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ARTICLE INFO ABSTRACT
Keywords: Fracture and crack-face instability may occur separately or concurrently, severely impairing the
Fracture analysis reliability of flexible electroactive devices. Based on the nonlinear theory of electroelasticity and
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incremental field theory, this work establishes general solutions to the governing equations for a
soft electroelastic body subjected to particular yet common biasing fields. We use potential theory
method to obtain and validate explicit analytical solutions of the resulting integro-differential
equations for both crack and anti-crack problems under various elementary loading conditions.
We examine two types of surface instabilities in pre-deformed cracked electroactive bodies for
perturbations in the x-z and p-z planes. To quantitatively describe the fracture and stability
behavior, we further introduce incremental intensity factors and incremental energy release rates
to assess crack propagation, together with a buckling topological number to classify crack-face
buckling and persistent stability. The derived bifurcation equations further reveal re-entrant
phenomena as pre-stretch and initial electrical displacement vary. Overall, the proposed frame-
work provides a unified, quantitative analysis for electromechanically coupled fracture and
instability in soft electroelastic materials.

1. Introduction

Dielectric elastomers (DEs) are typical soft electroactive materials capable of achieving more than 100% reversible large strains
under an electric field. Their high energy density, fast response, and low cost make DEs suitable for fabricating lots of functional
devices such as actuators, energy harvesters, and flexible sensors (Bar-Cohen, 2002; Koh et al., 2011; Kornbluh et al., 2012a; 2012b;
Maas and Graf, 2012; Sharma et al., 2022; Sun et al., 2023; Zhou et al., 2024). These devices further endow DEs with significant
application potential in soft robotics, aerospace, and intelligent bionics (Shian et al., 2015; Gu et al., 2017; Branz and Francesconi,
2017; Cao et al., 2019; Ji et al., 2019; Huang et al., 2025). Nevertheless, the failure of DE-based devices considerably limits their
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performance in those scenarios. Specifically, electromechanical coupling failure in DEs involves multiple factors, including material
fracture and electromechanical instability. Accurately characterizing their electromechanical failure behavior and quantitatively
analyzing such failures are essential for engineering applications of DEs (Ahmad et al., 2019; Manikkavel et al., 2020; Moreno-Mateos
et al., 2024). Thus, effectively suppressing or strategically utilizing electromechanical failure represents a key challenge in enhancing
the functional performance of DE-based devices, and there is an acute need to develop rigorous theoretical models to understand the
underlying mechanisms.

The operating principle of DE-based devices hinges on Coulomb forces between compliant electrodes and material polarization,
which transduce an applied electric field into mechanical deformations (Kornbluh et al., 1999; O'Halloran et al., 2008; Suo, 2010).
Though large actuation strain enables their functionality, it also renders DEs highly susceptible to various failure modes, especially the
onset and formation of cracks under high electric fields and excessive deformations (Pelrine et al., 2000; Chen et al., 2017). To this end,
plenty of practical strategies in modifying the material properties have been adopted to enhance fracture resistance (Long and Hui,
2016), such as tuning the polymer chain network to improve intrinsic toughness (Hua et al., 2021; Kim et al., 2021; Liu et al.,
2023) and incorporating fiber reinforcements to enhance matrix toughness (Li et al., 2020; Khatami et al., 2024) or microstructural
features to arrest crack propagation (Gent et al., 2003; Lee and Pharr, 2019). Although those strategies (e.g., microstructure-induced
crack path alteration and energy dissipation) work in certain scenarios, the fracture process is complicated by its intrinsic coupling
with electromechanical instabilities and electric breakdown. This interplay makes the failure modes even more complex (Leng et al.,
2009; Park and Nguyen, 2012; Yamada et al., 2014; Zhou et al., 2020) (Fig. 1).

Research efforts increasingly combine experimental characterization with advanced numerical simulations. Foundational works
have examined fracture under purely mechanical loading experimentally (Pharr et al., 2012; Ahmad et al., 2019). Phase-field modeling
is also involved to study crack evolution in these electroactive soft materials (Kaliske et al., 2022). While existing studies have explored
the computational and experimental aspects of fracture problems, achieving a unified theoretical framework that accurately describes
the complex interplay between mechanical stress, electric field, and material damage remains an ongoing and central challenge. In this
regard, there have been limited attempts to establish theoretical models for the description of electromechanical fracture. For example,
a simple fracture model for an electrode and interfacial crack in a DE under tensile loading was developed by Manikkavel et al. (2020).
Although quantitatively analyzing techniques have been integrated into the development of fracture models, only few explicit
analytical solutions exist.

As a potent analytical approach (originally proposed by Fabrikant (1989)), the potential theory method has made essential con-
tributions to transversely isotropic elasticity, piezoelectricity, and magnetoelectric thermoelasticity (Chen, 2000; Chen and Ding,
2004). A series of exact solutions was derived and extended by Chen and his collaborators (Chen, 2015). Building upon the incre-
mental field theory established by Dorfmann and Ogden (2010; 2014), Zhang et al. (2012) first applied the potential theory method to
contact analysis. They analyzed compressible isotropic soft electroactive half-spaces under uniform finite deformation, demonstrating
the applicability of this method to problems involving finite pre-deformation and electromechanical coupling. However, to the best of
our knowledge, no studies have yet been conducted on fracture analysis of finite deformed solids from the perspective of potential
theory, nor has an analytical model for coupled cracking and instability been developed. Hence, the present work seeks to utilize and
extend the potential theory method to not only analytically solve fracture problems in soft electroactive materials but also conduct
effective stability analysis.

This article is structured as follows. Section 2 presents the nonlinear theory of electroelasticity and the corresponding incremental
field theory. We describe the configurations of a soft electroactive continuum containing an internal crack under a general pre-
deformation. In Section 3, we specialize the governing equations derived in the previous section to the case of equi-biaxial stretch
and establish a general solution to the equations. In Section 4, we develop complete solutions via the potential theory method and
provide analytical treatments for problems with penny-shaped cracks and flat cracks of general shape. Besides, we derive explicit
analytical solutions for crack and anti-crack problems under various loading conditions, and we verify the solutions via finite element
simulations. In Section 5, we investigate two types of surface instability of the cracked electroactive body. A buckling topological
number is introduced to assess persistent stability. Finally, the article is summarized in Section 6, with perspectives proposed for future
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Fig. 1. Crack cavitation, propagation, and surface undulation in soft materials (Wang et al., 2023).
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investigation. Note that Appendix B provides a detailed exposition of the potential theory method. Furthermore, it incorporates a
singular term that was previously omitted in the literature, which enhances the completeness of the theory.

2. Nonlinear theory of electroelasticity and incremental field theory

Consider a compressible electroactive body that occupies a region B, with boundary 0B, (outward unit normal of dB, is N) in the
reference configuration. A material frame is established in B, by identifying a material point via its position vector X. Upon the
application of specified elastic and electric loads or displacements, the body deforms into a novel configuration (i.e., the initial
configuration) B with boundary 0B (outward unit normal of dB is n), and the position vector of the material point becomes x in a space-
fixed frame. The mapping x : X — x between the vectors in B, and B is assumed to be a twice-differentiable tensor function. The
deformation gradient is defined as F = Grady, where Grad denotes the gradient operator in B,. The left and right Cauchy-Green
deformation tensors are b = FFT and C = F'F, respectively, with the superscript T indicating tensor transpose. The surface and vol-
ume elements in the initial (da and dv) and reference (dﬁ and dV) configurations are related by da = nda = JF-TNdA (Nanson
formula) and dv = JdV, respectively, where J = detF is the volume ratio. Definitions of symbolic notations and connections among the
three configurations are summarized in Fig. 2 below.

Under the quasi-electrostatic approximation and in the absence of free charges, electric currents, and body forces, the equilibrium
equations can be expressed as

DivT =0, DivZ =0, Curl& =0, 1)

where T = JF~7 is the nominal stress tensor; while & = JF"!D and & = F'E represent the Lagrangian electric displacement and
electric field vectors, respectively. Note that the operators Div and Curl are both defined in B,. If fixed charges are compactly
distributed on a plane to generate an electric field (specifically, the plane in the infinite medium discussed later refers to the z = 0
plane, which is a plane of symmetry within the electroactive body), the boundary conditions on dB read

m=t;, n-D=g;, nxE=0, 2

where t; and g, are the surface traction and charge density (per unit area) on dB, respectively. The material behavior is characterized
by an energy density (per unit reference volume) function Q = Q(F, Z), such that Q(I, 0) = 0 in B;, with I being a two-point identity
tensor. The nonlinear constitutive relations (Dorfmann and Ogden, 2006) are established as

0Q _0Q

ek i 3
T F & 35 3

~

”

E €,
Fig. 2. The reference (B,), initial (B), and current (B.) configurations of a soft electroactive continuum with an internal crack. {Efl}, {ei}, and {e,}
are configuration bases. N, n, and n are outward unit normal vectors. X, x, and X are material point position vectors. a,, a, and @, are the radius of

crack surface in B,, B, and B, respectively. E* and E are exterior electric field vectors in B and B, respectively. The mechanical and electrical
boundary conditions are marked on the corresponding configurations. Compatible mechanical loads are applied on the crack surfaces.
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Assuming that the energy density is a scalar-valued isotropic tensor function, then it can be represented in terms of six invariants
(Zheng, 1994) as gZ(F7 ,{%) = Q(:Yl,=Y2,<73,=Y4,e75,<76), where

Jy=tuC,  J,;= % [(trC)® — tr(C?)], .73 = detC,

(€))
I1=9 D, Is=9-(CP), Te=7-(C).
Applying the chain rule, Eq. (3) leads to
6 6
0T m . 05 m
Qun——ry &=) Qu——nr, 5)
m:§%4 oF mZ:4 07

with @, =0Q /0.7, form = 1,2,--,6. From Egs. (4) and (5), we arrive at the Cauchy stress tensor 7 and electric field vector E as

0Q -
=JFT = J’IFE =27 [Qb+Qy(S1b - bz) + 73931+ 739D ® D + .7 3Q4(D ® bD + bD ® D)],
(6)
E=FT&= F*T;% — 2,](94]{11) +QsD + Q4bD),

respectively, where “®” represents the tensor product.

For significantly smaller load and displacement further applied on the electroactive body compared to the biasing fields, an
infinitesimal incremental perturbation is superimposed on the initial configuration. According to Dorfmann and Ogden (2010), an
incremental deformation x(X) and an incremental electric displacement Dy are applied to B, leading to the current configuration Bk.
Here, dotted variables denote incremental quantities (not time derivatives). The incremental equilibrium equations in Eulerian form
are derived as

divly =0, divD, =0, curlE, =0, @)
where Ty =J'FT, Dy =J 'FZ, and Eq = T & represent the push-forward versions of the incremental stress, electric displacement

vector, and electric field vector, respectlvely.
The constitutive relations are linearized via Taylor expansion as

. 0°Q ’Q .
1 1 _ ..
To=J" Fa FoF F4J Fam([x == Ag - ‘L +MyDy, .
. ’Q . Q .
Ey=FT" - F+4+FT ¥ =M --L D
0 sk THF 55057 +KoDo,

whereL = ([I®]Tl~3 —F)F ! := FF ! = gradu is the displacement gradient tensor, with u(x) =u(y(X)) =x(X). It should be noted that I
is a two-point unit tensor used to transform bases across configurations and will be omitted hereafter when no ambiguity arises. The
double inner products follow the rules of £, : £5 = (El)ij(Eg)ij and £, - -5y = (El)ij(Ez)ﬁ, respectively (where Z; and Z, are two
distinct second-order tensors); while the product “o” follows A;FT =AuE, @ € ® E; ® ej;FkyE; ® ex =AgyiFipE, ® e; Q e ® ej, where
{E;} and {e;} are the bases in the reference and 1n1t1al configurations, respectively. The instantaneous material tensors Ay, My, and Ko
have components given by

6 6 p p 6 2
0 m 0.7, 0°S m
Agjigk = J "FjFg ( Qun + Qm—> = Aogji,
m 121;17&4 n:;;# ™ OFiy Oy TIIZIX,":I#‘t OF i, 0F
6 6 6 2 .
_ ] 05y 0“s
Mok = FiaFyl | D > O + D Quse—2 | = Moy, ©)
m=1m#4 n=4 "f m=5 wl=p

6

N, Wm0
Kojk—JFaleﬂ,(l<ZZQ 5. 35, +y Q 3 ) Kok,

n —4

where Qn, = 0°Q /(07 m07 ). Here, we use the Einstein summation convention to express the instantaneous material tensors. If the
external electric field is neglected, the incremental boundary conditions yield

TZn:td, n-Dy=g,, nxE =0, (10)

where t; and ¢, denote the incremental mechanical traction and incremental electric charge per unit area on dB, satisfying t;da =
tAdﬁ and g,da = qu;\, respectively.
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3. Governing equations and general solutions

