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ARTICLE INFO ABSTRACT

Keywords: Accurate modeling of the contact between a mold and an imprint resist under finite deformation
Contact analysis remains a critical challenge in nanoimprint lithography. This paper presents a theoretical frame-
Wavy surfaces work for analyzing thermoelastic contact problems in pre-deformed hyperelastic materials. Within

Adhesive contact
Potential theory method
Instability analysis

the framework of nonlinear thermoelasticity, incremental governing equations are derived in the
updated Lagrangian formulation. General solutions to the incremental governing equations are
expressed as combinations of quasi-harmonic functions based on the generalized Almansi’s theo-
rem. The potential theory method is developed to solve the problem of frictionless thermoelastic
contact between a rigid indenter and a hyperelastic half-space under prescribed incremental me-
chanical and thermal boundary conditions. Single-layer potentials are constructed, and their den-
sities are explicitly obtained by inverting the resulting integro-differential equations. Closed-form
expressions obtained for incremental displacement, temperature field, stress components, and in-
cremental indentation force are validated through finite element simulations, showing excellent
agreement for small perturbations. This framework is then extended to a hyperelastic film bonded
to a rigid substrate using the generalized image method, where Fredholm integral equations of
the second kind arise and are solved iteratively by establishing contraction mappings according to
the Banach-Caccioppoli theorem. For wavy surfaces, adhesive contact is analyzed using an energy
release rate criterion, leading to an extended JKR model that incorporates thermal effects, pre-
stretch, and surface topography. The modified JKR solution reveals that pre-stretch can modulate
the equivalent modulus, equivalent inverse temperature, and surface waviness, thereby enabling
tunable interface strength. Surface instability-induced waviness is further investigated, where a
computational buckling analysis in the total Lagrangian formulation is performed to generate ini-
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\begin {equation}\begin {aligned} \boldsymbol {\tau } & = J^{- 1} \mathbf {F}\mathbf {T}= (J_e J_{\theta })^{- 1} (\mathbf {F}_e \mathbf {F}_{\theta }) \left ( J_{\theta } \mathbf {F}_{\theta }^{- 1} \frac {\partial \Omega }{\partial \mathbf {F}_e} \right ) = J^{- 1}_e \mathbf {F}_e \frac {\partial \Omega }{\partial \mathbf {F}_e}\\ & = 2 J^{- 1}_e [\Omega _1 \mathbf {b}_e + \Omega _2 (\mathcal {I}_1 \mathbf {b}_e -\mathbf {b}^2_e) + \mathcal {I}_3 \Omega _3 \mathbb {I}], \end {aligned} \label {Eq2.1}\end {equation}
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$\mathbf {L}: = \left ( \widetilde {\mathscr {I}}^{\text {T}} \tilde {\mathbf {F}} -\mathbf {F} \right ) \mathbf {F}^{- 1} = \dot {\mathbf {F}} \mathbf {F}^{- 1} = \operatorname {grad} \mathbf {u}=\mathbf {L}_e +\mathbf {F}_e \mathbf {L}_{\theta } \mathbf {F}^{- 1}_e$


$\mathbf {L}_e := \dot {\mathbf {F}}_e \mathbf {F}_e^{- 1}$


$\mathbf {L}_{\theta } := \dot {\mathbf {F}}_{\theta } \mathbf {F}_{\theta }^{- 1}$
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\begin {equation}\begin {aligned} \tilde {\mathbf {T}} =\mathbf {T}+ \dot {\mathbf {T}} & = (J_{\theta } + \dot {J}_{\theta }) (\mathbf {F}_{\theta } + \dot {\mathbf {F}}_{\theta })^{- 1} (\mathbf {T}_e + \dot {\mathbf {T}}_e)\\ & \simeq (J_{\theta } + \dot {J}_{\theta }) (\mathbf {F}_{\theta }^{- 1} -\mathbf {F}_{\theta }^{- 1} \dot {\mathbf {F}}_{\theta } \mathbf {F}_{\theta }^{- 1}) (\mathbf {T}_e + \dot {\mathbf {T}}_e)\\ & = J_{\theta } \mathbf {F}_{\theta }^{- 1} \mathbf {T}_e + J_{\theta } \mathbf {F}_{\theta }^{- 1} \dot {\mathbf {T}}_e + \dot {J}_{\theta } \mathbf {F}_{\theta }^{- 1} \mathbf {T}_e - J_{\theta } \mathbf {F}_{\theta }^{- 1} \dot {\mathbf {F}}_{\theta } \mathbf {F}_{\theta }^{- 1} \mathbf {T}_e, \end {aligned} \label {Eq2.2}\end {equation}


$\dot {J}_{\theta } = \tilde {J}_{\theta } - J_{\theta } = \det (\mathbf {F}_{\theta } + \dot {\mathbf {F}}_{\theta }) - \det (\mathbf {F}_{\theta })$
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$\operatorname {div} \dot {\mathbf {T}}_0 = \boldsymbol {0}$


$\dot {\mathbf {T}}_0 = J^{- 1} \mathbf {F} \dot {\mathbf {T}}$


\begin {equation}\begin {aligned} \overset {\star }{\mathbf {T}}_0 & = (J_e J_{\theta })^{- 1} (\mathbf {F}_e \mathbf {F}_{\theta }) \overset {\star }{\mathbf {T}} = J^{- 1}_e J^{- 1}_{\theta } \mathbf {F}_e \mathbf {F}_{\theta } \dot {\mathbf {S}} \mathbf {F}^{\text {T}}\\ & = J^{- 1}_e J^{- 1}_{\theta } \mathbf {F}_e \mathbf {F}_{\theta } \left [ \dot {\overline {(J_e J_{\theta } \mathbf {F}^{- 1}_{\theta } \mathbf {F}^{- 1}_e \boldsymbol {\tau })}} -\mathbf {T}\mathbf {L}^{\text {T}}_e -\mathbf {T}\mathbf {F}^{- \text {T}}_e \mathbf {L}^{\text {T}}_{\theta } \mathbf {F}^{\text {T}}_e \right ]\\ & = \dot {\boldsymbol {\tau }} -\mathbf {L}_e \boldsymbol {\tau }-\boldsymbol {\tau }\mathbf {L}^{\text {T}}_e -\mathbf {F}_e \mathbf {L}_{\theta } \mathbf {F}^{- 1}_e \boldsymbol {\tau }-\boldsymbol {\tau }\mathbf {F}^{- \text {T}}_e \mathbf {L}^{\text {T}}_{\theta } \mathbf {F}^{\text {T}}_e + \operatorname {tr} (\mathbf {L}_e) \boldsymbol {\tau }+ \operatorname {tr} (\mathbf {L}_{\theta }) \boldsymbol {\tau }, \end {aligned} \label {Eq2.3}\end {equation}
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\begin {equation}\begin {aligned} \dot {\mathbf {T}}_0 & = (J_e J_{\theta })^{- 1} (\mathbf {F}_e \mathbf {F}_{\theta }) \left ( J_{\theta } \mathbf {F}_{\theta }^{- 1} \frac {\partial ^2 \Omega }{\partial \mathbf {F}_e \partial \mathbf {F}_e} \cdot \cdot \dot {\mathbf {F}}_e + \dot {J}_{\theta } \mathbf {F}_{\theta }^{- 1} \mathbf {T}_e - J_{\theta } \mathbf {F}_{\theta }^{- 1} \dot {\mathbf {F}}_{\theta } \mathbf {F}_{\theta }^{- 1} \mathbf {T}_e \right )\\ & = J_e^{- 1} \mathbf {F}_e \frac {\partial ^2 \Omega }{\partial \mathbf {F}_e \partial \mathbf {F}_e} \cdot \cdot [(\mathbf {L}-\mathbf {F}_e \mathbf {L}_{\theta } \mathbf {F}^{- 1}_e) \mathbf {F}_e] + J_e^{- 1} \operatorname {tr} (\mathbf {L}_{\theta }) \mathbf {F}_e \frac {\partial \Omega }{\partial \mathbf {F}_e} - J_e^{- 1} \mathbf {F}_e \mathbf {L}_{\theta } \frac {\partial \Omega }{\partial \mathbf {F}_e}\\ & = J^{- 1}_e \mathbf {F}_e \frac {\partial ^2 \Omega }{\partial \mathbf {F}_e \partial \mathbf {F}_e} \underset {2}{\circ } \mathbf {F}_e^{\text {T}} \cdot \cdot \mathbf {L}- J^{- 1}_e \mathbf {F}_e \frac {\partial ^2 \Omega }{\partial \mathbf {F}_e \partial \mathbf {F}_e} \cdot \cdot (\mathbf {F}_e \mathbf {L}_{\theta }) + J_e^{- 1} \mathbf {F}_e [\operatorname {tr} (\mathbf {L}_{\theta }) \bar {\mathbb {I}} -\mathbf {L}_{\theta }] \frac {\partial \Omega }{\partial \mathbf {F}_e}\\ & : =\mathbf {A}_0 \cdot \cdot \mathbf {L}-\mathbf {M}_0 \dot {\Theta }, \end {aligned} \label {Eq2.4}\end {equation}
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$\mathbf {A}_0$


