions for type-A and type-B integro-differential 
equations appearing in the potential theory method. We also put forward complete solutions for analyzing electromechanical be
haviors of soft electroelastic bodies containing penny-shaped or arbitrarily shaped flat cracks, subjected to axisymmetric or non- 
axisymmetric loadings. Represented in terms of special functions, we derived explicit analytical solutions for a penny-shaped crack 
under various loading conditions and validated against finite element simulations at a high precision level. Besides, the incremental 
intensity factors for mode I were analytically determined and presented. We emphasized that neither Ṫ nor Ṫ0 is objective. Hence, an 

objective stress rate T
★
= Ṫ − TLT was defined based on the Truesdell regime, so that T

★
0 = J− 1FT

★
= J− 1F

(
Ṫ − TLT), which is identical 

to the Truesdell rate of the Cauchy stress tensor ̊τ = τ̇ − Lτ − τLT + tr(L)τ.

Fig. 11. Parametric dependence of bifurcation equation where R1 and R3 are the stable regions, while R2 and R4 correspond to the unstable regions: 
(a) Poisson’s ratio ν = 0.05; and (b) parameter ζ2 = 0.6.
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We also provided general solutions for anti-crack problems. The stability of pre-deformed cracked electroactive bodies was 
analyzed with respect to two types of surface instabilities, namely, in the x-z and ρ-z planes, accompanied by the derivation of the 
corresponding bifurcation equations. Besides, our results demonstrate that, for specific material parameters and under a fixed electric 
displacement, varying the pre-stretch can induce re-entrant phenomena, manifested as repeated alternating transitions between stable 
and unstable regimes. To evaluate crack propagation, the incremental energy release rate governed by the principle of incremental 
minimum potential energy was introduced. We also introduced a buckling topological number to characterize persistent stability, 
along with an estimate of incremental energy in the buckling state, thus providing a unified theoretical framework for addressing crack 
and stability problems in soft electroelastic materials under finite deformation and analytically prescribed mechanical and electrical 
loadings.
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Appendix A. Essential constants and parameters

Nonzero components of the instantaneous material tensors are listed below: 

A01111 = 2λ− 1
3

{
Ω1 + λ2

1

[
(2Ω11 + Ω2) + 4Ω12λ2

1 + 2Ω22λ4
1

]

+Ω2λ2
3 + 2λ2

1λ2
3
[
2Ω12 + 2(Ω13 + Ω22)λ2

1 + Ω3
/
2

+2Ω23λ4
1 + Ω22λ2

3 + 2Ω23λ2
1λ2

3 + Ω33λ4
1λ2

3
]}
,

A01122 = 4λ2
1λ− 1

3
{

Ω11 + Ω2 + 2Ω12λ2
1 + Ω22λ4

1 + (2Ω12 + Ω3)λ2
3

+Ω22λ4
3 + λ2

1λ2
3
[
2Ω13 + 2Ω22 + 2Ω23

(
λ2

1 + λ2
3
)
+ Ω33λ2

1λ2
3
]}
,

A01133 = 4λ3
[
Ω11 + Ω2 + (3Ω12 + Ω3)λ2

1 + (Ω13 + 2Ω22)λ4
1 + Ω23λ6

1

+Ω12λ2
3 + (Ω13 + 2Ω22)λ2

1λ2
3 + 3Ω23λ4

1λ2
3 + Ω33λ6

1λ2
3
]

+4λ− 2
1 λ− 1

3 D2
3
{

λ8
1λ4

3
(
Ω35 + 2Ω36λ2

3
)
+ λ6

1λ2
3
[
Ω15 + 2Ω16λ2

3

+
(
Ω25 + 2Ω26λ2

3
)(

λ2
1 + λ2

3
)]}

,

A03333 = 2λ− 2
1 λ3

{
Ω1 + 2Ω2λ2

1 + Ω3λ4
1 + 2λ2

3
[
Ω11 + 4Ω12λ2

1

+λ4
1
(
2Ω13 + 4Ω22 + 4Ω23λ2

1 + Ω33λ4
1
)]}

+ 2λ− 2
1 λ− 1

3 D2
3
{
4Ω35λ8

1λ4
3

+λ2
3

[
8Ω36λ8

1λ4
3 + Ω5λ4

1 + 2λ4
1λ2

3

(
2Ω15 + 3Ω6 + 4Ω25λ2

1 + 4Ω16λ2
3

+8Ω26λ2
1λ2

3
)]}

+ 4λ6
1λ3

3D4
3
[
Ω55 + 4λ2

3
(
Ω56 + Ω66λ2

3
)]
,

A01212 = 2λ− 1
3
(
Ω1 + Ω2λ2

3
)
,A01221 = − 2λ2

1λ− 1
3
(
Ω2 + Ω3λ2

3
)
,

A01313 = 2λ− 1
3
(
Ω1 + Ω2λ2

1 + Ω6λ4
1λ2

3D2
3
)
,

A01331 = − 2λ3
(
Ω2 + Ω3λ2

1 − Ω6λ4
1D2

3
)
,

A03131 = 2λ− 2
1 λ3

{
Ω1 + Ω2λ2

1 + λ4
1D2

3
[
Ω5 + Ω6

(
λ2

1 + 2λ2
3
)]}

,

(A.1) 
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M0113 = 4λ4
1λ− 1

3 D3
{

Ω14 + Ω24
(
λ2

1 + λ2
3
)
+ λ2

3
[
Ω15 + Ω34λ2

1 + Ω16λ2
3

+(Ω26 + Ω35)λ2
1λ2

3 + Ω26λ4
3 + Ω36λ2

1λ4
3 + Ω25

(
λ2

1 + λ2
3
)]}

,

M0131 = 2λ2
1λ3D3

[
Ω5 + Ω6

(
λ2

1 + λ2
3
)]
,

M0333 = 4λ2
1λ3D3

{
Ω14 + Ω5 + 2Ω24λ2

1 + Ω34λ4
1 + (Ω15 + 2Ω6)λ2

3

+Ω16λ4
3 + λ2

1λ2
3
(
2Ω25 + 2Ω26λ2

3 + Ω35λ2
1 + Ω36λ2

1λ2
3
)

+λ4
1D2

3
[
Ω45 + (2Ω46 + Ω55)λ2

3 + 3Ω56λ4
3 + 2Ω66λ6

3
]}
,

(A.2) 

K011 = 2λ3
(
Ω4 + Ω5λ2

1 + Ω6λ4
1
)
,

K033 = 2λ2
1λ− 1

3
{

Ω4 + λ2
3
(
Ω5 + Ω6λ2

3
)
+ 2λ4

1D2
3
[
2Ω45λ2

3

+λ4
3
(
Ω44 + 2Ω46 + Ω55 + 2Ω56λ2

3 + Ω66λ4
3
)]}

,

(A.3) 

and the equivalent constants are expressed as 

c11 = A01111 + M0113e31, c12 = A01122 + M0113e31, c13 = A01133 + M0113e33,

c33 = A03333 + M0333e33, c55 = A01313 + M0131e15, c58 = A01331 + M0131e15,

c66 = A01212, c69 = A01221, c88 = A03131 + M0131e15,

e15 = − M0131ε11, e31 = − M0113ε33, e33 = − M0333ε33,

ε11 = 1/K011, ε33 = 1/K033.