We consider that an electroactive body undergoes a uniform, finite deformation, consisting of an equi-biaxial stretch 4; within the
plane perpendicular to the z-axis (i.e., .2 = 1;) and a transverse stretch A3 parallel to the z-axis. Given the symmetry of the problem
with respect to the plane z = 0, it is sufficient to analyse only the z > 0 half-space, as illustrated in Fig. 3. This deformed configuration
is also accompanied by an electric displacement field that is purely normal to the plane z = 0, with D3 as its only non-zero component.
Thus, we have

A 0 0 0
F=|0 4 0|, D={0 3. an
0 0 X D,

Substituting the deformation gradient and electric displacement field into the linearized equilibrium equations displayed in Eq. (8),
we have

ouy ou,
Toxx = Ao11115— o + A01122 L4 A01133 + Mo113Doz,

du,
L 4 A03333 + Moz33Dos,

0}'

oy ou,

Toyy = 1‘101122a +A0111 t}y +A01133 +M0113D027
ouy

Toz = Aot1133 5 ™ +A01133 oy

12)
. ouy ouy ouy ouy
Toxy = A — + A =2 T A A
Oxy 01221 dy + Ap1212 o’ op = Aor2125 dy =+ Aor221 == o’
oy ou, ouy ou,
Toxz = Ao1331 5~ oz * + Ao13135— o 2+ Mo131Dox,  Tow = A031317 +Ao1331—5— P %+ Mo131Dox,
. duy, Jdu, duy du,
Toys = Ao1331=2 + Ao13135— + Mo131Doy,  Tozy = Aosis1—== + Ao13z1—=— + Mors1 Doy,
0z oy 0z ay
du, du, . du, Ou, .
Eox = Moy =) + K011D0x7 Eoy = Mo1n1 L=+ Ko11Doy,
oz | ox oz | dy
ou, oL ou, (13)
Eo; = Mo113 (7; + 0_;,) + Mozsz—— oz ~ + KoasDos,
which can be represented in terms of displacement components u, and electric potential ¢ by introducing Eo. = —0 /o (k = x,¥,2)

according to Eq. (7)3:

T

Crack Surface §
a=a +[f({\})—1a + a,

3

Fig. 3. Definitions of symmetric crack problem. The pre-stretches 1;, 12, and 3 together with an electric displacement component D3 are along the
axes of the Cartesian coordinate system. A crack of general shape with surface area S in B is embedded in the electroactive material. a, and a
represent the radius of the crack surface before and after pre-stretch, respectively. a, denotes the radial length of crack propagation during pre-

deformation. The function f({/li}) quantifies the proportional variation of the crack surface radius due to changes in the stretches 4; (i = 1,2, 3).
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oty Y +¢ %+e %
ay 185, 315,

ouy ou, ou, 0P
Toyy Cia—— ox X+ 6; +C13a—;+e31—(p

. ouy
Toxx = €115 o =+ Cra=2

0z’
Towz = C13—— ™ x4 clgil; + ng% + e33?§, as
TOXy = csgaay + cﬁa(z)ljcy, Tny = caﬁaay + CGQ(Z;::
Tox = css(j)u + csstj)u + elsgz. Tom = csstj}u + csg(;u + elszz
ToyZ = cssa; + css% + 615(;;7) ToZy = ngaau + ng% + elsgz
Dox = €15 (0{;1)( + %) - eu%, Doy = €15 (% + %) — su%,
(15)

. ou, ou, ou, 0P
Do, = ez (6— + #) + €3y~ 8330—?

where the instantaneous material tensors Agjigk, Mojix, and Ko (i,j,k,g = 1,2,3) together with equivalent constants cyn, €mn, and em, (m,
n = {1,2,3,5,6,8,9}) are presented in Appendix A. Note that relation ci1 — c12 = Ce9 + Ce6 is applied in the derivation process.
Substituting Eqs. (14) and (15) into Eq. (7);.,, the governing equations are derived as

2 2~

c az+c az+c 7 u, + (c +c) +(c +c)au2+(e +e)a¢
e 5663/ 8855 | Ux 12+ Coo) o ﬁy 13+ Ces) 5 o 15+ es) s o )

(ciz+c )&4— c - +c 2—i—c A u, + (c13 + ¢ )&—i-(e +e )—é—o

12 69 axay 666 2 ll&y 8862: Yy 13 58 0y0z 15 31 (}yaz — Y% (16)

d (du, du R 0\ ~
(C]g + ng) oz (ax + Ey) + (CsSA + ngaz )uz + (elsA + 633@)(0 = 07
0 (du, du 0 N\
(e15 + €31) — P (6x +Wy) + (elsA + 633@)& - (EnA + €335 5 )(.0 0,
where A = 0 /0x2 + 9 /dy? is the planar Laplacian. If we set
U = o +y) (P + ‘I>)7 = Oyo +y) d(Po + <D)’ a7
ay 0x 0x ay
Eq. (16)1.5 can be expressed as
0 & 0 e ~ ou; 0P
ay |:<C65A+C830 )(l[/o +l//):| ax [(C]lA +033@) ((I)o +<l>) — (013 +058)Ef (615 +e31)£:| = 0, (18)
a @ d 7 ou, 0p
o {(C%A + Cssa 2) (wo + l//)} y [(CllA + Cssa 2) (o + ®) — (C13 + Cs5) — P — (e15 +ea1) aﬂ =0.
The solutions are obtained by introducing ¥ that fulfils

o i
T (CseA + a5 )(V/o +w),
a 12 __ (19)

24 d
- = (CHA + Cgs—=

~ ou, 0
dy 622> (@o + @) — (c13 + €s8) 5 — (€15 +€31) i},

0% 0%

and A¥ = 0, where § and ® are nontrivial solutions of 7 /dy — d® /dx = 0 and diy /ax + d® /dy = 0, leading to Ay = 0 and A® = 0.
Assuming cggd®( /022 = 0¥ /dx and cggd*® /dz2 = ¥ /dy, then Eq. (19) simplifies as

62
(CssA + Css@) Yo

e ou,
(CuA + Cass s )q)o (€13 + cs8) 2

(20)

99
Lo
(615 + 631) oz

Substituting Eq. (17) into Eq. (16)3.4 and combining Eq. (20),, the governing equations for @y, u,, and ¢ can be organized in a
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matrix form as

2

J 0
C11A + Cgg —(Cc13 + €s8) = —(e1s +e31)=—

022 0z 0z
@, P 2 # @,
D Uy = *(C13 + ng)A* CssA + C33— e;sA + ess— Uz =0. 21
7 0z 0% 02> P
(e15 + e )Aa eisA +e A ennA+¢€ ¢
15+ €31) A 15 33570 1 3853
Then, the solution is assumed to be
Do ; 11 Fu a | [V
U o= DE= [T Tz B3 5(2) , (22)
@ B13 B2 Bas 5(3)
where D' is the adjugate of D; R"ij (i,j = 1,2, 3) are the cofactors of the operator matrix ®; &€ = [ ,ER) 5(3)}T is a vector function
that satisfies
o 0 i i i fia
DD = (detD)e = ( # iy A+ Ay A— + g A fis( A A+— 0, 23
&= (detD)& (066+1a4+2 P 5 T3 E=n; +0 +6z% azgg (23)

where #;(i= 0,1, 2,3) are presented in Appendix A; z]2 = sjzzz(j =1,2,3), and sjz are the roots of the bicubic #9s® — fiys* + hys? — hg =

0, as derived in Appendix A. It is noted that &V, £2), and £® are not independent, which indicates that any one of them, e.g., £9(i =1,
2,3), can be selected for convenience. According to the generalized Almansi’s theorem (Ding et al., 1996), the solutions of Eq. (22) may
be classified into three cases:

£ — gD 4 gDy L0 (whens} # 3 # 53 # s7)
=g+l bael,  (whend %= <) o9
£ =& +28) +2°¢), (whens} =5} =)

where 5,(:) (k =1,2,3) are governed by

N\
(A + ()z2) &) = 0, no summation overk. 25

It is important to note that the roots of 7os® — #;s* + f2s? — 73 = 0 may become imaginary, leading to instability of the electroactive
material induced by pre-deformation. For brevity, we may simply assume that the roots are distinct hereinafter.

Without loss of generality, we may adopt ®y = ¥, 2 U, = [006@, and ¢ = 2‘(235(2). Then

& ‘)
D) = {(613 + Csg) (811A + 833@) + (e15 +ea1) (elSA + 3502 >} gz

P 9E@ 3 s 2) 3
— <G1E + blA) = = Z (arsy — blsk Zl

k=1

& & A
u, = 611A+Cssﬁ 811A+833ﬁ + (e1s +e31) A@ 13

PL ? A oD S oy,
( 25 4+b2 oz +d2A > kZ: a25k bzsk +d2) 0Zk ':Zalka’

1

(26)

@ 7 0
@ = |:(C11A + Cssg) (elsA + e33@) — (€13 + csg)(e1s + es)A @} &@

64 02 3 04 3 0
< a Ew + b3 + dgAz) 2 Z a3Sk bgsk -+ dg) 6 : Z(lzkl:

“— ozg

where
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a, = (€13 + Csg)ess + (€15 + €31)ess,

by = (c13 + css)enr + (ers + es1)ess,

2
ay = Cgg€3s, by = C11€33 + Cggenn + (€15 +e31)”, da = cpien, 27)
a3 = Cggess, b3 = criess + Cggers — (C13 + Csg)(ers +es1), ds = cnens,
agsz — bzsi + dz a3$: — bgsl% -+ d3
o = A=y = — o —
s (ays? — by) sc(ars? — by)

In view of Egs. (20); and (25), y; (i = 0,1, 2, 3) satisfies

0 . .
(A + azZ)Wi = 0, no summation overi 28)
where sg = Ce6 /Cgs. In Cartesian coordinates (x,y, z), the mechanical displacement components and the electric potential are thus
expressed as
3

Wy o~y 01//0 A Sz
= Wo oW, W — Wi 29
BTy T YT Z ! ;“”‘ o kz G, 29

which is the general solution to the governing equations. To facilitate later derivation steps, it can be rewritten in cylindrical co-
ordinates (p, ¢,2) as

3

Loy 0w 0w Wi N, W -
U, = ;E*277 U **7**2 UkaZ;alkafzk-fWh Z sz Limwy. (30)

Therefore, the equivalent incremental stress and electric displacement components are

(a) A, A,
PAAAAAY PAAAAAY
o Z y4
5 ® gl T.kT
8 21 wliy AT
g s| tort |7 &t |7
"g = T 8 T. —T..
4
TR EEREEE
A:K ACS
(b) TO:: .(L,&
PAAAEAY PAAARAD
Q yA 2z
)
5 Ly
£ —tp = o
€
9 02z
EEEREE’ EEREEE

T,

0zz 02z

Fig. 4. Schematic of a soft electroactive solid containing a flat crack under mechanical loading in the z-direction: (a) the reference, initial, and
current states together with the corresponding boundary conditions, and (b) the equivalent boundary conditions in the incremental state.
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3 2 3 2 3 2
; Py : Ty i ; Ty
Toz = Z}’lk? =051, Do;= thy ‘=032, TOpp + To¢¢ = Zng? =043,
k=1 k k=1 k k=1 k

. . 1oy, & 3Py, 10 10
Topp*ToM;:(Clz C11)|: (*ﬂ* WO) Z( Wzk**ﬂ** Wk)

=G,
p op  dpo pop p*og* "
L Pyo Loy, 1y =2(1dy, Py L.
Topp +Togp = (Co6 +Co0) | | — > +;E+l7 pre +Z/—) 2 apog =064t; Topp — Togp = (Coo — Co6) AW 1= O,
k=1
. 1 021//0 . .
Tozp = Ces— 0¢6Z+Z lk =01, Tops=Cs— 6¢0Z+Z 2k Do, =e15— ()¢6z+2 3k

021,1/ 1 Py, Py oy,
Togp =— — T ~ 10 ——= D - =
0z = Cssa oz + E > 1kp 6(/}02 0415 Llopz =—Css oz + kE:1 wzkp Opoz Op2, Doy = elsa oz 04 E > skp 6(/)62 0p3,
(31
where

Y1k = C13 + Sk(Cazuk + €3302k), Vo = €31 + Sk(€33Quk — €33%2k), V3 = C11 + C12 + 28k (C13auk + €z102),

(32)
Wik = —CggSk 1 Csgik + €150k, Wak = —Cs8Sk + Cs5Q1k + €150k, Wsk = —€155k + €150k — €11 02k-

4. Potential theory method for complete solutions

In general, maintaining a flat crack under pre-deformation usually necessitates applying external loads on the crack surfaces. In the
absence of such loads, an initial crack opening is likely to develop. Physically, the case of zero crack-face stress and electric
displacement can be interpreted via superimposing a surface load that is equal in magnitude but opposite in direction. As an illustrative
example, a schematic of the mechanical loading condition in the z-direction is provided in Fig. 4.