$\mathbf {M}_0$


\begin {equation}\begin {aligned} \text {A}_{0 \mathit {j} i \mathit {g} k} & = J_e^{- 1} \left [ \text {F}_e \right ]_{j \mathit {a}} \left [ \text {F}_e \right ]_{g \mathit {b}} \left ( \sum _{m = 1}^3 \sum _{n = 1}^3 \Omega _{m \mathit {n}} \frac {\partial \mathcal {I}_m}{\partial \left [ \text {F}_e \right ]_{i \mathit {a}}} \frac {\partial \mathcal {I}_n}{\partial \left [ \text {F}_e \right ]_{k \mathit {b}}} + \sum _{m = 1}^3 \Omega _m \frac {\partial ^2 \mathcal {I}_m}{\partial \left [ \text {F}_e \right ]_{i \mathit {a}} \partial \left [ \text {F}_e \right ]_{k \mathit {b}}} \right ) = \text {A}_{0 \mathit {g} k \mathit {j} i},\\ \text {M}_{0 j \mathit {i}} & = J_e^{- 1} \left [ \text {F}_e \right ]_{j \mathit {a}} \left [ \text {F}_e \right ]_{k \mathit {c}} \kappa _{c \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha b} \left ( \sum _{m = 1}^3 \sum _{n = 1}^3 \Omega _{m \mathit {n}} \frac {\partial \mathcal {I}_m}{\partial \left [ \text {F}_e \right ]_{i \mathit {a}}} \frac {\partial \mathcal {I}_n}{\partial \left [ \text {F}_e \right ]_{k \mathit {b}}} + \sum _{m = 1}^3 \Omega _m \frac {\partial ^2 \mathcal {I}_m}{\partial \left [ \text {F}_e \right ]_{i \mathit {a}} \partial \left [ \text {F}_e \right ]_{k \mathit {b}}} \right )\\ & + J_e^{- 1} \left [ \text {F}_e \right ]_{j \mathit {a}} \left ( \kappa _{a \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha b} - \kappa _{c \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha c} \delta _{a \mathit {b}} \right ) \left ( \sum ^3_{m = 1} \Omega _m \frac {\partial \mathcal {I}_m}{\partial \left [ \text {F}_e \right ]_{i \mathit {b}}} \right ), \end {aligned} \label {Eq2.5}\end {equation}


$\Omega _{m \mathit {n}} : = \partial ^2 \Omega / (\partial \mathcal {I}_m \partial \mathcal {I}_n)$
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$\mathbf {F}= \operatorname {diag} (\lambda _1, \lambda _1, \lambda _3)$
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$\boldsymbol {\kappa }= \operatorname {diag} (\kappa _1, \kappa _1, \kappa _3)$


$\mathbf {F}$


$\boldsymbol {\kappa }$


\begin {equation}\begin {aligned} & \left ( \text {A}_{01111} \frac {\partial ^2 u_x}{\partial x^2} + \text {A}_{01212} \frac {\partial ^2 u_x}{\partial y^2} + \text {A}_{03131} \frac {\partial ^2 u_x}{\partial z^2} \right ) + \left ( \text {A}_{01122} + \text {A}_{01221} \right ) \frac {\partial ^2 u_y}{\partial x \partial y} + \left ( \text {A}_{01133} + \text {A}_{01331} \right ) \frac {\partial ^2 u_z}{\partial x \partial z} - \text {M}_{011} \frac {\partial \dot {\Theta }}{\partial x} = 0,\\ & \left ( \text {A}_{01221} + \text {A}_{01122} \right ) \frac {\partial ^2 u_x}{\partial x \partial y} + \left ( \text {A}_{01212} \frac {\partial ^2 u_y}{\partial x^2} + \text {A}_{01111} \frac {\partial ^2 u_y}{\partial y^2} + \text {A}_{03131} \frac {\partial ^2 u_y}{\partial z^2} \right ) + \left ( \text {A}_{01133} + \text {A}_{01331} \right ) \frac {\partial ^2 u_z}{\partial y \partial z} - \text {M}_{011} \frac {\partial \dot {\Theta }}{\partial y} = 0,\\ & \left ( \text {A}_{01331} + \text {A}_{01133} \right ) \frac {\partial ^2 u_x}{\partial x \partial z} + \left ( \text {A}_{01331} + \text {A}_{01133} \right ) \frac {\partial ^2 u_y}{\partial y \partial z} + \left [ \text {A}_{01313} \Delta u_z + \text {A}_{03333} \frac {\partial ^2 u_z}{\partial z^2} \right ] - \text {M}_{033} \frac {\partial \dot {\Theta }}{\partial z} = 0, \label {Eq2.7} \end {aligned}\end {equation}


$\Delta := \partial ^2 / \partial x^2 + \partial ^2 / \partial y^2$


$\Phi _0$


$\Psi _0$


$u_x = \partial \Psi _0/\partial y - \partial \Phi _0/\partial x$


$u_y = -\partial \Psi _0/\partial x - \partial \Phi _0/\partial y$


$\Psi _0$


$\Phi _0$


$u_z$


$\dot {\Theta }$


\begin {equation}\left ( \text {A}_{01212} \Delta + \text {A}_{03131} \frac {\partial ^2}{\partial z^2} \right ) \Psi _0 = 0, \label {Eq2.11}\end {equation}


\begin {equation}\boldsymbol {\mathfrak {D}} \begin {Bmatrix} \Phi _0\\ u_z\\ \dot {\Theta } \end {Bmatrix} = \left [\begin {array}{ccc} \mathfrak {} \text {A}_{01111} \Delta + \text {A}_{03131} \frac {\partial ^2}{\partial z^2} & - \left ( \text {A}_{01133} + \text {A}_{01331} \right ) \frac {\partial }{\partial z} & \text {M}_{011}\\ - \left ( \text {A}_{01133} + \text {A}_{01331} \right ) \Delta \frac {\partial }{\partial z} & \text {A}_{01313} \Delta + \text {A}_{03333} \frac {\partial ^2}{\partial z^2} & - \text {M}_{033} \frac {\partial }{\partial z}\\ 0 & 0 & k_{11} \Delta + k_{33} \frac {\partial ^2}{\partial z^2} \end {array}\right ] \begin {Bmatrix} \Phi _0\\ u_z\\ \dot {\Theta } \end {Bmatrix} = \boldsymbol {0} , \label {Eq2.12}\end {equation}


$\text {A}_{01111} - \text {A}_{01122} = \text {A}_{01221} + \text {A}_{01212}$


\begin {equation}\begin {Bmatrix} \Phi _0\\ u_z\\ \dot {\Theta } \end {Bmatrix} = \boldsymbol {\mathfrak {D}}^{\dagger } \boldsymbol {\xi } = \left [\begin {array}{ccc} \mathfrak {D}_{11}^{\dagger } & \mathfrak {D}_{21}^{\dagger } & \mathfrak {D}_{31}^{\dagger }\\ \mathfrak {D}_{12}^{\dagger } & \mathfrak {D}_{22}^{\dagger } & \mathfrak {D}_{32}^{\dagger }\\ \mathfrak {D}_{13}^{\dagger } & \mathfrak {D}_{23}^{\dagger } & \mathfrak {D}_{33}^{\dagger } \end {array}\right ] \begin {Bmatrix} \xi ^{(1)}\\ \xi ^{(2)}\\ \xi ^{(3)} \end {Bmatrix}, \label {Eq2.13}\end {equation}


$\boldsymbol {\mathfrak {D}}^{\dagger }$


$\boldsymbol {\mathfrak {D}}$


$(i, j)$


$\boldsymbol {\mathfrak {D}}$


$\boldsymbol {\xi } = [\xi ^{(1)}, \xi ^{(2)}, \xi ^{(3)}]^{\text {T}}$


\begin {equation}\boldsymbol {\mathfrak {D}} \boldsymbol {\mathfrak {D}}^{\dagger } \boldsymbol {\xi } = (\det \boldsymbol {\mathfrak {D}}) \boldsymbol {\xi } = \left ( \hbar _0 \frac {\partial ^4}{\partial z^4} + \hbar _1 \Delta \frac {\partial ^2}{\partial z^2} + \hbar _2 \Delta ^2 \right ) \left ( k_{11} \Delta + k_{33} \frac {\partial ^2}{\partial z^2} \right ) \boldsymbol {\xi } = \boldsymbol {0}, \label {Eq2.14}\end {equation}


$\hbar _0 = \text {A}_{03131} \text {A}_{03333}$


$\hbar _1 = \text {A}_{01111} \text {A}_{03333} + \text {A}_{03131} \text {A}_{01313} - \left ( \text {A}_{01133} \text {A}_{01331} \right )^2$


$\hbar _2 = \text {A}_{01111} \text {A}_{01313}$


$\xi ^{(i)} (i = 1, 2, 3)$


$\xi ^{(3)}$


\begin {equation}\left \{\begin {array}{ll} \xi ^{(3)} = \xi _1^{(3)} + \xi _2^{(3)} + \xi _3^{(3)}, & (\operatorname {when} s_1^2 \neq s_2^2 \neq s_3^2 \neq s_1^2)\\ \xi ^{(3)} = \xi _1^{(3)} + \xi _2^{(3)} + z \xi _3^{(3)}, & (\operatorname {when} s_1^2 \neq s_2^2 = s_3^2)\\ \xi ^{(3)} = \xi ^{(3)}_1 + z \xi _2^{(3)} + z^2 \xi _3^{(3)}, & (\operatorname {when} s_1^2 = s_2^2 = s_3^2) \end {array}\right . \label {Eq2.15}\end {equation}


$\xi _k^{(3)} (k = 1, 2, 3)$


$\left ( \Delta + \frac {\partial ^2}{\partial z_k^2} \right ) \xi _k^{(3)} = 0 (k = 1, 2, 3)$