(A.4) 

The coefficients of the equation ℏ0s6 − ℏ1s4 + ℏ2s2 − ℏ3 = 0 are in the form of 

ℏ0 = c88
(
c33ε33 + e2

33
)
,

ℏ1 = c33
[
c88ε11 + (e15 + e31)

2]
+ e33[c11e33 + 2c88e15 − 2(c13 + c58)(e15 + e31)] + ε33

[
c11c33 + c55c88 − (c13 + c58)

2]
,

ℏ2 = c55
[
c11ε33 + (e15 + e31)

2]
+ e15[2c11e33 + c88e15 − 2(c13 + c58)(e15 + e31)] + ε11

[
c11c33 + c55c88 − (c13 + c58)

2]
,

ℏ3 = c11
(
c55ε11 + e2

15
)
,

(A.5) 

and the roots are 

s2
1 =

ℏ1

3ℏ0
−

̅̅̅
23

√ (
3ℏ0ℏ2 − ℏ2

1
)

3ℏ0
̅̅̅̅
℧3

√ +

̅̅̅̅
℧3

√

3
̅̅̅
23

√
ℏ0

,

s2
2 =

ℏ1

3ℏ0
+

(
1 + i

̅̅̅
3

√ )(
3ℏ0ℏ2 − ℏ2

1
)

3
̅̅̅
43

√
ℏ0

̅̅̅̅
℧3

√ −

(
1 − i

̅̅̅
3

√ ) ̅̅̅̅
℧3

√

6
̅̅̅
23

√
ℏ0

,

s2
3 =

ℏ1

3ℏ0
+

(
1 − i

̅̅̅
3

√ )(
3ℏ0ℏ2 − ℏ2

1
)

3
̅̅̅
43

√
ℏ0

̅̅̅̅
℧3

√ −

(
1 + i

̅̅̅
3

√ ) ̅̅̅̅
℧3

√

6
̅̅̅
23

√
ℏ0

,

(A.6) 

where ℧ = 2ℏ3
1 − 9ℏ0ℏ1ℏ2 + 27ℏ2

0ℏ3 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
3ℏ0ℏ2 − ℏ2

1
)3

+
(
2ℏ3

1 − 9ℏ0ℏ1ℏ2 + 27ℏ2
0ℏ3
)2

√

.

Appendix B. Potential theory method and typical integro-differential equations

A mixed boundary value problem described in cylindrical coordinates (ρ,ϕ, z) for a half-space is considered. Assuming that the 
boundary conditions (only the potential function and its first derivatives are considered) are distinct on 
∂Ωin = {(ρ,ϕ, z)|0 ≤ ρ ≤ a, 0 ≤ ϕ ≤ 2π, z= 0} and ∂Ωout = {(ρ, ϕ, z)|ρ> a, 0 ≤ ϕ ≤ 2π, z = 0}, a potential function H(ρ,ϕ, z) can be 
represented via the single layer potential as 

H(ρ,ϕ, z) =
∫ 2π

0

∫ a

0

ω(ρ0,ϕ0)

R0
ρ0dρ0dϕ0 +

∫ 2π

0

∫ ∞

a

ω(ρ0,ϕ0)

R0
ρ0dρ0dϕ0, (B.1) 

where R0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 + ρ2
0 − 2ρρ0cos(ϕ − ϕ0) + z2

√

and lim
z→0+

∂H
∂z = − 2πω. According to Fabrikant (1989), we may denote R = lim

z→0
R0 and 

express 1/R1+ƛ as 

1
R1+ƛ =

∑+∞

n=− ∞

ein(ϕ− ϕ0)

[max(ρ, ρ0)]
1+ƛ

Γ[|n| + (1 + ƛ)/2]
Γ[(1 + ƛ)/2]Γ(|n| + 1)

[
min(ρ, ρ0)

max(ρ, ρ0)

]|n|

2F̃1

(
1 + ƛ

2
, |n| +

1 + ƛ
2

; |n| + 1;
[

min(ρ, ρ0)

max(ρ, ρ0)

]2)

=
2
π cos

πƛ
2

∫ min(ρ,ρ0)

0

G

(
x2

ρρ0
,ϕ − ϕ0

)

xƛdx

(ρ2 − x2)
1+ƛ

2
(
ρ2

0 − x2
)1+ƛ

2
=

2
π cos

πƛ
2

∫ ∞

0

K
− ƛdK

R2 + K
2

(B.2) 

where − 1 < ƛ < 1; Γ(n) is the gamma function, and 
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2̃F1

(
1 + ƛ

2
, n+

1 + ƛ
2

; n+1; z
)

=
2Γ(n + 1)

Γ[n + (1 + ƛ)/2]Γ[1 − (1 + ƛ)/2]

∫ 1

0

t2n+ƛ(1 − t2)
−

1+ƛ
2

(1 − zt2)
1+ƛ

2
dt (B.3) 

is the Gauss hypergeometric function, G (k,φ) :=
∑+∞

n=− ∞ k|n|einφ =
(
1 − k2

)
/
(
1 + k2 − 2kcosφ

)
, and K (x) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ρ2 − x2)
(
ρ2

0 − x2
)√

/x. 
Similarly, 1/R1+ƛ

0 can be expressed as 

1
R1+ƛ

0
=

2
π cos

πƛ
2

∫ l1(ρ0)

0

G

(
x2

ρρ0
,ϕ − ϕ0

)

xƛdx

{[
l21(ρ0) − x2

][
l22(ρ0) − x2

]}1+ƛ
2

=
2
π cos

πƛ
2

∫ ∞

l2(ρ0)

G

(ρρ0

x2 ,ϕ − ϕ0

)
xƛdx

{[
x2 − l21(ρ0)

][
x2 − l22(ρ0)

]}1+ƛ
2
,

(( − 1< ƛ<1)) (B.4) 

from which Eq. (B.1) can be further simplified as 

H(ρ,ϕ, z) = 4
∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

g(x)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√ L

(
x2

ρρ0

)

ω(ρ0,ϕ)

+4
∫ ∞

l2(a)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ g(x)

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
ω(ρ0,ϕ),

(B.5) 

where the Poisson operator L (k), together with g(x), l1(ρ0), and l2(ρ0) are in the form of 

L (k)f(ϕ) :=
1
2π

∑+∞

n=− ∞
k|n|einϕ

∫ 2π

0
e− inϕ0 f(ϕ0)dϕ0 =

1
2π

∫ 2π

0
G (k,ϕ − ϕ0)f(ϕ0)dϕ0,

g(x) = x

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
z2

ρ2 − x2

√

,

l1(ρ0) := l1(ρ0, ρ, z) = 1
2

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ρ + ρ0)
2
+ z2

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ρ − ρ0)
2
+ z2

√ ]
,

l2(ρ0) := l2(ρ0, ρ, z) = 1
2

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ρ + ρ0)
2
+ z2

√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ρ − ρ0)
2
+ z2

√ ]
.

(B.6) 

Here, 
∫ a

0 (#)dρ0
∫ l1(ρ0)

0 (#)dx =
∫ l1(a)

0 (#)dx
∫ a

g(x) (#)dρ0 and 
∫∞

a (#)dρ0
∫∞

l2(ρ0)
(#)dx =

∫∞
l2(a)

(#)dx
∫ g(x)

a (#)dρ0 are adopted. Besides, 

(ρ2 − x2)
[
ρ2

0 − g2(x)
]
=
[
l21(ρ0) − x2

][
l22(ρ0) − x2

]
is also applied in Eq. (B.5). It is important to note that g(x) is inverse to l1(x) for x2 < ρ2, 

while it is inverse to l2(x) for x2 > ρ2 + z2. The problems are ultimately boiled down to the following two types of equations: 

lim
z0→0

∂2

∂z2
0

⎡

⎣
∫ ∫

S

ωB(N)

R0(M0,N)
dSN

⎤

⎦ = − 2πPB(N0), (type − A)

∫ ∫

S

ωA(N)

R(N0,N)
dSN = PA(N0), (type − B)

(B.7) 

where lim
z0→0

M0(ρ0,ϕ0,z0) = N0(ρ0,ϕ0,0), N = N(ρ,ϕ,0), and both N,N0 ∈ S. Thereafter, the type-B is addressed first and subsequently 

turn to the type-A.