The incremental boundary conditions of a flat crack at z = 0 read

GZIZPl(p7¢)> UZZ:PZ(p7¢)7 (p,¢)€S

w; =0, wy =0, (h,9) €S (33)
Op1 = 0, Op1 = 0, (p7 ¢) € [07 +°°) X [072”]

and the potentials are assumed as

Vo = 0,
(€23
ngl p¢7zk (k:1,2¢3)
where H;(p, ¢, z) are established over the crack surface S, as
3 ' @i(po; Po) :
Az = [ [ dndhy, (=1.2k=12.3 35)
J VP05 = 2ppocos(d — do) +

in which w;(p,¢) and waz(p, p) represent the densities of crack face displacement w;(p, ¢, 0) and electric potential wa(p, ¢, 0),
respectively. We emphasize that the crack surface SCoB differs from S,cdB, due to the evolving crack size during pre-deformation and
the potential crack propagation. According to the property of single layer potential (Fabrikant, 1989), we have

lim OHip. §.2) = =2nwi(p, ) = —2awi(p,9,0), (p,¢) €S
2 =0t 0zk
N (36)
: aHi(p7 ¢7Zk) _
R p.#) ¢S
fori = 1,2,3. With Egs. (30), (31), (33)2.3, (34), and (36), we arrive at
% P Hilp, b, z) S
6 (p;9,0) ; (;wlkgk1> lim o opoz, =0=> ;wlkgki =0,
(37)
2

3 2 3 3
P, b % 5
wi(p, $,0) = Z (Za]kgkl>z —»0‘(67 2”2 <kzlajk€ki>wi = ;ajkgki = _2_'2_7

i=1 k=1 i=1
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where j = 1,2, and §j; is the Kronecker delta. It is noted that the summations are interchanged in Eq. (37), and the terms with fli are
independent of 2 when z,—07. Besides, 0,1 (p, ¢,0) = 0 gives the same equation as that derived from 6,1 (p,$,0) = 0, because vy, is
assumed to be zero. Hence, we only claim 0,1 (p, ¢,0) = 0 in Eq. (37). Eventually, ¢; can be determined as

S1i 1 w11 W12 Wi3 o 0

S 0 =5 |1 @2 i o1 ¢- (38)
V1

3 Qo1 2 Qo3 o

From Eq. (33),, the integro-differential equations are derived as

2 3
) I // a)i(/)07(/70) y dp,dg, = Pi(p, $), i=1,2
§1<§ mg>l%h2 VR B TrX Zoﬂo% Pi(p.¢), ( ) (39)
leading to
7 wi(po; $o) S :
lim o-dp.d S ngPip.g), (i=1,2
50022 / S/ VP2 + % — 2ppycos(dp — do) + 2r0 poddo = =y "R 9), : “0

where

-1

3 3
Z Y1kSk1 Z V1kSk2

M1 Ta| _ | k=1 k=1

{’721 ’722] B 3 ' (41)
Z Y 2kSk1 Z V2kSk2
k=1 k=1

In torsionless axisymmetric problems, d(#) /o¢ =0, u, =0, and o4, =0(m =1,2,3). The terms in 6, 64, and o, are also modified
accordingly. As shown in Appendix B, Eq. (40) is a type-A integro-differential equation, with solution

ﬂodpo (ﬂ/’o) Z”UP (po, ), (i=1,2) (42)

when S = {(p,$)|0 <p <a;0 < ¢ < 2r}. Here, a:=a(h) =a-+ (41 — 1)a- + ap, where a, represents the radius of the crack surface S,
in reference configuration, and a, denotes the radial length of the crack propagation during pre-deformation (a, = 0 if no crack
propagation occurs). It is noted that the crack is assumed to grow along its initial path according to the kinking stability. Thus, the
potential functions are in the form of

"N 1 (a) dx a podp X2
Filp. ) =4 | [ s f/( )ml(p7¢)7 (i=1,2k=1,2,3) 43)
o V=g /3-8 \epe)

where Z(#), g(x), and [ (a) are defined in Appendix B. When the integral is intractable by analytical approaches, we employ semi-
analytical or numerical methods, with the densities formulated as

1o e i m
wi(p, ) = 73/ / o arctan Zﬂg (Po> Po)Podpodepy (44)
2 0 0 RO

according to Eq. (B.44), where R is elucidated in Appendix B. In the following subsections, we present several representative examples
for verification and application.

4.1. Penny-shaped cracks

For axisymmetric uniform loads applied on the crack surface S, i.e., Pj(p,¢) = P;(j = 1,2), Egs. (42) and (43) yield

ilp 71'2/ \/—/\/pod% (%)Z miPj = (Z%) (45)

2
. 2 P
Hi(p, %) = % [2(a® +27) — p*]arctan

b@ |, h@l? B -2
P~ Ea) * —Ea)

(46)

Using the identities
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arctan _hl@ | arcsin {M] = arcsin [IL} (47)
p*—L(a) , 2(a)
and
1 2 _ P(q) — 222 200\ 92
1(a) [P (@) zk} _ 3li(a) — 2a li(a) —a, (48)
p*~1i(a) ¢
yields another form of Eq. (46) as
3 ij:lnifpf 24 2 2 L4 2a® - 3l(a) /» 2
Hi(p, %) = BT [2(a® +22) — p*]arcsin {lz(a)} Y L(a)—a 3, (49)

where Ir(a) is defined in Appendix B, that satisfies L (a)l2(a) = pa and Z(a) + B(a) = p?> + a®+ z. Within an incremental field
framework, the potential function in Eq. (49) matches the published linear-case result except for the involved material parameters
(Chen et al., 2004), and hence the proposed theory is validated. Substituting Eq. (46) into Egs. (30) and (31), the nonzero mechanical
displacement, electric potential, equivalent incremental stress, and electric displacement components are derived in Appendix D. By
letting 2 = 0, 6,m(m=1,2) can be simplified as

3 2 2
Z YmkSki O NP (p<a
k=1 i=1 j=1
limo,, = (50)
2—0 2 3 2 2 a a
— i ;Pj|arctan - . >a
22 Dt Yo o) -] >0

In view of Eq. (41), it readily follows that =5 | S°2 y  cu Ejz:1 niPj = Pm, which is identical to the boundary conditions
Pi(p,¢) = P;(j=1,2) when p < qa, thus confirming the validity of analytical solutions. Besides, the incremental intensity factors (mode

I) are obtained as
. ) . 2
Ky = %)1_{13 [\/ 2(p — a)TOZZ‘Z:()] = Vapy,

(51)
. . 2
Kip = })igzl [\/ 2(p — a)D01|Z:0} = VaPs,

from which we find that Kir and Kip are independent of material properties and are solely governed by the crack geometry and the
applied loads in the respective fields.
We also conducted finite element (FE) simulations for a special case with the energy density function (Zhao et al., 2007)

(@) 109 (b)  x10 ‘ .
ot
2r Analytical result u,
FE simulations
— 4r
g
|
Analytical result u, N 8t
Analytical result u.
FE simulations 110 10
0 0.05 0.1 0.15 0 0.05 0.1 0.15

p/(m) p/(m)

Fig. 5. Finite element simulations and verifications for axial displacement u, at z = 0(m) under (a) purely mechanical loading and (b) coupled
electromechanical loading. The finite element model is a cylinder with a radius and height of 1 m each, which is significantly larger than the loading
zone to represent a half-space. Given the decay of physical fields away from the loaded region, where they approach zero, the comparative analysis
is confined to the vicinity of the loaded region specifically for p € [0,0.15](m). Taking advantage of the axisymmetry of the problem, the finite
element model was simplified and discretized with a mesh consisting of 57,600 quadrilateral elements and 58,081 nodes.
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QF, 7)= % (A -1) + g (V/1-3)+ J%O (G 4+ EaSs), (52)
where A = v /(1 —2v) is a material coefficient; y, v, €9, {1, and ¢, are shear modulus, Poisson’s ratio, dielectric permittivity (¢o = 8.854
x107'2(F /m) in vacuum), and two dimensionless coefficients describing the electromechanical coupling effect, respectively. As
displayed in Fig. 5, we consider a purely mechanical case and an electromechanical case to validate our analytical solutions. In the
electromechanical case, Ay =1.1,13 =0.832,D3 = \/;FO(C /mz), u =1.0(MPa),v =0.49,¢; =0.0,¢{y =0.05,P; = —700(Pa), P2
Vg x 1073(C/m?), and a = 0.05(m) are adopted in the electromechanical loading case. Under purely mechanical loading, 13 =
0.832, D3 =0(C/m?), {, = 0.0, and P, = 0.0(C /m?) are substituted for the corresponding parameters listed above, while the other
parameters remain unchanged, so as to preserve physical compatibility.

The results confirm a close match between theoretical predictions and finite element numerical simulations. It is important to note,
however, that the incremental theory provides accurate predictions primarily under relatively small incremental external loads. For
large loadings, the analysis necessitates a multi-step incremental procedure. The spatial distributions of selected mechanical and
electrical quantities along p € [0,0.3](m) are illustrated at different depths in Fig. 6, with representative parameters 1; = 1.1, 13 =
0.832, D3 = \/ugo(C/m?), p = 1.0(MPa), v = 0.49, {; = 0.0, {, = 0.05, P; = — 1000 (Pa), P, = 2.976 x 1077(C/m?), and a =
0.05(m). It should be emphasized that, prior to numerical computation, the analytical solution should be nondimensionalized. This
treatment mitigates the accumulation of round-off errors caused by large discrepancies in the orders of magnitude among terms during
floating-point arithmetic, thereby enhancing both the accuracy and robustness of the numerical solution. The results show that the
curves exhibit greater similarity with increasing depth, whereas the crack singularity and applied loads display more pronounced
effects on the field distributions near the surface. All physical quantities approach zero in the far-field region, away from the crack and
the loaded area.

To investigate the effects of parametric variations and stability on physical field distributions, the z-direction displacement
component is presented as an illustrative example in Fig. 7. The parameters are set initially as 4, = 1.1, 3 = 0.832, D3 =
ViEg(C/m?), p = 1(MPa), v = 0.49, {; = 0.0,y =0.05,P; = — 700(Pa), P, = ,/ugy x 1073(C/m?), and a = 0.05(m). With the
exception of the varying parameter, the other quantities remain unchanged at their initial values.

The figure reveals a nonlinear relationship between u, and the parameters studied, with u, being notably sensitive to specific

(@) , , (b)

z=0.02 z=0.02 z=0.02 z =0.02

z=10.03 z=10.03 z=10.03 z=0.03

z=0.04 z=0.04 z=0.04 z =0.04

0 0.1 0.2 0.3 0 0.1 0.2 0.3
p/(m) p/(m)
(c) , , (d) . :

z=0.02 z=0.02

z=0.03 z=0.03

z=0.04 z =0.04
z = 0.02 z=0.02
z=0.03 z=0.03
z=0.04 z=0.04

0 0.1 0.2 0.3 0 0.1 0.2 0.3

p/(m) p/(m)

Fig. 6. Spatial distributions of selected mechanical and electrical quantities for (a) radial displacement u, and axial displacement u; (b) radial
incremental electric displacement DO,, and axial incremental electric displacement Dyz; (€) the push-forward version of the incremental stress
components TOZ/, and To; and (d) the push-forward version of the incremental stress components To,,,, and To¢¢-
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15¢ V=020 —v =035] | N =07 —AN =10
v=025 v = 0.40 St A =08 A =1.1[1
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0 0.1 0.2 0.3 0 0.1 0.2 0.3
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2
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=4k =) ‘
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3 5
s |x10% 3
D3 = 0.1/ugq D3 = 1.6 /usg = 0.02 (= 0.05
D; = 0.6\/fig0 D; = 2.1,/i& 1071 G =0.03 G = 0.06] 7
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0 0.1 0.2 0.3 0 0.1 0.2 0.3
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Fig. 7. Parametric dependence of u, distribution at z = 0.01(m) along p € [0,0.15](m) for (a) variation of Poisson’s ratio v; (b) variation of stretch
A1; (c) variation of electrical displacement D3; and (d) variation of parameter ¢,.

parameter changes. For example, in Fig. 7(a), increasing Poisson’s ratio from 0.40 to 0.45 causes a pronounced shift in u,. This
nonlinearity stems not only from the explicit mathematical form relating u, to the parameters, but also from the stability behavior of
soft electroactive materials under finite pre-deformation. The surface instability within a penny-shaped crack is identified via the
bifurcation equation in the subsequent section. Here, the onset of instability is indicated by curves annotated "unstable" in Fig. 7.
Nevertheless, buckling may occur and yet remain stable due to the presence of external loads in some cases. It is noted that solutions for
penny-shaped cracks subjected to alternative loadings are provided in Appendix E.