$z_k^2 = s_k^2 z^2 (k = 1, 2, 3)$


$s_k^2 (k = 1, 2)$


$\hbar _0 s^4 - \hbar _1 s^2 + \hbar _2 = 0$


$s_3^2 = k_{11} / k_{33}$


$\Phi _0$


$u_z$


$\dot {\Theta }$


$\Psi _k (k = 1, 2, 3)$


\begin {equation}\begin {aligned} \Phi _0 & = \mathfrak {D}_{31}^{\dagger } \xi ^{(3)} = \left \{ - \text {M}_{011} \text {A}_{01313} \Delta + \left [ \text {M}_{033} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{011} \text {A}_{03333} \right ] \frac {\partial ^2}{\partial z^2} \right \} \sum _{k = 1}^3 \xi _k^{(3)}\\ & = \sum _{k = 1}^3 \left \{ \left [ \text {M}_{033} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{011} \text {A}_{03333} \right ] s_k^2 + \text {M}_{011} \text {A}_{01313} \right \} \frac {\partial ^2 \xi _k^{(3)}}{\partial z_k^2} := \sum _{k = 1}^3 \Psi _k,\\ u_z & = \mathfrak {D}_{32}^{\dagger } \xi ^{(3)} = \left \{ \left [ \text {M}_{033} \text {A}_{01111} - \text {M}_{011} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) \right ] \Delta + \text {M}_{033} \text {A}_{03131} \frac {\partial ^2}{\partial z^2} \right \} \sum _{k = 1}^3 \frac {\partial \xi _k^{(3)}}{\partial z}\\ & = \sum _{k = 1}^3 \left [ \text {M}_{011} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{033} \text {A}_{01111} + \text {M}_{033} \text {A}_{03131} s_k^2 \right ] s_k \frac {\partial ^3 \xi ^{(3)}}{\partial z^3_k} := \sum _{k = 1}^3 \alpha _k \frac {\partial \Psi _k}{\partial z_k},\\ \dot {\Theta } & = \mathfrak {D}_{33}^{\dagger } \xi ^{(3)} = \left \{ \text {A}_{01111} \text {A}_{01313} \Delta ^2 + \left [ \text {A}_{01111} \text {A}_{03333} + \text {A}_{03131} \text {A}_{01313} - \left ( \text {A}_{01133} + \text {A}_{01331} \right )^2 \right ] \Delta \frac {\partial ^2}{\partial z^2} + \text {A}_{03131} \text {A}_{03333} \frac {\partial ^4}{\partial z^4} \right \} \sum _{k = 1}^3 \xi _k^{(3)}\\ & = \sum _{k = 1}^3 \left \{ \text {A}_{01111} \text {A}_{01313} - \left [ \text {A}_{01111} \text {A}_{03333} + \text {A}_{03131} \text {A}_{01313} - \left ( \text {A}_{01133} + \text {A}_{01331} \right )^2 \right ] s_k^2 + \text {A}_{03131} \text {A}_{03333} s_k^4 \right \} \frac {\partial ^4 \xi _k^{(3)}}{\partial z^4_k} := \sum _{k = 1}^3 \beta _k \frac {\partial ^2 \Psi _k}{\partial z_k^2}, \label {Eq2.16} \end {aligned}\end {equation}


$\alpha _k$


$\beta _k (k = 1, 2, 3)$


$\Psi _k$


$\left ( \Delta + \frac {\partial ^2}{\partial z_k^2} \right ) \Psi _k = 0 (k = 0, 1, 2, 3)$


$s_0^2 = \text {A}_{01212} / \text {A}_{03131}$


$(x, y, z)$


\begin {equation}\begin {aligned} u_x & = \frac {\partial \Psi _0}{\partial y} - \sum _{k = 1}^3 \frac {\partial \Psi _k}{\partial x}, & u_y & = - \frac {\partial \Psi _0}{\partial x} - \sum _{k = 1}^3 \frac {\partial \Psi _k}{\partial y}, & u_z & = \sum _{k = 1}^3 \alpha _k \frac {\partial \Psi _k}{\partial z_k}, & \dot {\Theta } & = \sum _{k = 1}^3 \beta _k \frac {\partial ^2 \Psi _k}{\partial z^2_k} . \end {aligned} \label {Eq2.17}\end {equation}


$(\rho , \phi , z)$


\begin {align}u_{\rho } & = \frac {1}{\rho } \frac {\partial \Psi _0}{\partial \phi } - \sum _{k = 1}^3 \frac {\partial \Psi _k}{\partial \rho }, & u_{\phi } & = - \frac {\partial \Psi _0}{\partial \rho } - \frac {1}{\rho } \sum _{k = 1}^3 \frac {\partial \Psi _k}{\partial \phi }, & u_z & = \sum _{k = 1}^3 \alpha _k \frac {\partial \Psi _k}{\partial z_k} := w_1, & \dot {\Theta } & = \sum _{k = 1}^3 \beta _k \frac {\partial ^2 \Psi _k}{\partial z^2_k} := \sigma _{z 2} . \label {Eq2.18}\end {align}


\begin {align}\notag & \dot {\text {T}}_{0 \mathit {z} z} = \sum _{k = 1}^3 \left ( \text {A}_{01133} + \text {A}_{03333} \alpha _k s_k - \text {M}_{033} \beta _k \right ) \frac {\partial ^2 \Psi _k}{\partial z_k^2} := \sigma _{z 1},\\\notag & \dot {\text {T}}_{0 \rho \rho } + \dot {\text {T}}_{0 \phi \phi } = \sum _{k = 1}^3 \left [ \left ( \text {A}_{01111} + \text {A}_{01122} \right ) + 2 \text {A}_{01133} \alpha _k s_k - 2 \text {M}_{011} \beta _k \right ] \frac {\partial ^2 \Psi _k}{\partial z_k^2} := \sigma _{z 3},\\\notag & \dot {\text {T}}_{0 \rho \rho } - \dot {\text {T}}_{0 \phi \phi } = \left ( \text {A}_{01111} - \text {A}_{01122} \right ) \left [ \frac {2}{\rho } \left ( \frac {\partial ^2 \Psi _0}{\partial \rho \partial \phi } - \frac {1}{\rho } \frac {\partial \Psi _0}{\partial \phi } \right ) + \sum _{k = 1}^3 \left ( - \frac {\partial ^2 \Psi _k}{\partial \rho ^2} + \frac {1}{\rho } \frac {\partial \Psi _k}{\partial \rho } + \frac {1}{\rho ^2} \frac {\partial ^2 \Psi _k}{\partial \phi ^2} \right ) \right ] := \sigma _{\rho t},\\\notag & \dot {\text {T}}_{0 \rho \phi } + \dot {\text {T}}_{0 \phi \rho } = \left ( \text {A}_{01221} + \text {A}_{01212} \right ) \left [ \left ( - \frac {\partial ^2 \Psi _0}{\partial \rho ^2} + \frac {1}{\rho } \frac {\partial \Psi _0}{\partial \rho } + \frac {1}{\rho ^2} \frac {\partial ^2 \Psi _0}{\partial \phi ^2} \right ) + \sum _{k = 1}^3 \frac {2}{\rho } \left ( \frac {1}{\rho } \frac {\partial \Psi _k}{\partial \phi } - \frac {\partial ^2 \Psi _k}{\partial \rho \partial \phi } \right ) \right ] := \sigma _{\phi t},\\\label {Eq2.19} & \dot {\text {T}}_{0 \rho \phi } - \dot {\text {T}}_{0 \phi \rho } = \left ( \text {A}_{01221} - \text {A}_{01212} \right ) \Delta \Psi _0 : = \sigma _{z \mathit {t}},\\\notag & \dot {\text {T}}_{0 z \rho } = \text {A}_{03131} \frac {1}{\rho } \frac {\partial ^2 \Psi _0}{\partial \phi \partial z} + \sum _{k = 1}^3 \left ( - \text {A}_{03131} s_k + \text {A}_{01331} \alpha _k \right ) \frac {\partial ^2 \Psi _k}{\partial \rho \partial z_k} := \sigma _{\rho 1},\\\notag & \dot {\text {T}}_{0 \rho z} = \text {A}_{01331} \frac {1}{\rho } \frac {\partial ^2 \Psi _0}{\partial \phi \partial z} + \sum _{k = 1}^3 \left ( - \text {A}_{01331} s_k + \text {A}_{01313} \alpha _k \right ) \frac {\partial ^2 \Psi _k}{\partial \rho \partial z_k} : = \sigma _{\rho 2},\\\notag & \dot {\text {T}}_{0 z \phi } = - \text {A}_{03131} \frac {\partial ^2 \Psi _0}{\partial \rho \partial z} + \sum _{k = 1}^3 \left ( - \text {A}_{03131} s_k + \text {A}_{01331} \alpha _k \right ) \frac {1}{\rho } \frac {\partial ^2 \Psi _k}{\partial \phi \partial z_k} := \sigma _{\phi 1},\\\notag & \dot {\text {T}}_{0 \phi z} = - \text {A}_{01331} \frac {\partial ^2 \Psi _0}{\partial \rho \partial z} + \sum _{k = 1}^3 \left ( - \text {A}_{01331} s_k + \text {A}_{01313} \alpha _k \right ) \frac {1}{\rho } \frac {\partial ^2 \Psi _k}{\partial \phi \partial z_k} := \sigma _{\phi 2} .\end {align}


$C^1$


$f (\rho , \phi )$


$S$


$W (\rho , \phi ) = d - f (\rho , \phi )$


$d$


$\zeta $


$\check {P} (\rho , \phi )$


$P(\rho ,\phi ):=\check {P}(\rho ,\phi )/\zeta $


$z = 0$


\begin {equation}\begin {aligned} & w_1 = W (\rho , \phi ), & & \zeta \frac {\partial \sigma _{z 2}}{\partial z} = \check {P} (\rho , \phi ), & & (\rho , \phi ) \in S\\ & \sigma _{z 1} = 0, & & \sigma _{z 2} = 0, & & (\rho , \phi ) \notin S\\ & \sigma _{\rho 1} = 0, & & \sigma _{\phi 1} = 0. & & (\rho , \phi ) \in [0, + \infty ) \times [0, 2 \pi ] \end {aligned} \label {Eq3.1}\end {equation}


$\Psi _0 = 0$


$\Psi _k = \sum _{i = 1}^2 \varsigma _{k \mathit {i}} \hat {H}_i (\rho , \phi , z_k) (k = 1, 2, 3)$