For a type-B integro-differential equation, Eq. (B.7)1 can be expressed as 4
∫ ρ

0
dx̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√

∫ a
x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
x2

ρρ0

)

ωA(ρ0,ϕ) = PA(ρ,ϕ) con

cerning Eq. (B.4). With the Abel integral equation and its solution 
∫ ρ

0

F (x)dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ = f(ρ) ⇒ F (x) =
2
π

d
dx

∫ x

0

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√ ,

∫ a

ρ

F (x)dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√ = f(ρ) ⇒ F (x) = −
2
π

d
dx

∫ a

x

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ ,

(B.8) 

we can invert Eq. (B.7)1 by applying L
(

1
t

)
d
dt
∫ t

0
ρdρ̅̅̅̅̅̅̅̅̅
t2 − ρ2

√ L (ρ) and L (y) d
dy
∫ a

y
tdt̅̅̅̅̅̅̅̅̅
t2 − y2

√ L

(
1
t

)

sequentially, which yields 

2π
∫ a

t

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − t2
√ L

(
t

ρ0

)

ωA(ρ0,ϕ)=L

(
1
t

)
d
dt

∫ t

0

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

√ L (ρ)PA(ρ,ϕ), (B.9) 
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and 

ωA(y,ϕ) = −
1

π2y
L (y)

d
dy

∫ a

y

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − y2

√ L

(
1
t2

)
d
dt

∫ t

0

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

√ L (ρ)PA(ρ,ϕ). (B.10) 

Substituting Eq. (B.10) into the corresponding terms in Eq. (B.5), we have 

H(ρ,ϕ, z) = −
4
π2

∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ L

(
x2

ρ

)∫ a

g(x)

dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√

d
dρ0

∫ a

ρ0

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ L

(
1
t2

)
d
dt

∫ t

0

sds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − s2

√ L (s)PA(s,ϕ). (B.11) 

It is noteworthy that the other terms in the potential function are omitted here. With the property of the Abel operator 
∫ a

y

dr
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − y2

√
d
dr

∫ a

r

tf(t)dt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − r2

√ = −
π
2

f(y), (B.12) 

Eq. (B.11) can be further simplified to 

H(ρ,ϕ, z) = 2
π

∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ L

(
x2

ρg2(x)

)
d

dg(x)

∫ g(x)

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L (ρ0)PA(ρ0,ϕ). (B.13) 

If we set t = g(x) and x = l1(t), 

H(ρ,ϕ, z) = 2
π

∫ t=a

0

dl1(t)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(t)
√ L

(
l21(t)
ρt2

)
d
dt

∫ t

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ L (ρ0)PA(ρ0,ϕ). (B.14) 

According to 
∫ a

0
F (r)dr

d
dr

∫ r

0

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − ρ2

√ = −

∫ a

0
f(ρ)dρ d

dρ

∫ a

ρ

F (r)rdr
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − ρ2

√ , (B.15) 

Eq. (B.14) is reformulated by changing the order of integration 

H(ρ,ϕ, z) = 1
π2

∫ 2π

0

∫ a

0

⎧
⎨

⎩
−

1
ρ0

L (ρ0)
d

dρ0

∫ a

ρ0

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(t) − t2
√

l22(t) − l21(t)
G

(
ρ

l22(t)
,ϕ − ϕ0

)⎫
⎬

⎭
PA(ρ0,ϕ0)ρ0dρ0dϕ0 (B.16) 

where 

tdl1(t)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(t)
√ =

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(t) − t2
√

l22(t) − l21(t)
. (B.17) 

For clarity, the derivation details of Eq. (B.8), Eq. (B.12), and Eq. (B.15) are shown in Appendix C. Consider the following identities 

d
dx

∫ a

x

F (ρ)dρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ = −
F (a)x

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ + x
∫ a

x

dρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√
d
dρ

[
F (ρ)

ρ

]

= −
F (a)a

x
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ +
1
x

∫ a

x

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√
d
dρ F (ρ),

(B.18) 

the expression inside the curly braces in Eq. (B.16) gives 

−
1
ρ0

L (ρ0)
d

dρ0

∫ a

ρ0

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(t) − t2
√

l22(t) − l21(t)
G

(
ρ

l22(t)
,ϕ − ϕ0

)

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√ [
l22(a) − l21(a)

]G

(
ρρ0

l22(a)
,ϕ − ϕ0

)

−

∫ a

ρ0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√
d
dx

⎡

⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(x) − x2
√

l22(x) − l21(x)
G

(
ρρ0

l22(x)
,ϕ − ϕ0

)⎤

⎦.

(B.19) 

If we denote h(x) =

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − l21(x)
√ ]

/x, the derivative with respect to x is computed as 

hʹ(x) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − l21(x)
√ [

x2l22(x) − ρ2
0l21(x)

]

x2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ [
l22(x) − l21(x)

] , (B.20) 

which leads to 
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G

(
ρρ0

l22(x)
,ϕ − ϕ0

)

=

[
l22(x) − l21(x)

] ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − l21(x)
√

hʹ(x)
R2

0 + h2(x)
. (B.21) 

Substituting Eq. (B.21) into Eq. (B.19), the modified expression is derived as 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√ [
l22(a) − l21(a)

]G

(
ρρ0

l22(a)
,ϕ − ϕ0

)

−

∫ a

ρ0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√
d
dx

[
xz

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√

x2 − l21(x)
hʹ(x)

R2
0 + h2(x)

]

=
z

R3
0

[
R0

h(a)
+ arctan

(
h(a)
R0

)]

. (B.22) 

Finally, we may represent the potential function in terms of Eq. (B.22) as 

H(ρ,ϕ, z) = 1
π2

∫ 2π

0

∫ a

0

[
R0

h(a)
+ arctan

(
h(a)
R0

)]
z

R3
0
PA(ρ0,ϕ0)ρ0dρ0dϕ0. (B.23) 

Generally, type-B integral equations commonly arise in contact problems. The analysis above suffices if the zeroth and first-order 
derivatives of a potential function H(ρ,ϕ, z) are assumed to relate to displacement and stress components, respectively. When 
displacement and stress components are expressed in terms of the first and second-order derivatives of a new potential function Ĥ(ρ,ϕ,
z) :=

∫
Hdz, this leading to lim

z→0+
∂2 Ĥ /∂z2 = − 2πω, which indicates that the potential function should be prescribed as Ĥ(ρ,ϕ, z) =

∫ ∫
Sln(R0 + z)ω(ρ0, ϕ0)ρ0dρ0dϕ0. Consequently, the evaluation of the integral 

∫
z

R3
0

[
R0

h(a) +arctan
(

h(a)
R0

)]

dz becomes particularly 

critical. We may express this integral as 

∫
zdz

R2
0h(a)

+

∫
z

R3
0

arctan
(

h(a)
R0

)

dz = −
1
R0

arctan
(

h(a)
R0

)

+
1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√

∫
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√ [

l42(a) − ρ2ρ2
0
]

[
R2

0 + h2(a)
][

l22(a) − l21(a)
]
l22(a)

dz (B.24) 

Concerning 
[
R2

0 + h2(a)
]
l22(a) =

[
l22(a) − ρρ0ei(ϕ− ϕ0)

][
l22(a) − ρρ0e− i(ϕ− ϕ0)

]
, dl2(a) /dz = zl2(a) /

[
l22(a) − l21(a)

]
, and 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − ρ2
√

= zl2(a), we have 

∫
z

R3
0

[
R0

h(a)
+ arctan

(
h(a)
R0

)]

dz = −
1
R0

arctan
(

h(a)
R0

)

+
1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√

∫ [
l42(a) − ρ2ρ2

0
]
dl2(a)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − ρ2
√ [

l22(a) − ρρ0ei(ϕ− ϕ0)
][

l22(a) − ρρ0e− i(ϕ− ϕ0)
].

(B.25) 

The integral on the right-hand side can be further simplified to 
∫ [l22(a) − ρρ0

][
l22(a) + ρρ0

]

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − ρ2
√

1
2ρρ0isin(ϕ − ϕ0)

[
1

l22(a) − ρρ0ei(ϕ− ϕ0)
−

1
l22(a) − ρρ0e− i(ϕ− ϕ0)

]

dl2(a)

=

∫ d
(

l2(a)
ρ

)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
l2(a)

ρ

)2

− 1

√ −

∫

d

⎛

⎜
⎝

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − l21(a)
√

⎞

⎟
⎠

1
ρ2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρρ0ei(ϕ− ϕ0)

l22(a) − ρρ0ei(ϕ− ϕ0)

l22(a) − ρ2

+
ρρ0e− i(ϕ− ϕ0)

l22(a) − ρρ0e− i(ϕ− ϕ0)

l22(a) − ρ2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

.

(B.26) 

We can evaluate the first integral by applying l2(a) /ρ = seck, leading to 
∫

dseck
tank

=

∫

seckdk =

∫
coskdk
cos2k

= −

∫
dsink

sin2k − 1
= ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + sink
1 − sink

√

= ln
l2(a) +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
l2(a) − ρ2

√

ρ + f1. (B.27) 

Without loss of generality, lnρ can be absorbed into an arbitrary function f1 independent of z. The second integral can be simplified 
as 

∫

d

⎛

⎜
⎝

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − l21(a)
√

⎞

⎟
⎠

1
ρ2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρρ0ei(ϕ− ϕ0)

l22(a) − ρρ0ei(ϕ− ϕ0)

l22(a) − ρ2

+
ρρ0e− i(ϕ− ϕ0)

l22(a) − ρρ0e− i(ϕ− ϕ0)

l22(a) − ρ2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=
1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√ arctan

⎛

⎜
⎝

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − l21(a)
√

⎞

⎟
⎠+

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√ arctan

⎛

⎜
⎝

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − l21(a)
√

⎞

⎟
⎠+ f2.