4.2. Flat cracks of general shape

The densities and potential functions shown in Egs. (42) and (43) are designed for the case where S is a circular domain. For a flat
crack of general shape with contour dS : p = a(¢), we may express Eq. (40) via Eq. (B.5) as

9 P g hldol gy 20 @) podp X2 2
—llm—/ —/ d¢ $ﬁ()(_7¢_¢)wi 7¢ = IP 7¢' (53)
7 5=00%{ Jo Vvp*—x2Jo * Joco Vs — g (x) " \wpo o) 1po: o) ;’7; .7
We point out that the order of integration has been interchanged in the equation above, and this operation is valid only if
p < minla(¢)]. For uniform loading (Fabrikant, 1989), we may take
O;
a($)

wi(p, ) = az(¢p) —p? (54)

in the analytical solution obtained in Eq. (45), where ©; are undetermined constants. Then, Eq. (53) may be further simplified by
expanding 7 (#, #) and integrating over p, as
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in..p. 201 . /l1 (0o / / iw C‘i) ‘n‘einw—fﬁq) @(do) =15 __Podpo
T g ZWO()Zk VP2 —x2 e \PPo a(¢o) P — &*(x)

j=1

O . P IRl e\ M > n[\ | @ "(g) = (1 n.5 |n| a*(¢)
:2\/52131“0@“;0/0 (7> g(x)/p? _x2/ ( ) F<5n|>2Fl(2’12’22’ gz(x)> (55)

2 2

28 =~ (1 a3 Il &)\ inwse
r(E \n‘> Fi( 315 g [
272

Therefore, we can determine ©; via Z _115Pj

4.3. Anti-crack problems

The anti-crack problem is defined as a boundary value problem where the incremental displacement components within the crack
are prescribed due to the presence of a perfectly embedded rigid inclusion, and the corresponding incremental stress components are to
be determined. This is also a typical scenario in the puncture mechanics of soft matter (Fakhouri et al., 2015; Jiang et al., 2025). For
simplicity, the rigid inclusion is assumed to be symmetric with respect to the z-axis and the plane z = 0. Given its symmetry, the
boundary value problem in cylindrical coordinates takes the following mathematical form:

:Wl(p¢) W2:W2(p¢)7 (p,q,’z)ES
wp = 07 wy = 07 (p/¢) €S (56)
o =0, op =0, (p,¢) € [0,+00) x [0, 27]

where W; and W denote the prescribed incremental displacement and electric potential within the crack surface, respectively. We
take the same assumptions as those shown in Eq. (34) for potentials, hence the analytical solutions established in Eq. (35) are derived
by replacing w; with W; directly, as

7. b _ '(ﬂmfﬁo)
Hilp.-2) = // VP24 p§ = 2p pocos(¢ — o) + Z'OPOd%

N ; i (i=1,2k=1,2,3) (57)
i Po%Po o
_4/ f(—)vm :
\/p =2 Jow) /PE — (X)) \PPo (o)

according to Eq. (36), where the second equality is a simplification resulting from the axisymmetric crack surface assumption. All
previous analytical results designed for w; still hold in this case and are omitted for brevity.

Apart from the direct method, the primary interest in inclusion and puncture problems often lies in the surface stress distribution on
the crack surface,

~Podpo

()dp/\/’—xf m
oulp, ) = ()dp/aw)z—xz x2>d %J(l)wm (0> ai=1.2)

where details of derivations are presented in Appendix F. Interestingly, the difference between the results inside and outside the crack
lies solely in the upper limit of the integration with respect to x.

oulps ) = 1>W(p0,¢), 0<p<ai=1,2)

(58)

5. Crack-face stability analysis

The analysis in Section 4 quantitatively captures the incremental response of cracked electroactive materials under various me-
chanical and electrical loadings. However, once the pre-deformation or initial electric displacement exceeds a critical threshold,
instability may occur at the crack faces. For the stability analysis of an axisymmetric crack problem, the governing equations remain
identical to those in Eqs. (7)1.5, (14), and (15), except for the boundary conditions at z = 0, which now read

06,1 =0, 0,=0, (p¢) €S
wy = 07 Wy = 07 (ﬂ,¢) € S (59)
on =0, g =0. () € [0,+0) x [0,21]

The trivial solution u, = 0, » =0 (k = p, ¢, 2) is clearly one possible case. However, a non-trivial solution that satisfies the con-
ditions above is possible. While the preceding equations are described in cylindrical coordinates, a similar form holds in Cartesian
coordinates.
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5.1. Stability in the x—z plane

Within the x-z plane, uy, = 0 and d(#) /dy = 0 are adopted for simplification. Without loss of generality, we assume that the non-
trivial solution has the following form

e = 91 (kz)e™, u, = 9,(kz)e™, G = 95(kz)e®, (60)
where k is the wavenumber, and &i(Ez) (i=1,2,3) are three yet unknown functions. To satisfy the boundary conditions in Eq. (59), the

uniformly pre-deformed electroactive material, with a crack inside, calls for a standing-wave-like condition where the crack width 2a
should be equal to an integer multiple of the half-wavelength, i.e.,

2
2a,y +2a, = 5 22, (61)
2 k
where n € N. Substituting Eq. (60) into Eq. (16) yields
3 3 3
Z 71(;]7. lkx7 u, = Z% efk 2@ 1kx ~ Z 7k.a,z lkx (62)
j=1 j=1 j=
where g; (j = 1,2, 3) are the eigenvalues derived from
ces3® — 11 —(C13+Cs8)8  —(e1s +€31)8
det| (c13 +cs8)3  €333% — Cs5 e332 —es | =0. (63)
(€15 +€31)3 333> —exs €11 — €337

Note that the conditions Re(éj) > 0 are required to satisfy }LTo&,(Ez) =0(i=1,2,3). In Eq. (62), A;, B;, and §; (j =1,2,3) are

constants, which are connected via

(nggjz — C]1>9Ij — (C13 + ng)gj%]’ — (615 + 631)5]'@:]‘ = 07

(64)
(C13 + C58)J]9I + (ngb — Css)% (633‘:) — 315)6 =0.
The boundary conditions shown in Eq. (59) can be reduced to
TOzz = Oy TOzx = 07 DOz =0 (65)

within the crack surface, leading to the homogeneous system

&t . &
2.5 [1)__’
4 - - 2
=1
= n=2 —
15
N n=3 =%
ol n=4 1
05 R,
0 . . * * 0 . + * *
0 0.2 0.4 0.6 0.8 1 0 2 4 6 8
k/(mm™) D3/(C/m?) x103

Fig. 8. Bifurcation curves of the x-z plane stability analysis: (a) stretch 1; dependence on wave number % for various modes n; and (b) critical
stretch and electric displacement for 43 = 0.6, ¢ = 1(MPa), v = 0.25,{; =0, and {, = 0.5. Here R; and Rj3 are the stable regions, while R, and R4
correspond to the unstable regions.
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3
Z (613?1}* + C33£§j%j + 633§j6j) = 07

=1

-

3
Z ( — ngf’j?{j + ng%j + 815@_,‘) = 0, (66)

-,
-

3
(egl?lj + egggj%j — 833§j@j) =0.
=1

j
Combining Egs. (64) and (66), we arrive at the following bifurcation equation

det(D%,) = 0, (67)

where i, is presented in Appendix G.

Without crack growth (i.e., a, = 0), the energy release rate satisfies G < G*, where the critical energy release rate G" reflects the
material property. An incremental energy release rate G := G, — G = —dI1/dS is further defined to determine whether crack propa-
gation has occurred in the current configuration. Here IT := % — % is the incremental total potential energy governed by the principle
of incremental minimum potential energy 5I1 = §(I. — I1) = 0, where II, and II are the total potential energies defined in B, and B,
respectively; 7% is the incremental internal energy; %" is the incremental work performed by the applied loads; while G, and G are the
energy release rates defined in B, and B, respectively. Under these assumptions, the bifurcation curves are presented in Fig. 8 for a, =
1(cm).

When crack propagation occurs, the relation among ap, 11, and 43 can be fitted experimentally, under the constraint that a, = 0
when 4; =1 and 43 = 1. Generally, the energy density function Q(F, &), geometric characteristics of the specimen, and the crack are
incorporated into the fracture criterion. This renders the relationship between 4;(i=1,2) and k more intricate compared to the case of
a non-propagating crack.

The conditions for the persistent stability of the crack-face buckling are further investigated. To this end, we define a buckling
topological number as

Crig =€+ €, (68)

where n’ >0 (§ = +, — ) characterizes the number of half-wavelengths within the crack surface radius in the buckling mode, and

superscripts “ + ” and “ — ” correspond to the upper and lower crack faces, respectively. A mode is referred to as a simple mode whenn™
(a) .
? q + 1 n 1
2 A 2
- s
2 2a
g | C,.=C,+C
L ) —)
(b) n' =1 nt =2
C,=+1 C¢,=0 ¢,=0 ¢, =-1 3z, G, =+1 3z, C,, = +1 C,=0 C,=0
(c) nt=1,n =0 at =3 n =1 nt=1,n =2
C“—+5 (‘“’:,% C,=0o0r -1 3z, C, = +1 3z, C, = +1 mnx(n‘.n )x:imin(n'.n )

nmx(w‘,n ) :hnin(n'.n )

Fig. 9. Criteria for persistent crack-face buckling stability: (a) definition of bulking topological number where A is the critical transition point; (b)
examples for the simple mode case; and (c) examples for the mixed mode case. In subfigures (b) and (c), the check marks (v) and cross marks (x)
indicate physically admissible and inadmissible modes, respectively.
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=n", and as a mixed mode otherwise. The buckling amplitude is quantified by assigning # u = +1 for displacement along the outward
normal of the crack surface, and é’iu = —1 for displacement in the opposite direction. An analogous definition is adopted for the
electric potential, where Ziu =+4ior ?‘im = —1 depending on whether its sign matches or opposes the direction of the outward normal

of the crack surface. If all stretches 4;(i= 1, 3) exceed their critical values obtained from the bifurcation equation, buckling is absent (n
=0and &oo = ¢4 = %, =0), resulting in the trivial solution. Once buckling emerges, persistent stability is achieved if and only if

€nin- =00r —1 forvx € (—a,a) \ {a( o 71> } when m,n? € N* and 2m < n” in simple mode, while for mixed mode, an additional

condition max(n*,n~) = 3min(n*,n") is required. In Fig. 9, representative examples are presented to illustrate the buckling topo-
logical number for cases with penny-shaped cracks. Although the stability criterion remains identical for a crack with an initial opening
displacement, the critical transition point from unstable to stable modes shifts.

iz
For mixed-mode buckling, it is important to note that displacement continuity of u, (i.e., ux(a,0") — uy(a,0”) =Re {ie‘ 2 Zf’zl ‘2,[](-”}

—Re |:1e 2 23 91 :| = 0) requires equal buckling amplitude (i.e., "IO = I]O , %](-)7 = *B]Qf, and (S](-){ = G](-) ), because there is only one
independent buckling amplitude according to Eq. (67). Without loss of generality, we may take 2(; as the independent amplitude.