\begin {equation}\hat {H}_i (\rho , \phi , z_k) = \iint _S \ln \left [ \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_k^2} + z_k \right ] \omega _i (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0 \label {Eq3.2}\end {equation}


$i = 1, 2$


$k = 1, 2, 3$


$\omega _1$


$\omega _2$


$\sigma _{z 1}$


$\sigma _{z 2}$


\begin {equation}\begin {aligned} \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial ^2 \hat {H}_i (\rho , \phi , z_k)}{\partial z_k^2} & = - 2 \pi \omega _i (\rho , \phi ) = - 2 \pi \sigma _{z \mathit {i}} (\rho , \phi , 0), & (\rho , \phi ) \in S\\ \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial ^2 \hat {H}_i (\rho , \phi , z_k)}{\partial z_k^2} & = 0, & (\rho , \phi ) \notin S \end {aligned} \label {Eq3.3}\end {equation}


$i = 1, 2$


\begin {equation}\begin {aligned} \sigma _{z \mathit {j}} (\rho , \phi , 0) & = \sum _{i = 1}^2 \sum _{k = 1}^3 \gamma _{j \mathit {k}} \varsigma _{k \mathit {i}} \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial ^2 \hat {H}_i (\rho , \phi , z_k)}{\partial z^2_k} = - 2 \pi \sum _{i = 1}^2 \sum _{k = 1}^3 \gamma _{j \mathit {k}} \varsigma _{k \mathit {i}} \sigma _{z \mathit {i}} (\rho , \phi , 0),\\ \sigma _{\rho 1} (\rho , \phi , 0) & = \sum _{i = 1}^2 \sum _{k = 1}^3 \varpi _{1 k} \varsigma _{k \mathit {i}} \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial ^2 \hat {H}_i (\rho , \phi , z_k)}{\partial z_k \partial \rho } = 0, \end {aligned} \label {Eq3.4}\end {equation}


\begin {equation}\begin {aligned} & \sum _{k = 1}^3 \gamma _{j \mathit {k}} \varsigma _{k \mathit {i}} = - \delta _{j \mathit {i}} / 2 \pi , & & \sum _{k = 1}^3 \varpi _{1 k} \varsigma _{k \mathit {i}} = 0, \end {aligned} \label {Eq3.5}\end {equation}


$i, j = 1, 2$


$\gamma _{1 k} = \text {A}_{01133} + \text {A}_{03333} \alpha _k s_k - \text {M}_{033} \beta _k$


$\gamma _{2 k} = \beta _k$


$\varpi _{1 k} = - \text {A}_{03131} s_k + \text {A}_{01331} \alpha _k$


$\sigma _{\phi 1} (\rho , \phi , 0) = 0$


$\sigma _{\rho 1} (\rho , \phi , 0) = 0$


$\Psi _0 = 0$


$\sigma _{\phi 1} = 0$


$\varsigma _{k \mathit {i}} (k = 1, 2, 3 ; i = 1, 2)$


\begin {equation}\begin {Bmatrix} \varsigma _{1 i}\\ \varsigma _{2 i}\\ \varsigma _{3 i} \end {Bmatrix} = - \frac {1}{2 \pi } \left [\begin {array}{ccc} \varpi _{11} & \varpi _{12} & \varpi _{13}\\ \gamma _{11} & \gamma _{12} & \gamma _{13}\\ \gamma _{21} & \gamma _{22} & \gamma _{23} \end {array}\right ]^{- 1} \begin {Bmatrix} 0\\ \delta _{1 i}\\ \delta _{2 i} \end {Bmatrix} . \label {Eq3.6}\end {equation}


$\varsigma _{k \mathit {i}}$


$\omega _i$


$(\rho , \phi ) \in S$


$_{1 \text {-} 2}$


\begin {equation}\begin {aligned} w_1 = W (\rho , \phi ) & = \sum _{i = 1}^2 \sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {i}} \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial \hat {H}_i (\rho , \phi , z_k)}{\partial z_k}\\ & = \sum _{i = 1}^2 \sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {i}} \iint _S \frac {\omega _i (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}}, \end {aligned} \label {Eq3.7}\end {equation}


\begin {equation}\begin {aligned} \frac {\partial \sigma _{z 2}}{\partial z} = P (\rho , \phi ) & = \sum _{i = 1}^2 \sum _{k = 1}^3 \gamma _{2 k} \varsigma _{k \mathit {i}} \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial ^3 \hat {H}_i (\rho , \phi , z_k)}{\partial z^3_k}\\ & = \sum _{i = 1}^2 \sum _{k = 1}^3 \gamma _{2 k} \varsigma _{k \mathit {i}} \underset {z_k \rightarrow 0^+}{\lim } \frac {\partial ^2}{\partial z^2_k} \iint _S \frac {\omega _i (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_k^2}} . \end {aligned} \label {Eq3.8}\end {equation}


$s_k$


$\beta _k$


$\beta _k = 0$


$k = 1, 2$


$\gamma _{2 k} = 0 (k = 1, 2)$


$\varsigma _{31} = 0$


\begin {equation}P (\rho , \phi ) = \beta _3 \varsigma _{32} \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial ^2}{\partial z^2_3} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_3^2}} . \label {Eq3.9}\end {equation}


$\omega _2$


\begin {equation}\iint _S \frac {\omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} = \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {1}}} \left [ W (\rho , \phi ) - \sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {2}} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} \right ] \label {Eq3.10}\end {equation}


$\omega _1$


$\partial (\#) / \partial \phi = 0$


$u_{\phi } = 0$


$\sigma _{\phi i} = 0$


$i = 1, 2$


$S = \{ (\rho , \phi ) | 0 \leqslant \rho \leqslant a ; 0 \leqslant \phi \leqslant 2 \pi \}$


\begin {equation}\begin {aligned} \omega _2 (\rho , \phi ) = & \frac {1}{\pi ^2 \beta _3 \varsigma _{32}} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right ) P (\rho _0, \phi ),\\ \omega _1 (\rho , \phi ) = & - \frac {1}{\pi ^2 \rho } \mathcal {L} (\rho ) \frac {\text {d}}{\text {d} \rho } \int _{\rho }^a \frac {t \text {d} t}{\sqrt {t^2 - \rho ^2}} \mathcal {L} \left ( \frac {1}{t^2} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\rho _0 \text {d} \rho _0}{\sqrt {t^2 - \rho _0^2}} \mathcal {L} (\rho _0) \times \\ & \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ W (\rho _0, \phi ) - 4 \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} \int _0^{\rho _0} \frac {\text {d} x}{\sqrt {\rho _0^2 - x^2}} \int _x^a \frac {y \text {d} y}{\sqrt {y^2 - x^2}} \mathcal {L} \left ( \frac {x^2}{\rho _0 y} \right ) \omega _2 (y, \phi ) \right ], \label {Eq3.11} \end {aligned}\end {equation}


$\mathcal {L} (\#)$


$\mathcal {L} (k) f (\phi ) := \frac {1}{2 \pi } \int _0^{2 \pi } \mathcal {G} (k, \phi - \phi _0) f (\phi _0) \text {d} \phi _0$


$0 < k < 1$


$\mathcal {G} (k, \phi ) := \sum _{n = - \infty }^{+ \infty } k^{| n |} \text {e}^{\text {i} n \phi } = (1 - k^2) / [1 + k^2 - 2 \mathit {k} \cos (\phi )]$


$W (\rho , \phi )$


$P (\rho , \phi )$


$d$


$P$


\begin {equation}\begin {aligned} \omega _2 (\rho ) = \frac {P}{\pi ^2 \beta _3 \varsigma _{32}} \sqrt {a^2 - \rho ^2}, & \quad \omega _1 (\rho ) = \frac {1}{\pi ^2} \left ( \frac {d}{\sum ^3_{k = 1} \alpha _k \varsigma _{k 1}} \frac {1}{\sqrt {a^2 - \rho ^2}} - \frac {\sum ^3_{k = 1} \alpha _k \varsigma _{k 2}}{\sum ^3_{k = 1} \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} \sqrt {a^2 - \rho ^2} \right ) . \label {Eq3.12} \end {aligned}\end {equation}


$\omega _1$


$\hat {H}_i$


\begin {equation}\hat {H}_i (\rho , \phi , z_k) = \int \text {} \left [ 4 \int _0^{l_1 (a)} \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _{g (x)}^a \frac {\rho _0 \text {d} \rho _0}{\sqrt {\rho _0^2 - g^2 (x)}} \mathcal {L} \left ( \frac {x^2}{\rho \rho _0} \right ) \omega _i (\rho _0, \phi ) \right ] \text {d} z_k, \label {Eq3.13}\end {equation}


$l_1 (a) = l_1 (a, \rho , z_k) : = \left [ \sqrt {(\rho + a)^2 + z_k^2} - \sqrt {(\rho - a)^2 + z_k^2} \right ] / 2$