(B.28) 

where Z =
ρ
ρ0

ei(ϕ− ϕ0). To avoid the logarithmic singularity at ρ = 0, Eq. (B.25) is in the form of 
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∫
z

R3
0

[
R0

h(a)
+ arctan

(
h(a)
R0

)]

dz = −
1
R0

arctan
(

h(a)
R0

)

+
1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√

⎧
⎪⎨

⎪⎩
ln
[

l2(a) +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − ρ2
√ ]

− 2Re

⎡

⎢
⎣

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√

⎛

⎜
⎝arctan

⎛

⎜
⎝

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − l21(a)
√

⎞

⎟
⎠ − arctan

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Z − 1

√

⎞

⎟
⎠

⎤

⎥
⎦

⎫
⎪⎬

⎪⎭
.

(B.29) 

where Re(#) represents the real part of a complex-valued function. Additional explanations can be found in Appendix C.
While type-A integro-differential equations typically appear in crack problems, where displacement and stress components are 

generally expressed by the first and second-order derivatives of a potential function Ĥ(ρ,ϕ,z). To introduce a simplified formulation, 
the displacement and stress components are defined as the zeroth and first-order derivatives of another potential function H(ρ, ϕ,
z) := ∂Ĥ /∂z, which satisfies the following conditions: 

lim
z→0+

∂H
∂z

= − 2πPB(ρ,ϕ), 0 ≤ ρ < a;0 ≤ ϕ ≤ 2π

H(ρ,ϕ,0) = 0. ρ ≥ a; 0 ≤ ϕ ≤ 2π
(B.30) 

Using Eq. (B.5) and Eq. (B.30)1, the following equation is obtained from Eq. (B.30)2 as 
∫ a

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
x2

ρρ0

)

PB(ρ0,ϕ) +
∫ ∞

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)
ω(ρ0,ϕ) = 0, (B.31) 

leading to 
∫ ∞

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)
ω(ρ0,ϕ) = −

∫ ∞

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ a

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)
PB(ρ0,ϕ). (B.32) 

Applying L (t) d
dt

∫∞
t

ρdρ̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ L

(
1
ρ

)

and L
(

1
ρ

)
d
dρ

∫ ρ
a

tdt̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ L (t) sequentially, we have 

∫ t

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ L

(ρ0

t

)
ω(ρ0,ϕ) = −

∫ a

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ L

(ρ0

t

)
PB(ρ0,ϕ), (B.33) 

and 

ω(ρ,ϕ) = −
2
π

1
ρ

d
dρ

∫ ρ

a

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − t2

√

∫ a

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ L

(ρ0

ρ

)
PB(ρ0,ϕ), (B.34) 

respectively. It is possible to further simplify Eq. (B.34) as 

ω(ρ,ϕ) = −
2
π

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

∫ a

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√ L

(ρ0

ρ

)
PB(ρ0,ϕ) +

2
π

∫ a

0

∫ ρ

a

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ )3ρ0dρ0L

(ρ0

ρ

)
PB(ρ0,ϕ). (B.35) 

With the integral elucidated in Appendix C: 
∫ ρ

a

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ )3 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

(
ρ2 − ρ2

0
) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − ρ2
0

√ , (B.36) 

the relation between ω(ρ,ϕ) and PB(ρ,ϕ) is derived as 

ω(ρ,ϕ) = −
1
π2

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

∫ 2π

0

∫ a

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√
PB(ρ0,ϕ0)

ρ2 + ρ2
0 − 2ρρ0cos(ϕ − ϕ0)

ρ0dρ0dϕ0. (B.37) 

Substituting Eq. (B.37) into Eq. (B.5), we have 

H(ρ,ϕ, z) = 4
∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

g(x)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√ L

(
x2

ρρ0

)

PB(ρ0,ϕ)

−
8
π

∫ ∞

l2(a)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ g(x)

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
[

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − a2
√

∫ a

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − s2

√
sds

ρ2
0 − s2 L

(
s

ρ0

)

PB(s,ϕ)

]

,

(B.38) 

where 
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4
∫ l1(a)

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

g(x)

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − g2(x)
√ L

(
x2

ρρ0

)

PB(ρ0,ϕ)

= 4
∫ l2(a)

l2(0)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ g(x)

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
PB(ρ0,ϕ) + 4

∫ ∞

l2(a)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ a

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
PB(ρ0,ϕ),

(B.39) 

and 

−
8
π

∫ ∞

l2(a)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ g(x)

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
[

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − a2
√

∫ a

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − s2

√
sds

ρ2
0 − s2 L

(
s

ρ0

)

PB(s,ϕ)

]

= − 4
∫ ∞

l2(a)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ a

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
PB(ρ0,ϕ).

(B.40) 

Then, Eq. (B.38) can be expressed as 

H(ρ,ϕ, z) = 4
∫ l2(a)

l2(0)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ g(x)

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
PB(ρ0,ϕ), (B.41) 

which leads to 

H(ρ,ϕ, 0) = 4
∫ a

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)
PB(ρ0,ϕ)=

∂Ĥ
∂z

= − 2πωB(ρ,ϕ). (B.42) 

It is important to note that 
∫ ρ

a

ydy
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − y2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
y2 − a2

√
(y2 − r2)

=
π

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − r2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − r2

√ (B.43) 

is adopted in Eq. (B.40), which is presented in Appendix C. By setting t = g(x) and x = l2(t), Eq. (B.41) is in the form of 

H(ρ,ϕ, z) = 2
π

∫ 2π

0

∫ a

0

1
R0

arctan

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − ρ2
√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − ρ2
0

√

l2(a)R0

⎞

⎠PB(ρ0,ϕ0)ρ0dρ0dϕ0. (B.44) 

We then verify that Eq. (B.42) is a solution to the type-A integro-differential equations in Eq. (B.7). Applying L (t) d
dt

∫ a
t

ρdρ̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ L

(
1
ρ

)

and L
(

1
y

)
d
dy

∫ y
0

tdt̅̅̅̅̅̅̅̅̅
y2 − t2

√ L (t) sequentially, Eq. (B.42) is inverted as 

PB(ρ,ϕ) =
2
πρ L

(
1
ρ

)
d
dρ

∫ ρ

0

xdx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ L
(
x2) d

dx

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
1
ρ0

)

ωB(ρ0,ϕ). (B.45) 

Concerning Eq. (B.18), Eq. (C.12), and ωB(a,ϕ) = − H(a,ϕ,0) /2π = 0, Eq. (B.45) can be further simplified as 

PB(ρ,ϕ) = −
1
π2

∫ 2π

0

∫ a

0

∫ min(ρ,ρ0)

0

G

(
x2

ρρ0
,ϕ − ϕ0

)

ωB(ρ0,ϕ0)x2ρ0dxdρ0dϕ0

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ )3( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ )3 − δL

= −
1
2π lim

z0→0

∂2

∂z2
0

∫ 2π

0

∫ a

0

ωB(ρ0,ϕ0)ρ0dρ0dϕ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 + ρ2

0 − 2ρρ0cos(ϕ − ϕ0) + z2
0

√ ,

(B.46) 

where δL is a term with singularity when N(ρ,ϕ,0) = N0(ρ0,ϕ0,0); Δ = ∂2 /∂ρ2 + ∂ /ρ∂ρ+ ∂2 /ρ2∂ϕ2. It is noteworthy that ƛ in Eq. (B.2) 
can be extended to 2, which is expressed as 

1
R3 = −

2
π

∫ min(ρ,ρ0)

0

G

(
x2

ρρ0
,ϕ − ϕ0

)

x2dx
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√ )3( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2
0 − x2

√ )3. (B.47) 

Appendix C. Essential integral equations and properties

(1) 
∫ ρ

0
F (x)dx̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√ = f(ρ) ⇒ F (x) = 2

π
d
dx
∫ x

0
f(ρ)ρdρ̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√
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Concerning 
∫ ρ