However, different buckling modes possess distinct energy levels, making such a configuration physically unrealistic. For instance, the
incremental internal energy defined above is in the form

W=W.—Ur /// (t:e—D-Eop)dv, (69)
B

where ¢ = sym(L) := (L + LT) /2. For simplicity, the discussion here may be confined to an incremental internal energy in the upper
and lower bounded half-spaces embedded with the crack in B (S = {(x.y,2)}x € [— a,a];y € (— o, + );2 € (— ,07) or z € (0", +
) }). Hence, Eq. (69) may be further analyzed in terms of the independent amplitude as

. oo 2a 0t
# . ~Re ( / emzdkz) f /% e dkx | (70)
x o nr J

leading to # gz =0 ( sm(””> N/O ) Although geometrically plausible mixed-mode buckling exists, it is precluded by physical

constraints. Note that the contributions of incremental stress and electric displacement to the energy change are neglected in Eq. (69),
which yields

1 . L.
3 /// (To : e =Dy - Bo)dv=[n(/7)]. %))
7y
5.2. Stability in the p-z plane
Within the p-z plane, uy, = 0 and d(#) /d¢ = 0 are adopted to express Eq. (16) as
2 2~

en(L 10 1 U | (ers+es) ot =0
M\op2  pop p2 0poz 15+ G dez ’

+c 8862
? 190 & ? 190 i
10 o 10 Il=_ o 72
(e13 + ss) az(dp p) { < 2T ap>“”az2}“”{e (a ) ap)””@zz]“’ 0 72
e (24 )

L1 # 10 7 ’ 10 7.
(615+€31 e ;} o +€3302uz* &1 (),?ert)p +€33az 9=0,

from which we have

u, + (€13 + Csg)

3 =N R 3 N N 3 N R
u, = Z Wy (kp)e ™, u, = Z By (kp)e ™, 5= Z §pdo (kp)e ™™, (73)
j=1 j=1

=1

where 3;(j= 1,2, 3) are the roots of
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cgg3® —cin (C13+csg)3  (ers + e3n)3
det| —(c13 +C58)3  €333° — 55 €33t —es | =0, (74)
—(e15 +31)3  €333” —e5 e — 3387

which is identical to Eq. (63), because the transpose of a matrix leaves its determinant unchanged. Here, the conditions Re(3;) > 0 are
required to satisfy limu, = 0 (x = p,z) and limg = 0. J,(#) is the Bessel function of the first kind. The boundary conditions in Eq. (59)
Z—00 Z—00

are simplified as

. ou, u ou, 7
Toze = €13 (a—p+ p) +lag ~ + es3 6(;:} 0,
ou, ou, op
Tog = Cos—2 P Lt csg—r ER =+ elsa? 0, (75)
. u, u ou, 0P
Do, = (a—p + p> + 6335 - 5336_:0: =0,
together with
jo [E(a,ﬂl +ap)] =0 (76)

within the crack surface. It is noted that the wavenumber can be derived via the zeros of the Bessel function of the first kind. Finally, the
bifurcation equation is obtained after substituting Eq. (73) into Eq. (75) as

det(¢,) =0, (77)

where )i, is also presented in Appendix G. Remarkably, the expression in Eq. (77) coincides with that of Eq. (67). Fig. 10 shows the
bifurcation curves for the p-z plane case, with the same parameters as those described in Section 5.1. We further observe that when the
energy release rate remains below the fracture toughness, crack-face buckling precedes crack propagation in systems falling into the
unstable regions. Conversely, when systems lie within the stable regions, crack propagation occurs prior to buckling if the energy
release rate exceeds the critical threshold. Moreover, a coupled regime where both crack-face instability and crack propagation coexist
can occur. For instance, in region Ry, the crack-face instability may induce crack opening and further promote crack propagation when
A1 <1.

Owing to the identical bifurcation equations, a comparison between Figs. 8(b) and 10(b) reveals that the stable region under
compression (where A3 < 1) is smaller than that under tension (where A3 > 1), which is consistent with our physical intuition. Besides,
the figure suggests the possible emergence of a re-entrant phenomenon for a fixed D3. For decreasing 1;, the system may undergo a
sequence of transitions from stable to unstable, back to stable, and finally to an unstable region again, which is a fascinating phe-
nomenon. Note also that the consideration of re-entrant behavior yields a rich analysis of crack-face stability. We further analyze the
influence of parameter variations on the bifurcation behavior, with the result presented in Fig. 11. All parameters remain identical to
those in Fig. 8(b), except for the case under investigation. The comparison shows that the stable region expands as Poisson's ratio
approaches zero. This indicates that when the compressive effect in the z-direction (i.e., 13 = 0.6) has less influence on the in-plane
deformation in the x-y plane, the overall system becomes more stable, which also aligns well with physical intuition. For ¢, = 0.6, the
re-entrant phenomenon is no longer observed across the range of analysis.

The topological number ¢+ ,- is extended here in a direct analogy with the previous section. It follows that for the simple mode,

@, , , , , (b) , i ) i
25
7.5} 1 Ry
. 2f
Jo(p1) =0
< 5 Jo(p2) =0 < 15F
Jo(p3) =0
Jo(ps) =0 1k
251
05p /1) |
5 . . . : | 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 2 4 6 8
k/(mm™) D;3/(C/m?) x10°

Fig. 10. Bifurcation curves of the p—z plane stability analysis: (a) stretch 2; dependence on wave number k for various modes n; and (b) critical
stretch and electric displacement for A3 = 1.2, 4 = 1(MPa), v = 0.25, {; =0, and ¢, = 0.5. Here R; and R; are the stable regions, while Ry and R4
correspond to the unstable regions.
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@, | OF
25} 25
N Ry ] ol Ry
< 15t <15
1t ] 1t ]
05} R, 1 05F Ry
0 - . : - 0 - : - :
0 2 4 6 8 0 2 4 6 8
D3/(C/m?) x10°° D3/(C/m?) x1073

Fig. 11. Parametric dependence of bifurcation equation where R; and R3 are the stable regions, while R, and R4 correspond to the unstable regions:
(a) Poisson’s ratio v = 0.05; and (b) parameter ¢, = 0.6.

buckling is persistently stable when Zp: ,- = 0 or — 1 for Vp € (0,a) \ {p,}, where p,, is the n-th zero of Jo(p). Similarly, the continuity
condition for u, requires the buckling amplitude to be identical. Therefore, the incremental internal energy in 3; of the initial
configuration can be evaluated as

27
7//+ ~ Y1k / d¢ / / 7% e, (kp)pdzdp + Y,k / d¢ / / o e, (kp)pdzdp
~Y, (/ etz 2y / ' Tolkp)RpdRp + Y (/ eedis) L[ iy 78
0 k Jo 0 k Jo
0+ (12
~Y; 0/ ;Jl (pn) +Yo. W 2 Pn —J (pn)HO(pn)a

where Y, and Y, are two constants; 6; ={(p,,2)|p €[0,d];¢ € [0,21];z € (— ,07) or z € (0%, + o0)}; and H,(#) is the Struve
function. Consequently, these findings imply that mixed-mode buckling is also physically precluded. In addition, the term in energy
variation arising from the incremental stress and electric displacement is analyzed by

% /[/ (To : € = Dy - Eo)dv ~ pral)y (ﬂn)]z(?l(l):)Z_ N

A comparison between the results in Eqgs. (78) and (79) and those in Egs. (70) and (71) reveal their similar mathematical structure
with respect to n and p,. Notably, both Eqgs. (70) and (78) indicate that the incremental energy is inversely proportional to n or p,,
implying that higher buckling modes involve smaller energy changes. This behavior originates from the decay characteristics in the 2-
direction, where, for higher-order modes, the displacement field decays more rapidly, confining the deformation to a region near the

surface. This physical mechanism is also reflected in the evaluation of the integral f0+ “ekdz =1 /ﬁ
6. Conclusions

Dielectric elastomers hold great promise for actuators, sensors, and soft robotics, yet their performance is severely limited by
electromechanical failures such as material fracture and electromechanical instability. Accurately characterizing and quantitatively
analyzing these failure behaviors is essential for engineering applications and demands rigorous theoretical models, which directly
motivates the fracture and crack-face stability analysis of a cracked electroactive solid established in this work. Based on the proposed
model, we can analytically determine the incremental mechanical and electrical responses of dielectric elastomers under combined
external mechanical and electrical loads, and quantitatively evaluate fracture and crack-surface instability. Based on the nonlinear
theory of electroelasticity and incremental field theory, we derived general solutions for type-A and type-B integro-differential
equations appearing in the potential theory method. We also put forward complete solutions for analyzing electromechanical be-
haviors of soft electroelastic bodies containing penny-shaped or arbitrarily shaped flat cracks, subjected to axisymmetric or non-
axisymmetric loadings. Represented in terms of special functions, we derived explicit analytical solutions for a penny-shaped crack
under various loading conditions and validated against finite element simulations at a high precision level. Besides, the incremental
intensity factors for mode I were analytically determined and presented. We emphasized that neither T nor Ty is objective. Hence, an

* . * * .
objective stress rate T = T — TLT was defined based on the Truesdell regime, so that Ty =J~!FT =J~'F(T — TL"), which is identical
to the Truesdell rate of the Cauchy stress tensor 7 = 7 — Lt — 7LT + tr(L)z.
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We also provided general solutions for anti-crack problems. The stability of pre-deformed cracked electroactive bodies was
analyzed with respect to two types of surface instabilities, namely, in the x-z and p-z planes, accompanied by the derivation of the
corresponding bifurcation equations. Besides, our results demonstrate that, for specific material parameters and under a fixed electric
displacement, varying the pre-stretch can induce re-entrant phenomena, manifested as repeated alternating transitions between stable
and unstable regimes. To evaluate crack propagation, the incremental energy release rate governed by the principle of incremental
minimum potential energy was introduced. We also introduced a buckling topological number to characterize persistent stability,
along with an estimate of incremental energy in the buckling state, thus providing a unified theoretical framework for addressing crack
and stability problems in soft electroelastic materials under finite deformation and analytically prescribed mechanical and electrical
loadings.
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Appendix A. Essential constants and parameters

Nonzero components of the instantaneous material tensors are listed below:

Aot = 2451 {0 + 27[(2Qu1 + Q) + 4Qu2} + 2Q0041 ]

+ Q03 + 24373 [2Q12 + 2(Q13 + Q)4 + Q3 /2

+2Q3A7 + Q23 + 2Q03225 + Q334323] },

Aorizs = 43335 {Qu1 + Qs + 2Q122] + Qo] + (2015 + Q3) A3
+sz/1‘3‘ + ﬁfli [2913 + 2Q95 + 2Qy3 (lf + /1§) + 93313/15] }a

Agn1ss = 423 [Qu1 + Qs + (3Qu2 + Q)22 + (Qua + 2Q00) A% + Q328
+Q1zﬂ§ + (Qi13 + 2922)}»%)@ + 39231‘11}% + 933/1?}%]

427205 D2 {528 (Qas + 2Q3622) + 2522 [ Q5 + 2Q1622

+(Qas +2Q0643) (47 +23)] 1, (A1)
Aoszzs = 24723 {Q + 247 + QaA7 + 223 [Qu1 + 4Q124

+21 (2Q13 + 4Q00 + 4Q031% + Qa347) | } + 247225 D3{ 49351525
A2 [8Que 8% + Qs it + 20312 (215 + 3Q6 + 4Qu543 + 4Q 612
+8Q00A22)] } + 448 23D4 Qs + 442 (R + Qe22)],

Aoiz1z = 2257 (1 + Q242), Agiom = 242257 (Qa + Q342),

Aoz = 245" (Q1 + Q43 + QA1 A3D3),

Aoizzr = —213(Q2 + Q347 — Qs4{D3),

Aozizr = 247223 {Q1 + Q247 + 11D3[Qs + Q6 (13 + 243) ]},
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Moi1s = 42143 D3 {Qus + Qoa (47 + 43) + 25 [Qus + Qaad] + Qi3
Qa6 + Q) 1222 + Qe + Qa6A228 + Qo5 (42 + 22)] ],

Mois1 = 24243D5 [Qs + Q6 (47 + 43)],

Mosss = 4434305 {Qus + Qs + 2Q04/% + Q347 + (Qus + 2Q6 )13
6 + 2212 (205 + 20062 + Qus? + Q3122)

+23D2[Qus + (2Qu6 + Qs5)23 + 35644 + 29645 },

(A.2)

Kon = 245(Qq + Q542 + Q617),
Koss = 222251 { Q4 + 22 (Qs + Q6A2) + 241D [2Q4512 -3
+,1§ (944 +2Q46 + Qs5 + 2956'1% + 966’19} }7

and the equivalent constants are expressed as

c11 = Ao1inn + Monizesr, €12 = Aoi122 + Monizesi, €13 = Ao1i3s + Morizess,
33 = Ao3zss + Mosszess, Css = Ao1z13 + Moisi€1s, Css = Aoizs1 + Moisi€ss,

Ce6 = Ao1212, Co9 = Ao1221, Css = Ao3131 + Moz €1s, (A4
e1s = —Moz1 €11, e31 = —Mo113€3s, €33 = —Mo333€33,
€11 = 1/Kou, €33 = 1/K033~

The coefficients of the equation 7ys® — A;5* + 7,52 — 3 = 0 are in the form of

fio = Cgg (Ca3€33 + €35),

hy = c33 [Cssell + (e1s + 331)2] + ess[cr1es3 4 2cgse1s — 2(C13 + Csg) (€15 + €31)] + €33 [C11533 + Cs5Cg8 — (C13 + Css)z}y (A5)
Ny = Cs5 [C11€33 + (€15 + 831)2] + e15(2c11€33 + caseis — 2(C13 + Cs) (€15 + €31)] + en [C11C33 + Cs5Cs8 — (C13 + Css)z}y
fis = 11 (Css€11 + €25),
and the roots are
52 _ E _ \3/5(3h0f12 - fl?) + \V(_j
1 3 31,0 392h,
. 2 .
82:£+(1+1\/§)(3h0h2—h1) B (1—1\/5)\3/67 (A.6)
2 3n ENVZUINGS 6+/2
g (- iV3) (3hohy —1}) (1 +iV3)VO
37 3ng 3V4ny /S 62n,

where O = 23 — Ohohyhy + 27h3hs + \/4(3h0h2 —12)% + (203 — Ohohy hy + 272h3)".
Appendix B. Potential theory method and typical integro-differential equations