$g (x) : = x \sqrt {1 + z_k^2 / (\rho ^2 - x^2)}$


$z_k$


\begin {equation}\begin {aligned} \hat {H}_1 (\rho , \phi , z_k) & = \frac {2}{\pi } \frac {d}{\sum ^3_{k = 1} \alpha _k \varsigma _{k 1}} \left \{ - \sqrt {a^2 - l^2_1 (a)} + \frac {\sqrt {[a^2 - l^2_1 (a)] [\rho ^2 - l_1^2 (a)]}}{l_1 (a)} \arcsin \left [ \frac {l_1 (a)}{\rho } \right ] \right .\\ & \left . - \mathit {a} \ln \left [ \frac {l_1 (a)}{a \left ( a + \sqrt {a^2 - l_1^2 (a)} \right )} \right ] \right \} + \frac {\sum ^3_{k = 1} \alpha _k \varsigma _{k 2}}{\sum ^3_{k = 1} \alpha _k \varsigma _{k 1}} \frac {P}{\pi \beta _3 \varsigma _{32}} \left \{ \frac {\sqrt {a^2 - l^2_1 (a)}}{18} [5 l^2_1 (a) - 9 \rho ^2 + 16 a^2 + 6 z_k^2] \right .\\ & \left . - \frac {\sqrt {[a^2 - l^2_1 (a)] [\rho ^2 - l_1^2 (a)]}}{6 l_1 (a)} (2 z_k^2 + 6 a^2 - 3 \rho ^2) \arcsin \left [ \frac {l_1 (a)}{\rho } \right ] + \frac {2 a^3}{3} \ln \left [ \frac {l_1 (a)}{a \left ( a + \sqrt {a^2 - l^2_1 (a)} \right )} \right ] \right \}, \label {Eq3.14} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \hat {H}_2 (\rho , \phi , z_k) & = \frac {P}{\pi \beta _3 \varsigma _{32}} \left \{ \frac {\sqrt {[a^2 - l^2_1 (a)] [\rho ^2 - l_1^2 (a)]}}{6 l_1 (a)} (2 z_k^2 + 6 a^2 - 3 \rho ^2) \arcsin \left [ \frac {l_1 (a)}{\rho } \right ] \right .\\ & \left . - \frac {2 a^3}{3} \ln \left [ \frac {l_1 (a)}{a \left ( a + \sqrt {a^2 - l^2_1 (a)} \right )} \right ] - \frac {\sqrt {a^2 - l^2_1 (a)}}{18} [5 l^2_1 (a) - 9 \rho ^2 + 16 a^2 + 6 z_k^2] \right \}, \end {aligned} \label {Eq3.15}\end {equation}


$z_k^2 = l_1^2 (a) + \rho ^2 a^2 / l_1^2 (a) - a^2 - \rho ^2$


$\text {d} z_k = - [l^2_2 (a) - l_1^2 (a)] / [z_k \mathit {l_1 (a)}] \text {d} l_1 (a)$


$l_2 (a) = l_2 (a, \rho , z_k) : = \left [ \sqrt {(\rho + a)^2 + z_k^2} + \sqrt {(\rho - a)^2 + z_k^2} \right ] / 2$


\begin {equation}\begin {aligned} u_z |_{z = 0} & = \sum _{i = 1}^2 \sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {i}} \left . \frac {\partial \hat {H}_i (\rho , \phi , z_k)}{\partial z_k} \right |_{z_k = 0}\\ & = 4 \sum _{i = 1}^2 \sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {i}} \int _0^{\min (\rho , a)} \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \frac {\rho _0 \text {d} \rho _0}{\sqrt {\rho _0^2 - x^2}} \mathcal {L} \left ( \frac {x^2}{\rho \rho _0} \right ) \omega _i (\rho _0, \phi ) \end {aligned} \label {Eq3.16}\end {equation}


\begin {equation}u_z |_{z = 0} = \left \{\begin {array}{ll} d, & (0 \leqslant \rho \leqslant a)\\ \frac {2}{\pi } \mathit {} \arcsin \left ( \frac {a}{\rho } \right ) d. & (\rho > a) \end {array}\right . \label {Eq3.17}\end {equation}


$w_1 = d$


$0 \leqslant \rho \leqslant a$


\begin {equation}\mathcal {F} (d) : = - \int _0^{2 \pi } \int _0^a \omega _1 (\rho , \phi ) \rho \text {d} \rho \text {d} \phi = \frac {2}{\pi } \left ( \frac {\sum ^3_{k = 1} \alpha _k \varsigma _{k 2}}{\sum ^3_{k = 1} \alpha _k \varsigma _{k 1}} \frac {P \mathit {a^3}}{3 \beta _3 \varsigma _{32}} - \frac {d \mathit {a}}{\sum ^3_{k = 1} \alpha _k \varsigma _{k 1}} \right ) . \label {Eq3.18}\end {equation}


$P < 0$


$d = 0$


$d = P \mathit {a}^2 \left ( \sum ^3_{k = 1} \alpha _k \varsigma _{k 2} \right ) / (3 \beta _3 \varsigma _{32}) > 0$


$\mathcal {F} (d) \geqslant 0$


$\Omega = \mu (J_e^{- 2 \Lambda } - 1) / (2 \Lambda ) + \mu (\mathcal {I}_1 - 3) / 2$


$\Lambda = \nu / (1 - 2 \nu )$


$\mu $


$\nu $


$u_z |_{z = 0}$


$\rho \in [0, 0.1] \left ( \text {m} \right )$


$\lambda _1 = 1.054$


$\mu = 1.0 (\operatorname {MPa})$


$\nu = 0.45$


$\kappa _1 = 1.0 \times 10^{- 4} \left ( 1 / \text {K} \right )$


$\kappa _3 = 1.5 \times 10^{- 4} \left ( 1 / \text {K} \right )$


$\Theta - \Theta _{\operatorname {ref}} = 0.1 \left ( \text {K} \right )$


$P = 0.01 \left ( \text {K/m} \right )$


$0 \leqslant \rho \leqslant a = 0.05 \left ( \text {m} \right )$


$\rho > a$


$\mathfrak {L}_{\operatorname {ALM}} (\mathbf {u}, \varrho ) = \Pi (\mathbf {u}) + \int _{\Gamma _c} (\varrho \langle \check {g}_n \rangle _- + \jmath \langle \check {g}_n \rangle _-^2 / 2) \text {d} \Gamma $


$\Pi (\mathbf {u})$


$\Gamma _c$


$\langle \# \rangle _- := \min (0, \#)$


$\check {g}_n (\mathbf {u})$


$\varrho $


$\jmath > 0$


$\mathbf {u}^{[k + 1]}$


$\mathfrak {L}_{\operatorname {ALM}}$


$\varrho ^{[k]}$


$\varrho ^{[k + 1]} = \langle \varrho ^{[k]} + \jmath \check {g}_n (\mathbf {u}^{[k + 1]}) \rangle _-$


$\rho / R$


$\rho ^2 / (2 R)$


$\Upsilon $


$\ell $


$\mathcal {B}^{\text {II}}$


$\text {M} (\rho ) = \Upsilon [1 - \cos (2 \pi \rho / \ell )]$


$\Upsilon $


$\ell $


$\rho ^2 / (2 R)$


$W (\rho , \phi ) : = d - f (\rho ) = d - \{ \rho ^2 / (2 R) + \Upsilon [1 - \cos (2 \pi \rho / \ell )] \}$


$f (\rho )$


$\rho $


$\text {d} f / \text {d} \rho > 0$


$\rho > 0$


$\ell ^2 / (4 \pi ^2 \Upsilon R) > - \sin (2 \pi \rho / \ell ) / (2 \pi \rho / \ell )$


$P (\rho , \phi )$


$P$


$\omega _2$


$\omega _1$


\begin {equation}\begin {aligned} \omega _1 (\rho ) & = \frac {1}{\pi ^2 \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left \{ \frac {d - \frac {a^2}{R} - \Upsilon \frac {\pi ^2 a}{\ell } \overset \frown {H}_0 \left ( \frac {2 \pi }{\ell } a \right )}{\sqrt {a^2 - \rho ^2}} + \left ( \frac {2}{R} - \frac {P \sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\beta _3 \varsigma _{32}} + \frac {4 \pi ^2 \Upsilon }{\ell ^2} \right ) \sqrt {a^2 - \rho ^2} \right \}\\ & + \frac {\Upsilon }{\ell \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \int _{\rho }^a \frac {1}{\sqrt {t^2 - \rho ^2}} \left [ \overset \frown {H}_0 \left ( \frac {2 \pi }{\ell } t \right ) - \frac {2 \pi }{\ell } t \overset \frown {H}_1 \left ( \frac {2 \pi }{\ell } t \right ) \right ] \text {d} t, \end {aligned} \label {Eq4.1}\end {equation}


$\overset \frown {H}_{\upsilon } (\#)$


$\text {d} [t \overset \frown {H}_{- 1} (t)] / \text {d} t = 2 / \pi - t \overset \frown {H}_0 (t)$


$\overset \frown {H}_{- 1} (t) + \overset \frown {H}_1 (t) = 2 / \pi $


$1 / \sqrt {a^2 - \rho ^2}$


$d$


$a$


\begin {equation}d = \frac {a^2}{R} + \Upsilon \frac {\pi ^2 a}{\ell } \overset \frown {H}_0 \left ( \frac {2 \pi a}{\ell } \right ) \label {Eq4.2} .\end {equation}


\begin {equation}\begin {aligned} \mathcal {F} (a) & = \frac {2}{\pi } \left [ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} - \frac {2 / R + 4 \pi ^2 \Upsilon / \ell ^2}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right ] \int _0^a \sqrt {a^2 - \rho ^2} \rho \text {d} \rho \\ & - \frac {2 \pi \Upsilon / \ell }{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \int ^a_0 t \left [ \overset \frown {H}_0 \left ( \frac {2 \pi }{\ell } t \right ) - \frac {2 \pi }{\ell } t \overset \frown {H}_1 \left ( \frac {2 \pi }{\ell } t \right ) \right ] \text {d} t\\ & = \frac {2 a^3}{3 \pi } \left [ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} - \frac {2 / R}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right ] + \frac {\Upsilon }{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ a \overset \frown {H}_1 \left ( \frac {2 \pi }{\ell } a \right ) - \frac {2 \pi }{\ell } a^2 \overset \frown {H}_0 \left ( \frac {2 \pi }{\ell } a \right ) \right ], \label {Eq4.3} \end {aligned}\end {equation}


\begin {equation}\mathcal {E}_1 (t) : = \frac {\text {d}}{\text {d} t} \int _0^t \frac {\mathcal {W} (\rho _0, \phi ) \rho _0 \text {d} \rho _0}{\sqrt {t^2 - \rho _0^2}}, \label {Eq4.4}\end {equation}