0
F (x)dx̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√ = f(ρ), the following integral equation can be expressed as 

∫ x

0

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√ =

∫ x

0

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ ρ

0

F (t)dt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ =

∫ x

0
F (t)dt

∫ x

t

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(x2 − ρ2)(ρ2 − t2)

√ . (C.1) 

On letting ρ2 = t2 +
(
x2 − t2)sin2θ, θ ∈

[
0,

π
2

]

, we have 

∫ x

t

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(x2 − ρ2)(ρ2 − t2)

√ =
1
2

∫ π
2

0

2(x2 − t2)sinθcosθdθ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅{
x2 −

[
t2 + (x2 − t2)sin2θ

]}{[
t2 + (x2 − t2)sin2θ

]
− t2

}√ =
π
2
. (C.2) 

Then, Eq. (C.1) can be expressed as 

π
2

∫ x

0
F (t)dt =

∫ x

0

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√ , (C.3) 

which leads to 

F (x) =
2
π

d
dx

∫ x

0

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√ . (C.4) 

(2) 
∫ a

ρ
F (x)dx̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√ = f(ρ) ⇒ F (x) = − 2

π
d
dx
∫ a

x
f(ρ)ρdρ̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√

Similarly, the integral equation is in the form of 
∫ a

x

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ =

∫ a

x

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

ρ

F (t)dt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

√ =

∫ a

x
F (t)dt

∫ t

x

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(ρ2 − x2)(t2 − ρ2)

√ =
π
2

∫ a

x
F (t)dt, (C.5) 

from which we arrive at 

F (x) = −
2
π

d
dx

∫ a

x

f(ρ)ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ . (C.6) 

(3) 
∫ a

y
dr̅̅̅̅̅̅̅̅̅
r2 − y2

√ d
dr
∫ a

r
tf(t)dt̅̅̅̅̅̅̅̅̅
t2 − r2

√ = − π
2 f(y)

From Eq. (C.6), we find that 
∫ a

y

dr
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − y2

√
d
dr

∫ a

r

tf(t)dt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − r2

√ =

∫ a

y

dr
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − y2

√
[
−

π
2

F (r)
]
= −

π
2

f(y). (C.7) 

(4) 
∫ a

0 F (r)dr d
dr
∫ r

0
f(ρ)ρdρ̅̅̅̅̅̅̅̅̅

r2 − ρ2
√ = −

∫ a
0 f(ρ)dρ d

dρ
∫ a

ρ
F (r)rdr̅̅̅̅̅̅̅̅̅

r2 − ρ2
√

The expression is manipulated from the right-hand side to arrive at the left-hand side form of the equation: 

RHS = −
2
π

∫ a

0

{[∫ a

t

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − t2

√
d
dρ

∫ a

ρ

F (r)rdr
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − ρ2

√ dρ
]

d
dt

∫ t

0

f(s)sds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − s2

√

}

dt = LHS. (C.8) 

(5) d
dx
∫ a

x
F (ρ)dρ̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√ = −

F (a)x
a
̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ + x
∫ a

x
dρ̅̅̅̅̅̅̅̅̅̅

ρ2 − x2
√ d

dρ

[
F (ρ)

ρ

]

= −
F (a)a

x
̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ + 1
x
∫ a

x
ρdρ̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ d
dρ F (ρ)

By applying the methods of integration by parts and the Leibniz integral rule, we may derive 

d
dx

∫ a

x

F (ρ)dρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ = −
xF (a)

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ +

∫ a

x

xdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√
d
dρ

[
F (ρ)

ρ

]

. (C.9) 

Since 

x
∫ a

x

dρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

[
F

ʹ(ρ)ρ − F (ρ)
ρ2

]

= −
F (a)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√

xa
+

1
x

∫ a

x

ρdF (ρ)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ , (C.10) 
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then Eq. (C.9) is further expressed as 

−
xF (a)

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ +

∫ a

x

xdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√
d
dρ

[
F (ρ)

ρ

]

= −
F (a)a

x
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√ +
1
x

∫ a

x

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√
d
dρ F (ρ). (C.11) 

If we take a = 0, Eq. (C.11) can be modified as 

d
dx

∫ x

0

F (ρ)dρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ =
1
x

∫ x

0

ρdρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√
d
dρ F (ρ). (C.12) 

(6) arctanz = 1
2i ln

i− z
i+z

Concerning 

arctanz =

∫
dz

1 + z2 =
1
2i

ln
i − z
i + z

, (C.13) 

then Z = 0, l1(a) = 0, and arctan

⎛

⎜
⎝ a

̅̅̅̅̅̅̅̅̅
Z − 1

√

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − l21(a)

√

⎞

⎟
⎠ = arctani = ∞ when ρ = 0. 

(7) 
∫ ρ

a
tdt̅̅̅̅̅̅̅̅̅

ρ2 − t2
√

(
̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√
)

3 =

̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

(ρ2 − ρ2
0)
̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√ (ρ0 < a < ρ)

If we set u =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

t2 − ρ2
0

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − ρ2
0

√

sink, then 

∫ ρ

a

tdt
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − t2

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2 − ρ2

0

√ )3 =
1

ρ2 − ρ2
0

∫ π
2

arcsin

( ̅̅̅̅̅̅̅̅̅
a2 − ρ2

0
ρ2 − ρ2

0

√ ) dk
sin2k

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

(
ρ2 − ρ2

0
) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − ρ2
0

√ . (C.14) 

(8) 
∫ ρ

a
ydy̅̅̅̅̅̅̅̅̅̅

ρ2 − y2
√ ̅̅̅̅̅̅̅̅̅̅

y2 − a2
√

(y2 − r2)
= π

2
̅̅̅̅̅̅̅̅̅
ρ2 − r2

√ ̅̅̅̅̅̅̅̅̅
a2 − r2

√ (0 < r < a < ρ)

Let y2 = a2cos2k+ ρ2sin2k, then we have 
∫ ρ

a

ydy
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − y2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
y2 − a2

√
(y2 − r2)

=
1
2

∫ π
2

0

2(ρ2 − a2)sinkcoskdk
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − a2
√

cosk
)( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − a2
√

sink
)(

a2cos2k + ρ2sin2k − r2
)

=
π
2

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − r2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − r2

√ .

(C.15) 

Appendix D. Analytical solutions in the uniform loading case

The nonzero components are expressed as 

uρ = −
∑3

k=1

∑2

i=1
ςki

∂Ĥi(ρ,ϕ, zk)

∂ρ

= −
1
2π
∑3

k=1

∑2

i=1
ςki

∑2

j=1
ηijPj

⎧
⎪⎨

⎪⎩

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ )
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − a2 − z2
k +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√√

̅̅̅
2

√
ρ

− 2ρarctan

⎡

⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4ρ2 −
[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ ]2
√

⎤

⎥
⎦

⎫
⎪⎬

⎪⎭
,

(D.1) 

L. Chen et al.                                                                                                                                                                                                           Journal of the Mechanics and Physics of Solids 216 (2026) 106772 

28 



ws =
∑3

k=1

∑2

i=1
αskςki

∂Ĥi(ρ,ϕ, zk)

∂zk

=
1
2π
∑3

k=1

∑2

i=1
αskςki

∑2

j=1
ηijPj

⎧
⎪⎨

⎪⎩
4zkarctan

⎡

⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4ρ2 −
[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ ]2
√

⎤

⎥
⎦

−
8
̅̅̅
2

√
aρzk

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ )
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − a2 − z2
k +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√√

⎫
⎪⎬

⎪⎭
,

(D.2) 

σzm =
∑3

k=1

∑2

i=1
γmkςki

∂2 Ĥi(ρ,ϕ, zk)

∂z2
k

=
1
2π
∑3

k=1

∑2

i=1
γmkςki

∑2

j=1
ηijPj

⎧
⎪⎨

⎪⎩
4arctan

⎡

⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4ρ2 −
[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ ]2
√

⎤

⎥
⎦

−

̅̅̅
2

√
a
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ )
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − a2 − z2
k +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√√

ρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√

⎫
⎪⎬

⎪⎭
,

(D.3) 

σρt = (c12 − c11)
∑3

k=1

∑2

i=1
ςki

[
∂2 Ĥi(ρ,ϕ, zk)

∂ρ2 −
1
ρ

∂Ĥi(ρ,ϕ, zk)

∂ρ

]

=
c12 − c11

2π
∑3

k=1

∑2

i=1
ςki

∑2

j=1
ηijPj

2
̅̅̅
2

√ {
aρ
(
a2 + z2

k
)( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ )
−
[
a4 + z2

k
(
ρ2 + z2

k + 2a2
)]( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ )}

ρ2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − a2 − z2
k +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a + ρ)2
+ z2

k

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a − ρ)2
+ z2

k

√√ ,

(D.4) 

(D.5) 

σϕt = σzt = 0, (D.6) 

where s = 1,2 and m = 1,2,3; Ṫ0ρρ = (σz3 + σρt) /2, while Ṫ0ϕϕ = (σz3 − σρt) /2.