A mixed boundary value problem described in cylindrical coordinates (p, ¢, z) for a half-space is considered. Assuming that the
boundary conditions (only the potential function and its first derivatives are considered) are distinct on
0Qin = {(p,9,2)|0 <p <a,0<¢ <27,2=0} and Qo = {(p, P, 2)|p > a,0 < ¢ < 27,2 = 0}, a potential function H(p, ¢, z) can be
represented via the single layer potential as

271 21
H(p,¢.2) / /d (bo: o) —p—Podpodey + / / @ (o, ¢0 — " Podpodeo, (B.1)
where Ry = \/p2 + p& — 2ppycos(p — ¢y) + 22 and lirz)’t%’ = — 2zw. According to Fabrikant (1989), we may denote R = limR, and
z—0* PN
express 1/R** as
1 & e Cn| + (1 +4)/2] {min(p,po)y 7 <1 +A inl 1 1 +7\ a1 {min(p,po)r>
RYA ™ 2 max(p, po)]" T[(1 +A)/2]0(|n] + 1) [max(p, po)] > ’ max(p, po)
e (B.2)
_ 2C 77,'7\ /mln P:Po) (/’ (/) {/)0> / - Ad 7
T 2 1 T 2 R2 1+ 72
0 (p? —x2) 2 (p} x2) 3 *

where — 1 <A < 1; I'(n) is the gamma function, and
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1+A 1+A 2I( 1) 12 +"( 2)717”\
~ + + I'(n+ N1 -t 2
F ; 1;2) = dt B.3
2 1< 2 Mt z) F[n+(1+7\)/2}r[1—(1+7\/2]/ 1P (B-3)

is the Gauss hypergeometric function, Z'(k,) := > _kie = (1 —k?) /(1 +k? — 2kcosp), and 7 (x) = 1/ (p* — x2)(p% — x2) /x.
Similarly, 1/R}™ can be expressed as

(x>
7
A (a0 K </Jp0’¢ z/)(,)x"dx

= —CO0S—

Ryt B 2 Jo 2 2] 12 e
{[B(po) —x*][B(po) — x*] } (—1<A<1)) (B.4)
- (PPo
2 /m .;( - :/)O)x"dx
n L2(po) Ly

{[x* = B(po)] [x* = Blpo)] } *

from which Eq. (B.1) can be further simplified as

4 (a) dx podp, x2
H(p,¢,2) =4 — (/Qi)w(ﬂ @)
0o VP2 —x2Jgw /P2 — g (%) Po 0

0 dx 8(x) d
Po9Po ~[(ﬂpo>w(p07(/))7

b@ VX =t \/8(x)—p}

where the Poisson operator Z'(k), together with g(x), L (py), and lz(p,) are in the form of

(B.5)
+4

i 1 21
05 =5 3 K [t = [ 5 dsie

n=-co

ZZ
=x[1+5—,
80 =X 1+ 5 (B.6)

b(p) = (o p2) =3 [V (0 + 90 22—\ /l0 o) 427,

L(po) = oo p2) = 3 [0+ 20 422 41 (0 — o) +2°]

Here, [%(#)dp, [o7 (#)dx = [2@ (#)dx [, (#)dpo and [ (#)dpo fi, o) ()X = [ (#)dx [*¥ (#)dp, are adopted. Besides,

(p* —x)[p% —g*(x)] = [B(po) —x*] [2(py) —x?] is also applied in Eq. (B.5). It is important to note that g(x) is inverse to I (x) for x* < p?,
while it is inverse to Iy (x) for x> > p* + z2. The problems are ultimately boiled down to the following two types of equations:

Zoaoazo |: // R, Mo, } = —2aP5(No), (type —A)

/ [ R ds = Ba(ta). (type - B)

(B.7)

where lirr%) Mo (pg,P0,20) = No(pg:$9:0), N =N(p,$,0), and both N, Ny € S. Thereafter, the type-B is addressed first and subsequently
29—

turn to the type-A.

For a type-B integro-differential equation, Eq. (B.7); can be expressed as 4 [7 \/—x2 fa podp(; _ ;v(;:jﬂ) wa(py,$) = Pa(p,$) con-
i N/

cerning Eq. (B.4). With the Abel integral equation and its solution

. _ . 2 d * flp)pdp

| m=ro» =g [ TR .
: _ - f(p)pdp '

lim*f(ﬂ):'f(x)* N

we can invert Eq. (B.7); by applying ¥ ( ) & fo \/”dLJ (p) and Z(y) 4 & fyﬂ tdty2 J(%> sequentially, which yields

N pOdPO /Q ) — < > /

2n | ——=Z P, B.9

m wA(p07¢ dt \/_——_[) ) A(P ¢) ( )
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and

ontrd) =~ 70 [ 7 (5) 4 [ TR ) (®.10)

Substituting Eq. (B.10) into the corresponding terms in Eq. (B.5), we have

(B.11)

H(p-x/uz):—];i2 Oll()\/%—xzj(x;z)/u \/;%Cldeplo po\/td%p ( )dt/ \/— Z$Pals, ).

It is noteworthy that the other terms in the potential function are omitted here. With the property of the Abel operator

dr d [ f(ndt  x
/yj\/rz,yzd_r/, T V) (B.12)

Eq. (B.11) can be further simplified to

2 rh@ dx ) ( X2 ) d /g(X) Podp,
H(p,¢,2) =— < ZL(p,)P. b (B.13)
(0, ¢2)=— s Ve ) & s 20— (Po)Pa(po, b)-
If we set t = g(x) and x = L4 (t),
Cdhe) (B >> d podpo ,
H(p,¢,2) / < =5 Z(po)Pa(po, ). (B.14)
t Pt 0o /2
According to
p)pdp F(nrdr
/a dr/ N /af Ny (B.15)
Eq. (B.14) is reformulated by changing the order of integration
2 d [® tde 12( t) —t?
Z) z Pa(py, dp,d (B.16)
H(p, ¢, ”2/ / { Z(po) d/)o A \/——/;; B(o) Bt ( ) 9 — o 4(Po; $0)Podpedey
where
l2 -2
tdl, (¢) tdt 2(t) ®.17)

VE B VE-RBO-EO

For clarity, the derivation details of Eq. (B.8), Eq. (B.12), and Eq. (B.15) are shown in Appendix C. Consider the following identities

d [ Fpdp _ x +x/ _[3’(;’)}
dx /e V2 -2 av@—x2 e pr-xdplop (B.18)
=ty ST |
C ox@—2 xJe -2 dp P
the expression inside the curly braces in Eq. (B.16) gives
1 d (¢ tdt HOR
— J 7
), b0 7 (g
(B.19)

_ V(@) - @ o 4y L(x) - ppo b
Ve —mB@ k@) \B@’ " \/x2—p & l2x>—l2<> Beoy ™

If we denote h(x {\ /X2 = pEa/x2 —B(x } /x, the derivative with respect to x is computed as

Hx) = x> = () [}X*B(x) — pi (x)] , (B.20)

x2\/x2 — p§[B(x) — B (x)]

which leads to
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<Wm¢ %>_%u)ﬁuﬂw@7¥ H () B.21)

B(x) x2 — B(x) R§ +h2(x)

Substituting Eq. (B.21) into Eq. (B.19), the modified expression is derived as
L(a) - e ppo b—4 /" xz\/X2 —pZ  H(x)
e TR M (R M= T B

Finally, we may represent the potential function in terms of Eq. (B.22) as

H(p,¢,2) = / ” / {——&- arctan <h}§a)>

Generally, type-B integral equations commonly arise in contact problems. The analysis above suffices if the zeroth and first-order
derivatives of a potential function H(p,¢,z) are assumed to relate to displacement and stress components, respectively. When

1% [% +arctan <h1(z:))} . (B.22)

R3PA (Po> P0)Podpodeps. (B.23)

displacement and stress components are expressed in terms of the first and second-order derivatives of a new potential function H (P, ¢,
= [Hdz, this leading to lirg)‘t 0°H /022 = — 27w, which indicates that the potential function should be prescribed as H(p, ¢,2) =
z—0+

J [ sIn(Ro + 2)o(py, ¢o)pedpode,. Consequently, the evaluation of the integral [ R { +arctan< ﬂdz becomes particularly

critical. We may express this integral as

| = i/ *aman( >dz fiar“‘“‘(h(a)) T = | L L g B (B.24)

R3h(a Ro (RS + h2 [B(a) - B(a)]B(a)

Concerning [R3 + h*(a)]B(a) = [B(a) — ppee'® ] [B(a) — ppoe’“'”"”o)], dly(a) /dz = zly(a)/[B(a) — B(a)], and
\/lg(a) —a? \/lg(a) — p? = zly(a), we have

l4 — n2,2 di
/% {&+arctan <h(a)>] dz = 1 arctan( > 2/ [ (@) — p*pslda(a)
R3 |h(a) Ro Ro V@ -} \/12 2[B(a) — ppoei®)] [B(a) — ppoe-itt- ¢o>}
(B.25)
The integral on the right-hand side can be further simplified to
/ [B(a) = ppo] [B(a) + ppo] 1 1 _ 1 dbo(a)
B(a) — p? 2ppoisin(¢p — do) | B(a) — ppoei@=t)  B(a) — ppyeid—to)
a(@ (B.26)
_ p _ /‘d a l /)/)Oei('/’*'/’o) . PP —i(¢—do)
Iy(a) 2 1 a® — lf(a) pz lg(d) - /)poei({/k%) 12( ) — /)ﬂoeﬂ @0
)T B(a) - p? B(a) —p?

We can evaluate the first integral by applying l>(a) /p = seck, leading to

dseck coskdk dsink 1+4sink . b(a) + /l(a) — p?
[ = [[seckd = [~ [ iy [T~ ; +fi. (.27)

Without loss of generality, Inp can be absorbed into an arbitrary function f; independent of z. The second integral can be simplified
as

/d a l ppoei('f’*%ﬁ-o) N pPoe” i(¢—do)
a — E(a) p? l%(a); A 1C )2 ppe )
(@) —p? (a) —p? (B.28)
! arctan | - Z -1 + ! arctan | -2 Z-1 +f:
=— - B .
vzl Je-Ew) VZ-1 @~ E(a)

where Z' = Zel#~%). To avoid the logarithmic singularity at p = 0, Eq. (B.25) is in the form of
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/ 1% [% + arctan <1-(2_(:)) } dz = 71%0 arctan (%?)

(B.29)
+¥ In {lz(a) +1/B(a) - pz} — 2Re ! arctan vzl arctanv Z — 1
NCET VZ -1 @ - L(a)

where Re(#) represents the real part of a complex-valued function. Additional explanations can be found in Appendix C.
While type-A integro-differential equations typically appear in crack problems, where displacement and stress components are

generally expressed by the first and second-order derivatives of a potential function H (p,¢,2). To introduce a simplified formulation,
the displacement and stress components are defined as the zeroth and first-order derivatives of another potential function H(p, ¢,

2) := 0H /dz, which satisfies the following conditions:

oH
lim— = —2zP, 0<p<a0<p<2
Jim— mPy(p.¢), 0<p <¢<2r (B.30)

Using Eq. (B.5) and Eq. (B.30);, the following equation is obtained from Eq. (B.30), as

dx “ podpy ( ) / ¥ podpo PPo
Zz Py(pos ,$) =0, B.31
/Ou \//)2 —x?Jx \/p(z) —x? PPo b (po. & \/x2 —p? \/x2 -3 <x2 ) @ (o, ¢) ( )

leading to

< dx ¥ podpy (PP 77/“’ dx Podpo PPo
/pszfpzaﬁzfpgf(xz)w(po,r/))— [ || s ()Pt ) (8.32)

Applying Z(t) 4 [ ”j” = < (%) and .~ ( > & r \/“Z“—tz;'/’(t) sequentially, we have

dp, . < pod,
\/”&J(’)O)m(po,(/)) - \/p&f(”")plg(po,(/;), (B.33)
and
“xpdpl, \/p e \/tZ—p p/) P

respectively. It is possible to further simplify Eq. (B.34) as

_2 1 ¢ _podpy (Po %/“ /" tdt o (Po

With the integral elucidated in Appendix C:

//’ tde Va2 (B.36)
s vEme(veg) PoRVER

the relation between w(p, ¢) and Pg(p, ¢) is derived as

1 1 2 Va2 — p2Pg(p,,
= / / e P5Ps(Po: o) odpoddo. (8.37)
7 \fp2—aJo Jo P*+p5— 2ppocos(¢ — ¢y)

Substituting Eq. (B.37) into Eq. (B.5), we have
@ dx d
Po%Po
Hip 0.5 =4 [ f(p a0 )
o VPP =X g /p§ — 8(%) Po °

00 g(x) 2 _ 2
= = Py (%0) /a - sfdsJ(i)PB@,qS),
TJo@ /X2 —p*Ja \/83(x) =} \/p —a pg—s Po

w(p7¢) = -

(B.38)

where
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4 (a) dx a d 2

Podpo <; )