$\omega _1$


\begin {equation}\omega _1 (\rho ) = - \frac {1}{\pi ^2 \rho } \frac {\text {d}}{\text {d} \rho } \int _{\rho }^a \frac {t \text {d} t}{\sqrt {t^2 - \rho ^2}} \mathcal {E}_1 (t) = \frac {1}{\pi ^2} \left [ \frac {\mathcal {E}_1 (a)}{\sqrt {a^2 - \rho ^2}} - \int _{\rho }^a \frac {\text {d} t}{\sqrt {t^2 - \rho ^2}} \frac {\text {d} \mathcal {E}_1 (t)}{\text {d} t} \right ], \label {Eq4.5}\end {equation}


$\mathcal {W} (\rho , \phi ) : = \left [ \frac {W (\rho , \phi )}{\sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {1}}} - \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {2}}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k \mathit {1}}} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} \right ] .$


\begin {equation}\mathcal {F} (a) = - \frac {2}{\pi } \int _0^a \left [ \frac {\mathcal {E}_1 (a)}{\sqrt {a^2 - \rho ^2}} - \int _{\rho }^a \frac {\text {d} t}{\sqrt {t^2 - \rho ^2}} \frac {\text {d} \mathcal {E}_1 (t)}{\text {d} t} \right ] \rho \text {d} \rho = - \frac {2}{\pi } \int _0^a \mathcal {E}_1 (t) \text {d} t. \label {Eq4.6}\end {equation}


$K_{\text {I}} (a)$


\begin {equation}K_{\text {I}} : = \underset {\rho \rightarrow a}{\lim } \left [ \sqrt {2 \pi (a - \rho )} \omega _1 (\rho ) \right ] = \frac {\mathcal {E}_1 (a)}{\pi \sqrt {\pi a}} \label {Eq4.7}\end {equation}


$\omega _1$


$\omega _1 (\rho ) = \sqrt {\frac {a}{\pi }} \frac {K_{\text {I}}}{\sqrt {a^2 - \rho ^2}} - \frac {1}{\pi ^2} \int _{\rho }^a \frac {\text {d} t}{\sqrt {t^2 - \rho ^2}} \frac {\text {d} \mathcal {E}_1 (t)}{\text {d} t}$


\begin {equation}G = \underset {\delta a \rightarrow 0}{\lim } \frac {1}{\delta a} \int _0^{\delta a} \frac {1}{2} \omega _1 (a - \delta \rho , \phi , 0) \llbracket w_1 \rrbracket (a + \delta a - \delta \rho , \phi , 0) \text {d} (\delta \rho ), \label {Eq4.8}\end {equation}


$\delta a$


$\delta \rho $


$\omega _1$


\begin {equation}\begin {aligned} \omega _1 (a - \delta \rho , \phi , 0) & = \sqrt {\frac {a}{\pi }} \frac {K_{\text {I}}}{\sqrt {2 a \delta \rho - (\delta \rho )^2}} - \frac {1}{\pi ^2} \int _{a - \delta \rho }^a \frac {\text {d} t}{\sqrt {t^2 - (a - \delta \rho )^2}} \frac {\text {d} \mathcal {E}_1 (t)}{\text {d} t}\\ & \simeq \sqrt {\frac {a}{\pi }} \frac {K_{\text {I}}}{\sqrt {2 a \delta \rho }}, \end {aligned} \label {Eq4.9}\end {equation}


$\delta \rho \rightarrow 0$


$\llbracket w_1 \rrbracket $


\begin {equation}\begin {aligned} w_1 & = 4 K_{\text {I}} \sqrt {\frac {a}{\pi }} \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \frac {\rho _0 \text {d} \rho _0}{\sqrt {a^2 - \rho _0^2} \sqrt {\rho _0^2 - x^2}}\\ & - \frac {4}{\pi ^2} \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \int _x^t \frac {\rho _0 \text {d} \rho _0}{\sqrt {t^2 - \rho _0^2} \sqrt {\rho _0^2 - x^2}} \frac {\text {d} \mathcal {E}_1 (t)}{\text {d} t} \text {d} t\\ & + \frac {4}{\pi ^2} \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \int _x^t \frac {\rho _0 \text {d} \rho _0}{\sqrt {t^2 - \rho _0^2} \sqrt {\rho _0^2 - x^2}} \frac {\text {d} \mathcal {E}_2 (t)}{\text {d} t} \text {d} t\\ & = \frac {2}{\pi } \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \int _0^{\rho } \frac {\mathcal {E}_1 (x) \text {d} x}{\sqrt {\rho ^2 - x^2}} + \frac {2}{\pi } \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \mathcal {E}_2 (t) \text {d} t, \end {aligned} \label {Eq4.10}\end {equation}


$\mathcal {E}_2$


$\omega _2 (\rho _0) = \frac {1}{\pi ^2} \int _{\rho _0}^a \frac {\mathcal {E}_2 (x) \text {d} x}{\sqrt {x^2 - \rho _0^2}}$


$w_1 (a + \delta \rho , \phi , 0)$


\begin {equation}\begin {aligned} w_1 (a + \delta \rho , \phi , 0) & = \frac {2}{\pi } \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \left [ \int _0^a \frac {\mathcal {E}_1 (x) \text {d} x}{\sqrt {(a + \delta \rho )^2 - x^2}} + \int _a^{a + \delta \rho } \frac {\mathcal {E}_1 (x) \text {d} x}{\sqrt {(a + \delta \rho )^2 - x^2}} \right ]\\ & + \frac {2}{\pi } \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} \left [ \int _0^a \frac {\text {d} x}{\sqrt {(a + \delta \rho )^2 - x^2}} \int _x^a \mathcal {E}_2 (t) \text {d} t + \int _a^{a + \delta \rho } \frac {\text {d} x}{\sqrt {(a + \delta \rho )^2 - x^2}} \int _x^a \mathcal {E}_2 (t) \text {d} t \right ] \label {Eq4.11}\\ & \simeq \frac {2}{\pi } \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \int _a^{a + \delta \rho } \frac {\mathcal {E}_1 (a) \text {d} x}{\sqrt {(a + \delta \rho )^2 - a^2}}\\ & \simeq 2 \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \sqrt {\frac {\delta \rho }{2 \pi }} K_{\text {I}}, \end {aligned}\end {equation}


$\llbracket w_1 \rrbracket (a + \delta \rho , \phi , 0) = - 2 w_1 = - 4 \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \sqrt {\frac {\delta \rho }{2 \pi }} K_{\text {I}}$


$\delta a$


$\llbracket w_1 \rrbracket (a + \delta a - \delta \rho , \phi , 0) = - 4 \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \sqrt {\frac {\delta a - \delta \rho }{2 \pi }} K_{\text {I}}$


$\llbracket w_1 \rrbracket $


\begin {equation}G = - K^2_{\text {I}} \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \underset {\delta a \rightarrow 0}{\lim } \frac {1}{\delta a} \int _0^{\delta a} \sqrt {\frac {\delta a - \delta \rho }{\delta \rho }} \text {d} (\delta \rho ) = - \frac {\pi }{2} K^2_{\text {I}} \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} . \label {Eq4.12}\end {equation}


$\left ( G - \eta \frac {\partial \mathcal {A}}{\partial \mathcal {A}_p} \right ) \text {d} \mathcal {A}_p = 0$


$\eta $


$\mathcal {A}_p = \pi a^2$


$\mathcal {A}$


$\partial \mathcal {A} / \partial \mathcal {A}_p = \sqrt {1 + [f' (a)]^2}$


$\rho = a$


$G = \eta \sqrt {1 + [f' (a)]^2}$


$G$


\begin {equation}K_{\text {I}} = \sqrt {- \frac {2 \eta \sqrt {1 + [a / R + (2 \pi \Upsilon / \ell ) \sin (2 \pi a / \ell )]^2}}{\pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}}} . \label {Eq4.13}\end {equation}


$d$


$a$


\begin {equation}d = \frac {a^2}{R} + \Upsilon \frac {\pi ^2 a}{\ell } \overset \frown {H}_0 \left ( \frac {2 \pi a}{\ell } \right ) + \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \sqrt {- \frac {2 \eta \pi ^2 a \sqrt {1 + [a / R + (2 \pi \Upsilon / \ell ) \sin (2 \pi a / \ell )]^2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}}}, \label {Eq4.14}\end {equation}


$P (\rho , \phi ) = P$


\begin {equation}\begin {aligned} \mathcal {F} (a) & = \frac {2 a^3}{3 \pi } \left [ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} - \frac {2 / R}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right ] + \frac {\Upsilon }{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ a \overset \frown {H}_1 \left ( \frac {2 \pi }{\ell } a \right ) - \frac {2 \pi }{\ell } a^2 \overset \frown {H}_0 \left ( \frac {2 \pi }{\ell } a \right ) \right ]\\ & - \frac {2}{\pi } \sqrt {- \frac {2 \eta \pi ^2 a^3 \sqrt {1 + [a / R + (2 \pi \Upsilon / \ell ) \sin (2 \pi a / \ell )]^2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} .} \label {Eq4.15} \end {aligned}\end {equation}


$\eta = 0$


$\mathcal {F} (a)$


$| \mathcal {F}_{\operatorname {JKR}} | : = 3 \pi \eta R / 2$


$\mathcal {F}^{\ddagger } := \mathcal {F} / | \mathcal {F}_{\operatorname {JKR}} |$


$a^{\ddagger } : = a / R$


$\ell ^{\ddagger } := \ell / R$


$\Upsilon ^{\ddagger } := \Upsilon / \ell $


$\eta ^{\ddagger } := 2 \pi ^2 \eta \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} / R$


$P^{\ddagger } := P \mathit {R} \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} / (2 \beta _3 \varsigma _{32})$