Appendix E. Penny-shaped cracks subjected to various loadings

While Section 4.1 presented solutions only for the case of uniform loading, we now proceed to derive solutions under various 
external loadings.

E.1. Axisymmetric linear loading

For Pj(ρ,ϕ) ≡ Pjρ, we may construct the densities and the corresponding potential functions as 

ωi(ρ) =
∑2

j=1ηijPj

8π

[

a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√
+ ρ2ln

(
a +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√

ρ

)]

(E.1) 

and 
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Ĥi(ρ, zk) =

∑2
j=1ηijPj

6

⎧
⎨

⎩
a3arcsin

[
l1(a)

ρ

]

− zk
(
3ρ2 − 2z2

k
)
arccoth

⎡

⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√

zk

⎤

⎦

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l22(a) − a2
√ [

2l41(a) + 2l21(a)
(
ρ2 − 4z2

k
)
+ 11ρ2z2

k − 4ρ4
]

6
[
ρ2 − l21(a)

]

+zk
(
3ρ2 − 2z2

k
)
arccoth

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 + z2

k

√
− ρ

zk

]

+
1
6

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 + z2
k

√ (
11z2

k − 4ρ2)
}

,

(E.2) 

respectively. The solution for Ĥi involves utilizing ∂
∂g(x)

{

arctan

(

g(x)̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − g2(x)

√

)

− iln

[

−
g(x)+i

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − g2(x)

√

a

]}

= 0 and applying integration by   

parts. Here, detailed expressions of displacement and stress components are omitted for brevity. Theoretical analysis reveals that both 
Ṫ0zz and Ḋ0z exhibit a singularity of order − 1

2 at the crack tip, which read 

lim
z→0

σzs = Ps

{
a2 − 2ρ2 + 2ρ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

}

. (s = 1,2; ρ > a) (E.3) 

Then, the incremental intensity factors are derived as 

K̇IT = lim
ρ→a

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(ρ − a)

√
Ṫ0zz|z=0

]
= −

1
2
( ̅̅̅

a
√ )3P1,

K̇ID = lim
ρ→a

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(ρ − a)

√
Ḋ0z|z=0

]
= −

1
2
( ̅̅̅

a
√ )3P2.

(E.4) 

E.2. Axisymmetric parabolic loading

Assuming that Pj(ρ,ϕ) ≡ Pjρ2, the densities and the corresponding potential functions are derived as 

ωi(ρ) =
2
∑2

j=1ηijPj

9π2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√ (
a2 +2ρ2) (E.5) 

and 

Ĥi(ρ, zk) =

∑2
j=1ηijPj

72π

{

3
(
8a4 − 8z4

k + 24ρ2z2
k − 3ρ4)arcsin

[
l1(a)

ρ

]

+ l1(a)
[
6l61(a) + 24ρ2z4

k

+9ρ6 − 72ρ4z2
k − 3l41(a)

(
ρ2 + 8z2

k
)
− 4l21(a)

(
3ρ4 − 24ρ2z2

k + 8z4
k
)]
/[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√ ]3}

,

(E.6) 

respectively. Concerning 

lim
z→0

σzs = Ps

[
2
πρ2arcsin

(a
ρ

)
−

2
3π

a(3ρ2 − a2)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

]

, (s = 1, 2; ρ > a) (E.7) 

the incremental intensity factors are in the form of 

K̇IT = lim
ρ→a

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(ρ − a)

√
Ṫ0zz|z=0

]
= −

4
3π
( ̅̅̅

a
√ )5P1,

K̇ID = lim
ρ→a

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(ρ − a)

√
Ḋ0z|z=0

]
= −

4
3π
( ̅̅̅

a
√ )5P2.

(E.8) 

E.3. Loading under axisymmetric elementary functions

In this subsection, we focus exclusively on the solutions of the integro-differential equations and forgo a detailed treatment of the 
potential functions. 

(1) Polynomial loading Pj(ρ,ϕ) ≡ Pjρn, (n ≥ 0)
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ωi(ρ) =
∑2

j=1ηijPj

4π
̅̅̅
π

√
Γ
(

n
2 + 1

)

Γ
(

n
2 +

3
2

)

⎡

⎢
⎣
̅̅̅
π

√
Γ
(

− n
2 −

1
2

)

Γ
(
− n

2

) ρn+1 +
2an+1

n + 12̃F1

(
1
2
, −

n
2
−

1
2
; −

n
2
+

1
2
;
ρ2

a2

)
⎤

⎥
⎦. (E.9) 

Here 2F̃1(#,#;#;#) is the Gauss hypergeometric function, and Γ(#) is the gamma function. According to the Weierstrass 
approximation theorem, any continuous loading function defined on S can be approximated by polynomial functions. The approxi
mation is essential for solving various engineering challenges. 

(b) Trigonometric loading Pj(ρ,ϕ) ≡ Pjsin(ρ /ρc) or Pj(ρ,ϕ) ≡ Pjcos(ρ /ρc)

ωi(ρ)=
∑2

j=1ηijPj

2π

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ a

ρ
xJ̃1

(
x
ρc

)/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√

dx=
∑∞

n=0

(− 1)n

2
̅̅̅
π

√
(2n+1)!

Γ
(

n+
3
2

)

Γ(n+2)

⎡

⎢
⎣

̅̅̅
π

√
Γ(− n − 1)

Γ
(

− n −
1
2

) − B̃
(

ρ2

a2;− n − 1,
1
2

)
⎤

⎥
⎦

ρ2n+2

ρ2n+1
c

, (sine)

∫ a

ρ
xH̃− 1

(
x
ρc

)/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√

dx=
∑∞

n=0

(− 1)n

2(2n)!

Γ(n+1)Γ
(

− n −
1
2

)

+
̅̅̅
π

√
B̃
(

ρ2

a2;− n −
1
2
;
1
2

)

csc(nπ)

Γ
(

n+
3
2

)

Γ(− n)

ρ2n+1

ρ2n
c

. (cosine)

(E.10) 

Here J̃υ(#) is the Bessel function of the first kind; H̃υ(#) is the Struve function; B̃(#;#) is the incomplete beta function; and 
ρc( > a> 0) is a constant with the dimension of length introduced to render a dimensionless ρ/ρc quantity. 

(c) Logarithmic loading Pj(ρ,ϕ) ≡ Pjln(ρ /ρc)

ωi(ρ) =
∑2

j=1ηijPj

π2

{[

ln
(

2a
ρc

)

− 2
]
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√
− ρarctan

(
ρ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√

)

+
π
2

ρ
}

. (E.11) 

(d) Exponential loading Pj(ρ,ϕ) ≡ Pjexp(ρ /ρc)

ωi(ρ) =
∑2

j=1ηijPj

2π

∫ a

ρ
x
[

Ĩ1

(
x
ρc

)

+ L̃− 1

(
x
ρc

)]/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√

dx

=

∑2
j=1ηijPj

4π
̅̅̅
π

√
∑∞

n=0

ρ− n
c
n!

Γ
(n

2
+ 1
)

Γ
(

n
2
+

3
2

)

⎡

⎢
⎣
̅̅̅
π

√
Γ
(

−
n
2
−

1
2

)

Γ
(
−

n
2

) ρn+1 +
2an+1

n + 12F̃1

(
1
2
, −

n
2
−

1
2
; −

n
2
+

1
2
;
ρ2

a2

)
⎤

⎥
⎦.

(E.12) 

Here ̃Iυ(#) is the modified Bessel function of the first kind, and L̃υ(#) is the modified Struve function. 