4 Z\— |Ps(po, p)
o VP2 —X2 g0 \/P3 — &%) o ’

(B.39)
L@ dx 8 podpy ipp dx (% pedp op
= ()P, +4 00 (22 ),
I = v e LR I = B =
and
8 /°° dx 8 podp, J(p /“Va2 —ssds (s)PE 5.9)
@ V2 —p2Ja /82 (x) =2 Vo —a pg—s* Po (B.40)
© dx “ podp (PP
= 74/ 9 0 J =2 P I N
bia) /X2 = p2Jo /8 (x) = p§ (x2> (00 4)
Then, Eq. (B.38) can be expressed as
CIC R 0% g0 podp PP
H(p,¢,2) = 4 070 (220 Pe(py, ), B.41
(v.,2) el Tebr (%2) s (0. ) (B.41)
which leads to
ﬂodﬁo PPo oH
H(p..0) /° . Po(po ) =22 = — 2104(p, 9). (B.42)
A/x2 — p A/ x2 — ﬂO ( ) 0 0z
It is important to note that
’ ydy ” (B.43)

VPP B 27 @

is adopted in Eq. (B.40), which is presented in Appendix C. By setting t = g(x) and x = ly(t), Eq. (B.41) is in the form of

27 /B /az —
/ / arctan( p0> (Pos P0)Podpodey. (B.44)

H(p,$,2) =

We then verify that Eq. (B.42) is a solution to the type-A integro-differential equations in Eq. (B.7). Applying Z'(t) §; fl \/?)—[2 < )
P

and ¥ < ) & I \/“‘;—ﬁ/ (t) sequentially, Eq. (B.42) is inverted as

2 _(/1\d [ xdx _ d [ pydp

Ps(p, ) =—2| = —/ — (X L oV JQ)w (B.45)
5(0, $) p <p) dp Jo r—~p27x2 ( ) ,—-—p — (Do ¢
Concerning Eq. (B.18), Eq. (C.12), and wg(a,¢) = — H(a,¢,0) /2z = 0, Eq. (B.45) can be further simplified as
21 min(p.pg) Q - ¢0> wg(Py, §o)X2podxdpydd,
e [ [
p? fxz) ( I fxz) (B.46)
_ 1 lim /2”/ U)B(/’m(ﬁo)ﬂodpod(bo
2’”0*0‘320 VP 05— 2ppecos(¢ — o) + 23

where & is a term with singularity when N(p,$,0) = No(pg,¢0,0); A = 0% /dp® + d /pdp + 9 /p>d¢>. It is noteworthy that A in Eq. (B.2)
can be extended to 2, which is expressed as

1 9 fmin(p.po) 2 (,% ¢ — (ﬁO)xzdx
- / . - (B.47)
o (Vi) (Vii—2)

Appendix C. Essential integral equations and properties

M f5 m —flp) = 7 (x) =2 L X Lok
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P 7 (x)dx
/)2 XZ

Concerning [j f(p), the following integral equation can be expressed as

/\/xfdp /W—ﬂ \/ﬂ —t2 // dt/\/ﬁ

On letting p* = % + (x* — t*)sin®, O € [0,%] , we have

2(x? — t2)sinfcosHdd

x pd, 1 /%
/t Vi =p)p2-e) 2Jo \/{x2 — [+ (x2 — 2)sin’0] }{ [£2 + (x2 — £2)sin0] — 2}
Then, Eq. (C.1) can be expressed as

/ 7 ¥ flp)pdp
o V-7

TR

which leads to

2 d f( )pdp

F(x) = T e

@ ;725 =f0 = 700 = 2 LIS

Similarly, the integral equation is in the form of

from which we arrive at

_ f (p)pdp

F(X) = —— 5= p—— =
@ [ A e = 5w

From Eq. (C.6), we find that
¢ dr T_,.1_
/a\/r2 ¥ dr/ \/t2 —r2 / N [_Ej(r)] =/

ON drd pdp = fo dﬂdpf ’(”'dZ

r2—p

The expression is manipulated from the right-hand side to arrive at the left-hand side form of the equation:

( )rdr } d f( )sds }
RHS = — d dt = LHS.
/d{|:/ \//) — 2 d/) p I — Vit ‘
5) dxfa /pz L - - \/WJF N \/ﬁ% {7/517)} _ 7x/a2a :)1(2 410 zfﬁlx diff‘(p)

By applying the methods of integration by parts and the Leibniz integral rule, we may derive

d TPl x7@ | [ xdp 7 ()
dx Je \/p? —x2 avaz —x2  Jx \/p*—x2 dp P
Since

T (pp— 7 (p)} T(vee —x* 1 [* pd7(p)

o ]
x \/p?—x2 p? xa xJo Jpr—x2
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then Eq. (C.9) is further expressed as

x7 ( a) / {f (p)} p d _
_ +1 d 5 (C.11)
ava® — Vp? 7x2 dp| p xVa2—x2 XJr \Jp—x2dp (v).
If we take a = 0, Eq. (C.11) can be modified as
X pdp d _
— —— — 7 (p). (C.12)
/ f—wp — " x e dp ()
(6) arctanz = %lnﬁ—ﬁ
Concerning
dz 1. i—z2
arctang = /m = iln - (C.13)
then 2 =0, ;(a) = 0, and arctan “szl;(1> = arctani = co when p = 0.
a?—li(a
7 )f” e = VI (p <a<p)

Ve (e2)  (-n) VP

If we set u = 4/t — p2 = ,/p? — p3sink, then
tdt / VPR - @ (C.14)
2 5T P* = ph )

P
/’\//ﬂ—tz( 2 —p o arCﬂn(\/ po) sk (p* = pf) V@~

O<r<a<py)

(8) fﬂ ydy — n (
@R —ayr-r2)  2/pr-rVar?

Let y> = a2cos?k + p2sin’k, then we have

’ ydy _ 1/% 2(p? — a®)sinkcoskdk

o VPR -2y -12) 2J)o < /T~ azcosk) < /2 — azsink) (a2cos?k + p2sin’k — r2) cis)
_r___ 1
NN

Appendix D. Analytical solutions in the uniform loading case

The nonzero components are expressed as

3 2 i3
OHi(p, ¢,
U = - E E Ski H (/;p(ﬁ %)

1 3.2 2 (\/(a+p)2+sz\/(afp)2+zf)\/p27azfz§+\/(a+p)2+z,3\/(afp)2+z§
= *EZ ngiZ’?iij V2p (.1)

Jatp?+22—y/(a-p?+2

—2parctan ,

\/4pr [\/(a+p)2+z§f\/(afp)2+zﬁ]2
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\/(a+p)2+z,% - \/(a—p)2+zf
a2~ [\J(@+p)? +22 —/(a—p)* +2]

2 (D.2)

8v/2apz
(V@@+p?+22+ ¢<afp>2+zf)wﬂ —@ -z [atp? +ad/a—pP + 2t

)

3 2 2 77
O"Hi(p, §, z)
Oam = E Eymkgki lazz
i k

Loy 3 (@a+p)’+2z —/(a—p)*+2
o Z Z YmkSki Z 1;P;{ 4arctan \/ k \/ k
o War o vz - Jia—or v 20

2 (D.3)

\/Qa(\/(a+p)2+z§+ \/(a—p)2+z,%)\/p2 fa27z§+\/(a+p)2+z,%\/(a—p)2+z§
pla+p)? +2/@a=p) +2

, .
P ¢7Zk) 1 aHi(p7¢7Zk):|
ngl|: p ap

3
22
612—011 ii i p.

Cki 2 nEj (D.4)

2v2{ap(a? +z,§)(\/(a+p)2 +22 4+ \/(afp)2 +22) — [a* + 22 (p* + 22 +2a2)](\/(a+,0)2 +22 — \/(afp)2 +22)}

p\J(atp)? +2/(a-p) +z£\/p2 —@ g2+l p? radyla—p)P + 2

~
||
—
N
-

-
-

)

32 & 1:1 . b,
. OH (pdz)

=t = 0p0z,
_ igimmkghim , Zﬁzk (J(a+p)2 +z; —\/(a—p)2 +z; )[az (pZ -2z; +\/(a+p)2 +z; \/(a—p)2 +z; )—zf (p2 +z; _J(a+f)z +z; \/(a—p)z +z; )—aq’
. pla+p) +zif(a-p) +2 [\/p ~at =+ f(a+p) 2 fla-p) +2 J
(D.5)
Oyt =02 =0, (D.6)

wheres=1,2andm =1,2,3; Top,, = (043 + 0y) /2, while To¢¢ = (623 — 0pt) /2.
Appendix E. Penny-shaped cracks subjected to various loadings

While Section 4.1 presented solutions only for the case of uniform loading, we now proceed to derive solutions under various
external loadings.

E.1. Axisymmetric linear loading

For Pj(p,¢) = Pjp, we may construct the densities and the corresponding potential functions as
2 _ 2
nlp) = 2D ‘”" [ a/@ = p? +p’In (Z £ )} (E.1)

and
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L. Chen et al.
2 2 2
. > P I(a) —a® — —I(
Hi(p, %) = % {a3arcsin {ll;a)} — 2c(3p® — 227 )arccoth [\/ \/p :|

B(a) — a2[2l(a) + 2B (a) (p? — 422) + 11p?22 — 4p*] (E.2)

6[p* — E(a)]
+e \/p + 22 (112 — 4p*) }

\/P +Zk 4
respectively. The solution for H; involves utilizing ag?x){arctan ( \/z(Lz()> —iln { _ g Hiye? g (x) \/:zgz()‘)} } = 0 and applying integration by
a2—g2(x

parts. Here, detailed expressions of displacement and stress components are omitted for brevity. Theoretical analysis reveals that both

+2 (3p® — 227)arccoth

Toze and Dy, exhibit a singularity of order 7% at the crack tip, which read

272 2 2 /n2 _ a2
limazs—Ps{a PSPy @ } (s=1,2;p>a)
2—0 2 /pZ_aZ

Then, the incremental intensity factors are derived as

Kir = hm [\[—_;TOZZ‘Z 0] == (\/-) Py,
(E.4)
Kip = llm{\/—faDOZL,l o] = ——(\/E)BPZ.

(E.3)

E.2. Axisymmetric parabolic loading

Assuming that Pj(p,¢) = P;p?, the densities and the corresponding potential functions are derived as

252 y.P;
wi(p) = % Va2 —p*(a® +2p?) (E.5)
n
and
R 2 P
Hi(p, ) = % {S(Sa4 — 8z} + 24p*z2 — 3p*)arcsin {l E) )} + L (a)[65(a) + 24p°z;
(E.6)
3
+9p® — 72p%z2 — 31i(a) (p* + 827) — 4L (a) (3p* — 24p°2; + 82}) ] /[ p2— lf(a)} },
respectively. Concerning

(E.7)

2 M} (s=1,2:p>a)

limoy, = P, | 2parcsin (2
o0 = s | praresin (E) AN
the incremental intensity factors are in the form of
. . . 4
Kir = 11511 [\/ 2(p — a)TOZZ‘z:()] = 77(\/6)51317
(E.8)
Kip = llm{\/ (p — @)Dosl,_ 0} = ——ﬂ(\/a)st.

E.3. Loading under axisymmetric elementary functions

In this subsection, we focus exclusively on the solutions of the integro-differential equations and forgo a detailed treatment of the

potential functions.

(1) Polynomial loading P;(p,¢) = Pjp", (n>0)
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2 n r 7371)
_Zizlnijpf F<2+1> NG < > n+1+2a"+1~F<l —_—

1 2
4 12 +§;p—2) . (E.9)

Here oFy (#,#;#: #) is the Gauss hypergeometric function, and I'(#) is the gamma function. According to the Weierstrass
approximation theorem, any continuous loading function defined on S can be approximated by polynomial functions. The approxi-
mation is essential for solving various engineering challenges.

(b) Trigonometric loading P;(p, ¢) = P;sin(p /p.) or Pj(p,¢) = Pjcos(p /p.)

3
I'in+-
1)'1 ( ) \/h.‘l—* [)2 1 /)2n+2 A
/XJIQT /\/x —pidx 2\/_ 1) - ) F;—n—l,i p?TH, (sine)

Here J,(#) is the Bessel function of the first kind; H,(#) is the Struve function; B(#;#) is the incomplete beta function; and
p.(>a> 0) is a constant with the dimension of length introduced to render a dimensionless p/p, quantity.