$a^{\ddagger } / \ell ^{\ddagger }$


$\Upsilon ^{\ddagger }$


$P^{\ddagger }$


$\eta ^{\ddagger }$


$\ell ^{\ddagger }$


$\mathcal {F}^{\ddagger } \text {}$


$P^{\ddagger }$


$\Upsilon ^{\ddagger }$


$\ell ^{\ddagger }$


$\eta ^{\ddagger }$


$\ell ^{\ddagger } / \Upsilon ^{\ddagger } > - 4 \pi ^2 \sin (2 \pi \rho / \ell ) / (2 \pi \rho / \ell ) \approx 8.576$


$\rho $


$P^{\ddagger } = - 0.1$


$\Upsilon ^{\ddagger } = 0.08$


$\ell ^{\ddagger } = 0.8$


$\eta ^{\ddagger } = - 0.5$


$P^{\ddagger } = - 0.1$


$\Upsilon ^{\ddagger } = 0.08$


$\ell ^{\ddagger } = 0.08$


$\eta ^{\ddagger } = - 0.5$


$\mathcal {F}^{\ddagger }$


$- 1$


\begin {equation}\begin {aligned} & d (a) = d^{\natural } (a) - \sqrt {\frac {\pi a}{2 \ell }} \text {N} \left ( \frac {a}{\ell } \right ) + a \mathcal {O} \left ( \frac {\ell }{a} \right ) & \operatorname {and} & & \mathcal {F} (a) = \mathcal {F}^{\natural } (a) + \frac {\sqrt {2 a^3}}{\sqrt {\pi \ell } \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \text {N} \left ( \frac {a}{\ell } \right ) + a^2 \mathcal {O} \left ( \frac {\ell }{a} \right ) \label {Eq4.16} \end {aligned}\end {equation}


$\ell \ll a$


$d^{\natural }$


$\mathcal {F}^{\natural }$


${\text {N}} (\rho ) : = \mathscr {F}^{- 1} \left [ \sqrt {- \text {i} \xi } \mathscr {F} \left [ \text {M} (\rho ) \right ] (\xi ) \right ]$


$\mathscr {F} [\#]$


$\mathcal {O} (\#)$


\begin {equation}\begin {aligned} d_{\operatorname {env}} (a) & = \frac {a^2}{R} - a^{1 / 2} \sqrt {2 \pi \eta \left ( - \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \right )} \left \{ 1 \pm \frac {1}{\sqrt {\pi } \alpha _{\operatorname {KLJ}}} \right \},\\ \mathcal {F}_{\operatorname {env}} (a) & = \frac {2 a^3}{3 \pi } \left [ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} - \frac {2 / R}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right ] - a^{3 / 2} \sqrt {\frac {8 \pi \eta }{- \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}}} \left \{ 1 \pm \frac {1}{\sqrt {\pi } \alpha _{\operatorname {KLJ}}} \right \}, \label {Eq4.17} \end {aligned}\end {equation}


$\alpha _{\operatorname {KLJ}} := \sqrt {2 \ell \eta \left ( - \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \right )} / (\pi \Upsilon )$


$\alpha _{\operatorname {KLJ}} = 1 / \sqrt {\pi }$


$\alpha _{\operatorname {KLJ}} > 1 / \sqrt {\pi }$


$\alpha _{\operatorname {KLJ}} < 1 / \sqrt {\pi }$


\begin {equation}\begin {aligned} d^{\ddagger }_{\operatorname {env}} & = \frac {(a^{\ddagger })^2}{\ell ^{\ddagger }} - \frac {\sqrt {- \eta ^{\ddagger } a^{\ddagger }}}{\ell ^{\ddagger }} \sqrt [4]{1 + (a^{\ddagger })^2} \pm \operatorname {Envelope} \left [ \pi ^2 \Upsilon ^{\ddagger } \frac {a^{\ddagger }}{\ell ^{\ddagger }} \overset \frown {H}_0 \left ( 2 \pi \frac {a^{\ddagger }}{\ell ^{\ddagger }} \right ) \right .\\ & \left . - \frac {\sqrt {- \eta ^{\ddagger } a^{\ddagger }}}{\ell ^{\ddagger }} \left ( \sqrt [4]{1 + [a^{\ddagger } + 2 \pi \Upsilon ^{\ddagger } \sin (2 \pi a^{\ddagger } / \ell ^{\ddagger })]^2} - \sqrt [4]{1 + (a^{\ddagger })^2} \right ) \right ],\\ \mathcal {F}^{\ddagger }_{\operatorname {env}} & = \frac {16}{9 \eta ^{\ddagger }} (P^{\ddagger } - 1) (a^{\ddagger })^3 - \frac {8}{3} \frac {(a^{\ddagger })^{3 / 2}}{\sqrt {- \eta ^{\ddagger }}} \sqrt [4]{1 + (a^{\ddagger })^2} \pm \operatorname {Envelope} \left \{ \frac {4 \pi }{3 \eta ^{\ddagger }} \Upsilon ^{\ddagger } a^{\ddagger } \left [ \ell ^{\ddagger } \overset \frown {H}_1 \left ( 2 \pi \frac {a^{\ddagger }}{\ell ^{\ddagger }} \right ) - 2 \pi a^{\ddagger } \overset \frown {H}_0 \left ( 2 \pi \frac {a^{\ddagger }}{\ell ^{\ddagger }} \right ) \right ] \right .\\ & \left . - \frac {8}{3} \frac {(a^{\ddagger })^{3 / 2}}{\sqrt {- \eta ^{\ddagger }}} \left ( \sqrt [4]{1 + [a^{\ddagger } + 2 \pi \Upsilon ^{\ddagger } \sin (2 \pi a^{\ddagger } / \ell ^{\ddagger })]^2} - \sqrt [4]{1 + (a^{\ddagger })^2} \right ) \right \}, \label {Eq4.18} \end {aligned}\end {equation}


$d_{\operatorname {env}}^{\ddagger } := d_{\operatorname {env}} / \ell $


$\operatorname {Envelope} [\#]$


$W (\rho , \phi )$


\begin {equation}\begin {aligned} W (\rho , \phi ) & - \sum ^3_{k = 1} \alpha _k \left \{ [1 + \varsigma _{k 2 (+)}^{\{ 000 \}} + \varsigma _{k 2 (-)}^{\{ 000 \}}] \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} \right .\\ & + \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \left . [\varsigma _{k 2 (+)}^{\{ m \mathit {n} q \}} + \varsigma _{k 2 (-)}^{\{ m \mathit {n} q \}}] \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}}} \right \}\\ & = \sum ^3_{k = 1} \alpha _k \left \{ [1 + \varsigma _{k 1 (+)}^{\{ 000 \}} + \varsigma _{k 1 (-)}^{\{ 000 \}}] \iint _S \frac {\omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} \right .\\ & + \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \left . [\varsigma _{k 1 (+)}^{\{ m \mathit {n} q \}} + \varsigma _{k 1 (-)}^{\{ m \mathit {n} q \}}] \iint _S \frac {\omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}}} \right \} . \label {Eq3.26} \end {aligned}\end {equation}


$W (\rho ) = d - f (\rho ) = d - \{ \rho ^2 / (2 R) + \Upsilon [1 - \overset \frown {J}_0 (\mho \rho )] \}$


$f (\rho )$


$1 / (R \Upsilon \mho ^2) > - \overset \frown {J}_1 (\mho \rho ) / (\mho \rho )$


$\rho > 0$


$\Upsilon $


$\mho $


$\overset \frown {J}_{\upsilon } (\#)$


\begin {equation}\begin {aligned} \omega _1 (\rho ) & = \frac {1}{\pi ^2 \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left \{ \frac {d - \frac {a^2}{R} - \Upsilon [1 - \cos (\mho a)]}{\sqrt {a^2 - \rho ^2}} + \left ( \frac {2}{R} - \frac {P \sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\beta _3 \varsigma _{32}} \right ) \sqrt {a^2 - \rho ^2} + \Upsilon \mho \int _{\rho }^a \frac {\sin (\mho t)}{\sqrt {t^2 - \rho ^2}} \text {d} t \right \}, \end {aligned} \label {Xeqn52-52}\end {equation}


$\int _0^t \rho _0 \overset \frown {J}_0 (\mho \rho _0) / \sqrt {t^2 - \rho _0^2} \text {d} \rho _0 = \sin (\mho t) / \mho $


$d = a^2 / R + \Upsilon [1 - \cos (\mho a)]$


\begin {equation}\mathcal {F} (a) = \frac {2 a^3}{3 \pi } \left [ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} - \frac {2 / R}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right ] + \frac {2 \Upsilon }{\pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ \mathit {a} \cos (\mho a) - \frac {\sin (\mho a)}{\mho } \right ] . \label {Xeqn53-53}\end {equation}


\begin {equation}d = \frac {a^2}{R} + \Upsilon [1 - \cos (\mho a)] + \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \sqrt {- \frac {2 \eta \pi ^2 a \sqrt {1 + [a / R + \Upsilon \mho \overset \frown {J}_1 (\mho a)]^2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}}} \label {Xeqn54-54}\end {equation}


\begin {equation}\begin {aligned} \mathcal {F} (a) & = \frac {2 a^3}{3 \pi } \left [ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} - \frac {2 / R}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right ] + \frac {2 \Upsilon }{\pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ \mathit {a} \cos (\mho a) - \frac {\sin (\mho a)}{\mho } \right ]\\ & - \frac {2}{\pi } \sqrt {- \frac {2 \eta \pi ^2 a^3 \sqrt {1 + [a / R + \Upsilon \mho \overset \frown {J}_1 (\mho a)]^2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}},} \end {aligned} \label {Xeqn55-55}\end {equation}


$\text {d} \overset \frown {J}_0 (\rho ) / \text {d} \rho = - \overset \frown {J}_1 (\rho )$