(e)Inverse trigonometric loading Pj(ρ,ϕ) ≡ Pjarcsin(ρ /ρc) or Pj(ρ,ϕ) ≡ Pjarccos(ρ /ρc)

ωi(ρ) =
∑2

j=1ηijPj

π2ρc

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∫ a

ρ

{

ρ2
c

[

K̃
(

x2

ρ2
c

)

− Ẽ
(

x2

ρ2
c

)]

− x2K̃
(

x2

ρ2
c

)}/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√

dx, (arcsine)

∫ a

ρ

{

ρ2
c

[

K̃
(

x2

ρ2
c

)

− Ẽ
(

x2

ρ2
c

)]

− x2K̃
(

x2

ρ2
c

)

+ ρc
πx
2

}/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 − ρ2
√

dx, (arccosine)
(E.13) 

where K̃(#) and ̃E(#) are the complete elliptic integral of the first and second kinds, respectively. It is noted that ρc > a > x is adopted 
in Eq. (E.13) to ensure convergence of the following solutions: 
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ωi(ρ) =
∑2

j=1ηijPj

4π
̅̅̅
π

√

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑∞

n=0

(2n)!
4n(n!)2

(2n + 1)

Γ
(

n +
3
2

)

Γ(n + 2)

⎡

⎢
⎣

̅̅̅
π

√
Γ( − n − 1)

Γ
(

− n −
1
2

) − B̃
(

ρ2

a2; − n − 1,
1
2

)
⎤

⎥
⎦

ρ2n+2

ρ2n+1
c

, (arcsine)

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

π(a2 − ρ2)
√

−
∑∞

n=0

(2n)!
4n(n!)2

(2n + 1)

Γ
(

n +
3
2

)

Γ(n + 2)

⎡

⎢
⎣

̅̅̅
π

√
Γ( − n − 1)

Γ
(

− n −
1
2

) − B̃
(

ρ2

a2; − n − 1,
1
2

)
⎤

⎥
⎦

ρ2n+2

ρ2n+1
c

. (arccosine)

(E.14) 

E.4. Non-axisymmetric loading

Take Pj(ρ,ϕ) ≡ Pjρsin(ϕ) or Pj(ρ,ϕ) ≡ Pjρcos(ϕ) for instance. According to the definition of L (k) in Appendix B, we have 

L (k)sin(ϕ) = ksin(ϕ), L (k)cos(ϕ) = kcos(ϕ), (E.15) 

leading to 

ωi(ρ,ϕ) =
2
∑2

j=1ηijPj

3π2 ρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

√
sin(ϕ), (E.16) 

and the potential functions are derived as 

Ĥi(ρ,ϕ, zk) =

∑2
j=1ηijPj

12π sin(ϕ)

⎧
⎪⎨

⎪⎩
ρ
(
4a2 + 12z2

k − 3ρ2)arctan

⎡

⎢
⎣

l1(a)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√

⎤

⎥
⎦

+l1(a)
3ρ4 − ρ2

[
4a2 + 12z2

k + l21(a)
]
− 2l21(a)

[
l21(a) − 2a2 − 2z2

k
]

ρ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ2 − l21(a)
√

⎫
⎪⎬

⎪⎭
.

(E.17) 

The analytical solution for the cosine case can be directly obtained simply by replacing the sine functions in Eqs. (E.16) and (E.17) 
with cosine functions.

Appendix F. Potential theory method for anti-crack problems

Without loss of generality, we may take the simplified formulation established in Appendix B, that is, the displacement and stress 
components are defined as the zeroth and first-order derivatives of potential functions Hi(ρ, ϕ, z), which are defined in Eq. (B.1). 
Concerning the incremental displacement boundary conditions shown in Eq. (56) and the property of the single layer potential, we 
have 

∫ a

0

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
x2

ρρ0

)

σI
zi(ρ0,ϕ) +

∫ ∞

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

a

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)
σII

zi(ρ0,ϕ) = 0, (F.1) 

which leads to 

σII
zi(ρ,ϕ) = −

1
π2

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

∫ 2π

0

∫ a

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√
σI

zi(ρ0,ϕ0)

ρ2 + ρ2
0 − 2ρρ0cos(ϕ − ϕ0)

ρ0dρ0dϕ0

= −
2

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − a2

√

∫ a

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − ρ2

0

√

ρ2 − ρ2
0

L

(ρ0

ρ

)
σI

zi(ρ0,ϕ)ρ0dρ0

(ρ ≥ a) (F.2) 

according to Eqs. (B.34) to (B.37), where σI
zi(ρ,ϕ) and σII

zi(ρ,ϕ) are σzi(ρ,ϕ,0) defined on SI = {(ρ,ϕ)|0 ≤ ρ< a;0 ≤ ϕ ≤ 2π} and SII =

{(ρ,ϕ)|ρ ≥ a; 0 ≤ ϕ ≤ 2π}, respectively. Then, the potential function can be represented in terms of σI
zi as 

Hi(ρ,ϕ, z) = 4
∫ l2(a)

l2(0)

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ g(x)

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2(x) − ρ2

0

√ L

(ρρ0

x2

)
σI

zi(ρ0,ϕ). (F.3) 

Substituting the incremental displacement boundary conditions on SI into Eq. (F.3) yields 

Wi(ρ,ϕ) = 4
∫ a

ρ

dx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

√

∫ x

0

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 − ρ2

0

√ L

(ρρ0

x2

)
σI

zi(ρ0,ϕ), (F.4) 
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leading to 

σI
zi(ρ,ϕ) = −

1
π2ρ L

(
1
ρ

)
d
dρ

∫ ρ

0

xdx
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2 − x2

√ L
(
x2) d

dx

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
1
ρ0

)

Wi(ρ0,ϕ) (F.5) 

according to Eq. (B.45). Eventually, σII
zi are derived by substituting Eq. (F.5) into Eq. (F.2). Its form is nearly identical to that of Eq. 

(F.5), except that the upper limit of the first integral should be changed from ρ to a.
Through Eq. (C.11), σII

zi can be further simplified as 

σII
zi =

1
π2 L

(
1
ρ

)∫ a

0

xdx
(ρ2 − x2)

3/2 L
(
x2) d

dx

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√ L

(
1
ρ0

)

Wi(ρ0,ϕ)

=
1
π2

∫ a

0

dx
(ρ2 − x2)

3/2

∫ a

x

ρ0dρ0̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ2

0 − x2
√

d
dρ0

[

ρ0L

(
x2

ρρ0

)

Wi(ρ0,ϕ)
]

,

(F.6) 

where Wi(a,ϕ) = 0 is used above. It is important to note that σII
zi in Eq. (F.6) are also solutions to the type-A integro-differential 

equations, i.e., they can be expressed as type-A integro-differential equations by interchanging of the order of integration.

Appendix G. Bifurcation equations in surface stability analysis

Here Mx and Mρ in Eq. (67) and Eq. (77) are expressed in the forms 

Mx=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c88s2
1 − c11 0 0 − (c13+c58)s1 0 0 − (e15+e31)s1 0 0
0 c88s2

2 − c11 0 0 − (c13+c58)s2 0 0 − (e15+e31)s2 0
0 0 c88s2

3 − c11 0 0 − (c13+c58)s3 0 0 − (e15+e31)s3

(c13+c58)s1 0 0 c33s2
1 − c55 0 0 e33s2

1 − e15 0 0
0 (c13+c58)s2 0 0 c33s2

2 − c55 0 0 e33s2
2 − e15 0

0 0 (c13+c58)s3 0 0 c33s2
3 − c55 0 0 e33s2

3 − e15

c13 c13 c13 c33s1 c33s2 c33s3 e33s1 e33s2 e33s3

− c88s1 − c88s2 − c88s3 c58 c58 c58 e15 e15 e15

e31 e31 e31 e33s1 e33s2 e33s3 − ε33s1 − ε33s2 − ε33s3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(G.1) 

Mρ=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c88s2
1 − c11 0 0 (c13+c58)s1 0 0 (e15+e31)s1 0 0
0 c88s2