(c) Logarithmic loading Pj(p, ¢) = Pjln(p /p,)

2 n.P;
wi(p) = %{ {ln <i—‘:) — 2] Va? —p? _parCtan<\/a2%—p2) +gp}. (E.11)

(d) Exponential loading P;j(p, $) = Pjexp(p /p.)

o(p) = 2121'7” f [11<p +L1— /x2 Pdx

r(_"_2 (E.12)
_ ij:lr]ij J /7c_ (2 + 1> \/7—[ 2 2 n+1 + 2a"! ﬁ- 1 _2 _1‘ _E_,'_l.p_z
" 4nyE &gnl (n 3 e P Thrr 22 2 2 2
22 2
Here I,(#) is the modified Bessel function of the first kind, and L, (#) is the modified Struve function.
(e)Inverse trigonometric loading P;(p, ¢) = Pjarcsin(p /p.) or P;(p,¢) = Pjarccos(p /p,)
a 2 .
[ [RE) A 45}
DicatyPi | o p? ¢
((p) = =L (E.13)

L) )] ) 2

where K(#) and E(#) are the complete elliptic integral of the first and second kinds, respectively. It is noted that p, > a > x is adopted
in Eq. (E.13) to ensure convergence of the following solutions:
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) - F(n ’ §> —n-— ~(p? 2n+2 .
2 4P, ; 4"("!)(22(2)7'1 +1) Tn+ 3) \l/,ﬁ((_ Ti %S) - B(%; —n-— 1,%) fw, (arcsine)
(p) = ==
wi(p) = 4n\/m . ' F<n + §> , »
A "21;4,1(“!)(222;1 +1) Fn+ 2) \;E(r(nnls) - E(%; o 1’%) ;ﬁ (arccosine)
2 (E.14)

E.4. Non-axisymmetric loading

Take Pj(p, ¢p) = Pjpsin(¢) or Pj(p, ) = Pjpcos(¢) for instance. According to the definition of (k) in Appendix B, we have

Z(k)sin(¢) = ksin(¢), Z(k)cos(¢) = kcos(¢), (E.15)
leading to
wi(p, ) = Mp — p2sin(¢h), (E.16)

and the potential functions are derived as

21'2—1 ’7111)]

= . l
Hi(p, ¢, %) = iTsm(gb) p(4a® + 1227 — 3p®)arctan _h@

r? L)
(E.17)

3p* — p?[4a® + 1222 + B(a)] — 2B(a) [B(a) — 2a* — 22}]
+h(a)

py/p? —L(a)

The analytical solution for the cosine case can be directly obtained simply by replacing the sine functions in Egs. (E.16) and (E.17)
with cosine functions.

Appendix F. Potential theory method for anti-crack problems

Without loss of generality, we may take the simplified formulation established in Appendix B, that is, the displacement and stress
components are defined as the zeroth and first-order derivatives of potential functions H;(p, ¢, z), which are defined in Eq. (B.1).
Concerning the incremental displacement boundary conditions shown in Eq. (56) and the property of the single layer potential, we
have

dx * podpo ﬁ<x2) / dx * ﬂodpo ,(PPo) 1t
s s _/ (FI =0, (F.1)
/:WLX%M% ) s | P (5) i)
which leads to

1 /27[/ V@ — p§oy(po, o) odpoded
22— Jo Jo P>+ P} —2ppocos(d — o) O ° °( - 2
p>a .
2 va —/70
ﬂ«/pzfaz/ P =p3

according to Egs. (B.34) to (B.37), where ¢.,(p, ¢) and 65 (p, ¢) are o,i(p, ¢, 0) defined on S' = {(p,¢)|0 < p< a;0 < ¢ < 27} and S" =
{(p,9)lp > a;0 < ¢ < 27}, respectively. Then, the potential function can be represented in terms of ¢.; as

ggl(p7¢) ==

( ) ) 2P0, #)Podpo

I>(a) dx 8(x) d,
Hi(p. $,2) = 4 p° ”“ f(””") o4 (po. ). (F.3)

L) VX2 —p2lo /g

Substituting the incremental displacement boundary conditions on S! into Eq. (F.3) yields

Wipg)=a [ [ ()t ) ®.4)

32




L. Chen et al. Journal of the Mechanics and Physics of Solids 216 (2026) 106772

leading to
1 _/1\d [ xdx _ d podpy (1
1 _ 4 (2 0% (1 :
oy, @) = _ﬂzpj<p> &), 7p27x2~!(x ) : —pgixzj(p())W,(po,(ﬁ) (F.5)

according to Eq. (B.45). Eventually, oL} are derived by substituting Eq. (F.5) into Eq. (F.2). Its form is nearly identical to that of Eq.
(F.5), except that the upper limit of the first integral should be changed from p to a.
Through Eq. (C.11), 6} can be further simplified as

I _ l [ 1 /a xdx 4 i ﬂodpo - l g
=2 5) | (pz_xz)g/zJ(xz)dx el v Wilpo: ¢) -
dx £odpo ’

d _
= ¥ {POJ

1/ x2
- 5 — Vvl ’ kl
ﬂz/o (p?> = x2)*? Jx \/p2 —x2 dp, (ﬂﬂo) (bo ¢)}

where Wi(a,¢) = 0 is used above. It is important to note that oL in Eq. (F.6) are also solutions to the type-A integro-differential
equations, i.e., they can be expressed as type-A integro-differential equations by interchanging of the order of integration.

Appendix G. Bifurcation equations in surface stability analysis

Here ¢, and ¢, in Eq. (67) and Eq. (77) are expressed in the forms

Ceg32—C1 0 0 —(c13+Cs8)%1 0 0 —(e1s+e31)s 0
0 Ceg32—C11 0 0 —(c13+Cs58)%2 0 0 —(e1s+e31)32
0 0 Ces%2—C11 0 0 —(c13+Cs8)%3 0 0
(c13+Cs8)%1 0 0 3332 —Css 0 0 e3332—eis 0
W= 0 (c13+Cs8)%2 0 0 3382 —Cs5 0 0 e3si—es
0 0 (c134Cs8)%3 0 0 3352 —Css 0 0
C13 C13 C13 3351 €335 C3353 €33%1 €335
—Cg8%1 —Cgg%2 —Cgg%3 Csg Csg Csg es es
es1 es1 s €33%1 €335 €3353 —€3351 —€33%2
Ces32 —cC1y 0 0 (c13+Cs8)31 0 0 (e15+€31)31 0
0 Ceg32—C11 0 0 (C13+Cs8)32 0 0 (e15+€31)32
0 0 Ceg32—C11 0 0 (c13+c€s8)33 0 0
—(c13+Cs8)%1 0 0 3355 —Cs5 0 0 332 —e1s 0
M, = 0 —(c13+Cs8)%2 0 0 3352 —Css 0 0 e3352—e5
0 0 —(c13+Cs8)33 0 0 3382 —Cs5 0 0
C13 C13 C13 —C33%1 —C33%2 —C33%3 —e33%1 —e33%;
Cgg%1 Cgg %2 Cg353 Csg Csg Csg e1s es
€31 €31 €31 —e3391 —€33%; —e3393 £33%1 €335

0

0
—(ers+es1)%3

0

0

=22
€33935 —

€15
€3353
€15

—€3393

(G.l_)

0
0
(e15+e31)83
0
0
essi—ers
—e3353

€15

€3393

(G._2)

respectively. Besides, Eq. (64) enables simplification of the determinant from 9 x 9 to a compact 3 x 3 form, thereby facilitating its

numerical computation.
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(x,y,2);(p. ¢.2)
B,,B,B.

N,n,n

X,x,X

{E; }{ei} . {e}
x: XX

F = 0x /0X,F = % /0X

b = FF',C =F'F
dA,da

dv,dv

J = detF
a,,a,d;

ap

f{4})
Grad,Div,Curl
grad,div,curl
T,

7,D

“E

tity

94:9a

Q(F, 7)

T'm

Q. Qmn

Ll

Lile

u(x) = u(x(X)) = x(X)

F = (I'F - F)
T,To

7,0

By

L = FF! = gradu
Ao,Mp,Ko

t5,ta

43-9a

A

D;

@

Cmn>€mn>€mn

A

Vo, @0, ®,¥

D,0f

&y

(i)

‘fk Wk

h;

2

5

Zj = $jZ

a3,bi,dj, Uk Y > Tk

Wi,02m;0pm>0¢m>
Opt>0pts0zt

Sr,S

P1,P;

Wi, W,

Hi,H;

w;

SkisMMij

Cartesian and cylindrical coordinate systems
Reference, initial, and current configurations
Outward unit normal vectors of dB,, 0B, and 0B,
Material point position vectors in B,, B, and B,

Bases in B,, B, and B,

Mapping of material point position vectors between B, and B
Deformation gradients

Left and right Cauchy-Green deformation tensors
Surface elements in B, and B

Volume elements in B, and B

Volume ratio

Crack surface radius in B,, B, and B,

Radial crack propagation length in B

Ratio of crack surface radius

Gradient, divergence, and curl operator in B,
Gradient, divergence, and curl operator in B

Nominal stress tensor and Cauchy stress tensor
Lagrangian and Eulerian electric displacement vectors
Lagrangian and Eulerian electric field vectors
Exterior electric field vectors in B and B,

Surface traction on 0B, and 0B

Charge density per unit area on 0B, and 0B

Energy density function per reference volume

Invariants (m = 1,--+,6)

Partial derivatives of Q (0Q/0.7 , and 0*Q/(0.7 07 ))

Unit tensors in B, and B

Two-point unit tensors (I = §i,€; ® El, and Iy = 5qi€q @ €;)
Incremental deformation

Incremental deformation gradient

Incremental nominal stress tensor and its push-forward version
Incremental electric displacement vector and its push-forward version
Incremental electric field vector and its push forward version
Displacement gradient tensor

Instantaneous material tensors of the 4“‘—, 3rd-, and 2"%-order
Incremental surface traction on 0B, and dB

Incremental charge density per unit area on 0B, and 0B
Pre-stretches (diagonal element of F; i = 1,2,3)

External electric displacement vector components (i = 1,2,3)
Electric potential

Equivalent constants [Appendix A]

Planar Laplacian

Displacement functions

Operator matrix and its adjugate

Cofactor of ® (i,j = 1,2,3)

Quasi-harmonic functions (i,k = 1,2,3)

Coefficients of the characteristic equation [Appendix A]

Roots of the characteristic equation [Appendix A]

Equivalent axial coordinate component (j = 1,2,3)

Coefficients for the combination of quasi-harmonic functions [Eq. (27)]
Equivalent mechanical and electrical variables [Eqs. (30) and (31)]

Crack surfaces in B, and B

Prescribed To,, and Dg, on S

Prescribed u, and ¢ on S

Single layer potentials (i = 1,2)

Densities (i = 1,2)

Coefficients for the combination of potentials [Eqs. (38) and (41)]

(continued on next page)
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(continued)
ji Kronecker delta
L(#),L(#) Equivalent radical coordinate components
g(#) Inverse of Iy (#) or lo(#)
Ro,R Distance between two points (3D and 2D)
L(#) Poisson operator
G(#,#) Kernel in Z(#)
Kir,Kip Incremental intensity factors (mode I)
i\ WeWey Dimensionless coefficients of a specific material [Eq. (52)]
v Shear modulus and Poisson’s ratio
eo =8.854 x 10712(F /m) Dielectric permittivity in vacuum
oF 1 (#, 4 #; #) Gauss hypergeometric function
T(#) Gamma function
To(#).1(#) Bessel and modified Bessel functions of the first kind
Hy(#),L,(#) Struve and modified Struve functions
B(#;#) Incomplete beta function
f((#),E(#) Complete elliptic integral of the first and second kinds,
k Wave number
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Functions and coefficients for a non-trivial solution in stability analysis

Eigenvalues introduced in 9;(#) [Egs. (62) and (63)]

Matrices in bifurcation equations of two instability cases

Energy release rates in B and B, together with the critical value

Incremental energy release rate

Incremental total potential energy in B and By, incremental internal energy in B and B, and incremental work
The principle of incremental minimum potential energy

Stable or unstable regions (i =1,2,3,4)

Real and imaginary part of #

Buckling topological number

Number of half-wavelengths in the buckling mode (§f = +, —)

Critical transition stretch

Incremental strain

Upper and lower bounded half-spaces embedded with the crack in B (Cartesian and cylindrical coordinates)
Landau symbol

Constants introduced in the evaluation of lis/f

The n-th zero of Jo(p)
Objective stress rate of the nominal stress tensor

Truesdell rate of the Cauchy stress tensor
Push forward version of the generalized incremental nominal stress tensor and the incremental electric field vector

Push forward version of the generalized objective stress rate of the nominal stress tensor

Equivalent coefficient in the roots

Arbitrary power index of distant Rp orR (— 1 <A < 1)
Distinct points in cylindrical coordinates

Arbitrary kernels in Abel integral equations

Equivalent length [Eq. (B.21)]

Ratio of two distinct points and their complex conjugate [Eq. (B.29)]
Dirac delta

Inside the circular domain of radius a

Outside the circular domain of radius a
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Data availability

Data will be made available on request.
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