2 − c11 0 0 (c13+c58)s2 0 0 (e15+e31)s2 0
0 0 c88s2

3 − c11 0 0 (c13+c58)s3 0 0 (e15+e31)s3

− (c13+c58)s1 0 0 c33s2
1 − c55 0 0 e33s2

1 − e15 0 0
0 − (c13+c58)s2 0 0 c33s2

2 − c55 0 0 e33s2
2 − e15 0

0 0 − (c13+c58)s3 0 0 c33s2
3 − c55 0 0 e33s2

3 − e15

c13 c13 c13 − c33s1 − c33s2 − c33s3 − e33s1 − e33s2 − e33s3

c88s1 c88s2 c88s3 c58 c58 c58 e15 e15 e15

e31 e31 e31 − e33s1 − e33s2 − e33s3 ε33s1 ε33s2 ε33s3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(G.2) 

respectively. Besides, Eq. (64) enables simplification of the determinant from 9 × 9 to a compact 3 × 3 form, thereby facilitating its 
numerical computation.
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Nomenclature

(x,y,z);(ρ,ϕ, z) Cartesian and cylindrical coordinate systems
Br,B,Bc Reference, initial, and current configurations
N,n,ñ Outward unit normal vectors of ∂Br, ∂B, and ∂Bc

X,x,x̃ Material point position vectors in Br, B, and Bc
{

Er
α
}
,{ei},{ẽa} Bases in Br, B, and Bc

χ : X ↦ x Mapping of material point position vectors between Br and B
F = ∂x /∂X,F̃ = ∂x̃ /∂X Deformation gradients
b = FFT,C = FTF Left and right Cauchy-Green deformation tensors

dÂ,dâ Surface elements in Br and B
dV,dv Volume elements in Br and B
J = detF Volume ratio
ar,a,ãc Crack surface radius in Br , B, and Bc

ap Radial crack propagation length in B
f̃({λi}) Ratio of crack surface radius
Grad,Div,Curl Gradient, divergence, and curl operator in Br

grad,div,curl Gradient, divergence, and curl operator in B
T,τ Nominal stress tensor and Cauchy stress tensor
D ,D Lagrangian and Eulerian electric displacement vectors
E ,E Lagrangian and Eulerian electric field vectors

E*,Ẽ
* Exterior electric field vectors in B and Bc

tÂ,tâ Surface traction on ∂Br and ∂B

qÂ,qâ Charge density per unit area on ∂Br and ∂B

Ω(F,D ) Energy density function per reference volume
I m Invariants (m = 1,⋯,6)
Ωm,Ωmn Partial derivatives of Ω (∂Ω/∂I m and ∂2Ω/(∂I m∂I n))
I,̃I Unit tensors in Br and B
I,I⊛ Two-point unit tensors (I = δiαei ⊗ Er

α and I⊛ = δai ẽa ⊗ ei)
u(x) = u(χ(X)) = ẋ(X) Incremental deformation
Ḟ =

(
ITF̃ − F

) Incremental deformation gradient

Ṫ,Ṫ0 Incremental nominal stress tensor and its push-forward version

Ḋ ,Ḋ0 Incremental electric displacement vector and its push-forward version

Ė ,Ė0 Incremental electric field vector and its push forward version

L = ḞF− 1 = gradu Displacement gradient tensor
A0,M0,K0 Instantaneous material tensors of the 4th-, 3rd-, and 2nd-order
ṫÂ,ṫâ Incremental surface traction on ∂Br and ∂B

q̇Â,q̇â Incremental charge density per unit area on ∂Br and ∂B

λi Pre-stretches (diagonal element of F; i = 1,2,3)
Di External electric displacement vector components (i = 1,2,3)
φ̃ Electric potential
cmn,emn,εmn Equivalent constants [Appendix A]
Δ Planar Laplacian
ψ0,ψ̃,Φ0,Φ̃,Ψ Displacement functions

D,D† Operator matrix and its adjugate
Fij Cofactor of D (i, j = 1,2,3)

ξ(i)k ,ψk
Quasi-harmonic functions (i,k = 1,2,3)

ℏi Coefficients of the characteristic equation [Appendix A]
s2
j Roots of the characteristic equation [Appendix A]

zj = sjz Equivalent axial coordinate component (j = 1,2,3)
ai,bi,dj,αmk,γik,ϖik Coefficients for the combination of quasi-harmonic functions [Eq. (27)]
wi,σzm,σρm,σϕm , 

σρt ,σϕt ,σzt

Equivalent mechanical and electrical variables [Eqs. (30) and (31)]

Sr,S Crack surfaces in Br and B
P1,P2 Prescribed Ṫ0zz and Ḋ0z on S
W1,W2 Prescribed uz and φ on S
Ĥi,Hi Single layer potentials (i = 1,2)
ωi Densities (i = 1,2)
ςki,ηij Coefficients for the combination of potentials [Eqs. (38) and (41)]

(continued on next page)
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(continued )

δji Kronecker delta
l1(#),l2(#) Equivalent radical coordinate components
g(#) Inverse of l1(#) or l2(#)

R0,R Distance between two points (3D and 2D)
L (#) Poisson operator
G (#,#) Kernel in L (#)

K̇IT,K̇ID Incremental intensity factors (mode I)
Λ,ζ1,ζ2 Dimensionless coefficients of a specific material [Eq. (52)]
μ,ν Shear modulus and Poisson’s ratio
ε0 = 8.854 × 10− 12(F /m) Dielectric permittivity in vacuum

2̃F1(#,#;#;#) Gauss hypergeometric function
Γ(#) Gamma function
J̃υ(#),̃Iυ(#) Bessel and modified Bessel functions of the first kind

H̃υ(#),L̃υ(#) Struve and modified Struve functions

B̃(#;#) Incomplete beta function

K̃(#),Ẽ(#) Complete elliptic integral of the first and second kinds,

k̂ Wave number
ϑi(#),Aj ,Bj,Cj Functions and coefficients for a non-trivial solution in stability analysis
sj Eigenvalues introduced in ϑi(#) [Eqs. (62) and (63)]
Mx,Mρ Matrices in bifurcation equations of two instability cases
G,Gc,G* Energy release rates in B and Bc together with the critical value
Ġ = Gc − G Incremental energy release rate

Π̇,Π̇c,U̇ ,U̇ c,Ẇ Incremental total potential energy in B and Bc, incremental internal energy in B and Bc, and incremental work
δΠ̇ = δ(Πc − Π) = 0 The principle of incremental minimum potential energy
Ri Stable or unstable regions (i = 1,2,3,4)
Re(#),Im(#) Real and imaginary part of #
C n+ ,n− = C

+
n+ + C

−
n− Buckling topological number

n♮ Number of half-wavelengths in the buckling mode (♮ = + , − )
λp

c Critical transition stretch
ϵ = sym(L) Incremental strain
S

±
x ,S±

ρ Upper and lower bounded half-spaces embedded with the crack in B (Cartesian and cylindrical coordinates)
O (#) Landau symbol
Y1,Y2 Constants introduced in the evaluation of u̇

S
±
ρ

ρn The n-th zero of J̃0(ρ)

T
★

= Ṫ − TLT Objective stress rate of the nominal stress tensor

τ̊ = τ̇ − Lτ − τLT + tr(L
)
τ Truesdell rate of the Cauchy stress tensor

T
· n

0,E
· n

0
Push forward version of the generalized incremental nominal stress tensor and the incremental electric field vector

T
★n

0
Push forward version of the generalized objective stress rate of the nominal stress tensor

℧ Equivalent coefficient in the roots
ƛ Arbitrary power index of distant R0 or R ( − 1 < ƛ < 1)
M0,N0,N Distinct points in cylindrical coordinates
F (#),f(#) Arbitrary kernels in Abel integral equations
h(#) Equivalent length [Eq. (B.21)]
Z ,Z Ratio of two distinct points and their complex conjugate [Eq. (B.29)]
δL Dirac delta
∂Ωin,SI Inside the circular domain of radius a
∂Ωout,SII Outside the circular domain of radius a
σI

zi,σII
zi σzi defined on SI and SII

Ξ1 : Ξ2 (Ξ1)ij(Ξ2)ij

Ξ1 ⋅ ⋅Ξ2,A ⋅ ⋅ ⋅ ⋅B (Ξ1)ij(Ξ2)ji and AijklBijkl

Ξ1∘
2
Ξ2 (Ξ1)ij(Ξ2)ikek ⊗ ej

Ξ1 ⊗ Ξ2 (Ξ1)ij(Ξ2)klei ⊗ ej ⊗ ek ⊗ el

Data availability

Data will be made available on request.
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