$1 / R \Upsilon \mho ^2 > 0.06614$


$\mho ^{\ddagger }$


$\mho ^{\ddagger } := 2 \pi / (\mho R)$


$\ell ^{\ddagger }$


$\eta _{\operatorname {eff}} = \eta [1 +\mathfrak {g} (\mathfrak {a}_{\Theta } \check {v}_{\operatorname {ce}})^n]$


$\mathfrak {g}$


$\mathfrak {a}_{\Theta }$


$\Theta $


$\check {v}_{\operatorname {ce}}$


$n$


$\eta _{\operatorname {eff}} / \eta $


$\check {v}_{\operatorname {in}} := - \text {d} d / \text {d} t$


$\check {v}_{\operatorname {ce}} := - \text {d} a / \text {d} t = \check {v}_{\operatorname {in}} \text {d} a / \text {d} d$


$G_{\operatorname {eff}} (a) = \eta _{\operatorname {eff}} \sqrt {1 + [f' (a)]^2}$


\begin {equation}\frac {\text {d} a}{\text {d} d} = \frac {1}{\mathfrak {g}^{1 / n} \mathfrak {a}_{\Theta } \check {v}_{\operatorname {in}}} \left [ \frac {\eta _{\operatorname {eff}} \sqrt {1 + [f' (a)]^2}}{\eta \sqrt {1 + [f' (a)]^2}} - 1 \right ]^{\frac {1}{n}} = \frac {1}{\mathfrak {g}^{1 / n} \mathfrak {a}_{\Theta } \check {v}_{\operatorname {in}}} \left \{ \frac {\left [ \frac {a^2}{R} + \Upsilon \frac {\pi ^2 a}{\ell } \overset \frown {H}_0 \left ( \frac {2 \pi a}{\ell } \right ) - d (a) \right ]^2}{2 \pi a \left ( - \pi \sum ^3_{k = 1} \alpha _k \varsigma _{k 1} \right ) \eta \sqrt {1 + [f' (a)]^2}} - 1 \right \}^{\frac {1}{n}}, \label {Xeqn56-56}\end {equation}


$f (a)$


$\rho = a$


$\check {v}^{\ddagger } : =\mathfrak {g}^{1 / n} \mathfrak {a}_{\Theta } \check {v}_{\operatorname {in}}$


$f (a)$


\begin {equation}\frac {\text {d} a^{\ddagger }}{\text {d} d^{\ddagger }} = \frac {\ell ^{\ddagger }}{\check {v}^{\ddagger }} \left \{ \frac {[(a^{\ddagger })^2 + \pi ^2 \Upsilon ^{\ddagger } a^{\ddagger } \overset \frown {H}_0 (2 \pi a^{\ddagger } / \ell ^{\ddagger }) - d^{\ddagger } \ell ^{\ddagger }]^2}{- \eta ^{\ddagger } a^{\ddagger } \sqrt {1 + [a^{\ddagger } + 2 \pi \Upsilon ^{\ddagger } \sin (2 \pi a^{\ddagger } / \ell ^{\ddagger })]^2}} - 1 \right \}^{\frac {1}{n}}, \label {Xeqn57-57}\end {equation}


$a^{\ddagger }\,-\,d^{\ddagger }$


\begin {equation}\begin {aligned} \mathcal {F}^{\ddagger } & = \frac {16}{9 \eta ^{\ddagger }} (P^{\ddagger } - 1) (a^{\ddagger })^3 + \frac {4 \pi }{3 \eta ^{\ddagger }} \Upsilon ^{\ddagger } a^{\ddagger } \left [ \ell ^{\ddagger } \overset \frown {H}_1 \left ( 2 \pi \frac {a^{\ddagger }}{\ell ^{\ddagger }} \right ) - 2 \pi a^{\ddagger } \overset \frown {H}_0 \left ( 2 \pi \frac {a^{\ddagger }}{\ell ^{\ddagger }} \right ) \right ] - \frac {8 a^{\ddagger }}{3 \eta ^{\ddagger }} \left [ d^{\ddagger } \ell ^{\ddagger } - (a^{\ddagger })^2 - \pi ^2 \Upsilon ^{\ddagger } a^{\ddagger } \overset \frown {H}_0 \left ( 2 \pi \frac {a^{\ddagger }}{\ell ^{\ddagger }} \right ) \right ] \end {aligned} \label {Xeqn58-58}\end {equation}


$\mathcal {F}^{\ddagger }\,-\,d^{\ddagger }$


$n = 0.330$


$\Upsilon ^{\ddagger } = 0.005$


$\ell ^{\ddagger } = 0.002$


$\eta ^{\ddagger } = - 1.325 \times 10^{- 5}$


$P^{\ddagger } = - 1.0 \times 10^{- 4}$


$a_{\operatorname {ref}}^{\ddagger } = 0.04348$


$d_{\operatorname {ref}}^{\ddagger } = 1.045 \times 10^{- 3}$


\begin {equation}\begin {aligned} \text {A}_{0 j \mathit {i} g \mathit {k}} & = 4 J^{- 1}_e \left \{ \Omega _{11} \left [ \text {b}_e \right ]_{j \mathit {i}} \left [ \text {b}_e \right ]_{g \mathit {k}} + \Omega _{22} \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{j \mathit {i}} - \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {i}} \right ) \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{g \mathit {k}} - \left [ \text {b}_e \right ]_{g \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {k}} \right ) + \mathcal {I}^2_3 \Omega _{33} \delta _{j \mathit {i}} \delta _{g \mathit {k}} \right .\\ & + \Omega _{12} \left [ \left [ \text {b}_e \right ]_{j \mathit {i}} \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{g \mathit {k}} - \left [ \text {b}_e \right ]_{g \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {k}} \right ) + \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{j \mathit {i}} - \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {i}} \right ) \left [ \text {b}_e \right ]_{g \mathit {k}} \right ] + \mathcal {I}_3 \Omega _{13} \left ( \left [ \text {b}_e \right ]_{j \mathit {i}} \delta _{g \mathit {k}} + \delta _{j \mathit {i}} \left [ \text {b}_e \right ]_{g \mathit {k}} \right )\\ & \left . + \mathcal {I}_3 \Omega _{23} \left [ \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{j \mathit {i}} - \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {i}} \right ) \delta _{g \mathit {k}} + \delta _{j \mathit {i}} \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{g \mathit {k}} - \left [ \text {b}_e \right ]_{g \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {k}} \right ) \right ] \right \} + 2 J^{- 1}_e \left \{ \Omega _1 \delta _{i \mathit {k}} \left [ \text {b}_e \right ]_{j \mathit {g}} \right .\\ & \left . + \Omega _2 \left ( 2 \left [ \text {b}_e \right ]_{j \mathit {i}} \left [ \text {b}_e \right ]_{g \mathit {k}} - \left [ \text {b}_e \right ]_{g \mathit {i}} \left [ \text {b}_e \right ]_{j \mathit {k}} + \mathcal {I}_1 \delta _{i \mathit {k}} \left [ \text {b}_e \right ]_{j \mathit {g}} - \left [ \text {b}_e \right ]_{i \mathit {k}} \left [ \text {b}_e \right ]_{j \mathit {g}} - \delta _{i \mathit {k}} \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {g}} \right ) + \mathcal {I}_3 \Omega _3 (2 \delta _{j \mathit {i}} \delta _{g \mathit {k}} - \delta _{j \mathit {k}} \delta _{g \mathit {i}}) \right \}, \end {aligned} \label {Xeqn59-A.1}\end {equation}


\begin {equation}\begin {aligned} \text {M}_{0 j \mathit {i}} & = 4 J_e^{- 1} \kappa _{c \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha b} \left \{ \Omega _{11} \left [ \text {b}_e \right ]_{j \mathit {i}} \left [ \text {C}_e \right ]_{c \mathit {b}} + \Omega _{22} \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{j \mathit {i}} - \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {i}} \right ) \left ( \mathcal {I}_1 \left [ \text {C}_e \right ]_{c \mathit {b}} - \left [ \text {C}_e \right ]_{c \mathit {h}} \left [ \text {C}_e \right ]_{h \mathit {b}} \right ) + \mathcal {I}^2_3 \Omega _{33} \delta _{j \mathit {i}} \delta _{c \mathit {b}} \right .\\ & + \Omega _{12} \left [ \left [ \text {b}_e \right ]_{j \mathit {i}} \left ( \mathcal {I}_1 \left [ \text {C}_e \right ]_{c \mathit {b}} - \left [ \text {C}_e \right ]_{c \mathit {h}} \left [ \text {C}_e \right ]_{h \mathit {b}} \right ) + \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{j \mathit {i}} - \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {i}} \right ) \left [ \text {C}_e \right ]_{c \mathit {b}} \right ] + \mathcal {I}_3 \Omega _{13} \left ( \left [ \text {b}_e \right ]_{j \mathit {i}} \delta _{c \mathit {b}} + \delta _{j \mathit {i}} \left [ \text {C}_e \right ]_{c \mathit {b}} \right )\\ & \left . + \mathcal {I}_3 \Omega _{23} \left [ \left ( \mathcal {I}_1 \left [ \text {b}_e \right ]_{j \mathit {i}} - \left [ \text {b}_e \right ]_{j \mathit {s}} \left [ \text {b}_e \right ]_{s \mathit {i}} \right ) \delta _{c \mathit {b}} + \delta _{j \mathit {i}} \left ( \mathcal {I}_1 \left [ \text {C}_e \right ]_{c \mathit {b}} - \left [ \text {C}_e \right ]_{c \mathit {h}} \left [ \text {C}_e \right ]_{h \mathit {b}} \right ) \right ] \right \} + 2 J_e^{- 1} \kappa _{c \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha b} \left \{ \Omega _1 \left [ \text {F}_e \right ]_{j \mathit {b}} \left [ \text {F}_e \right ]_{i \mathit {c}} \right .\\ & + \Omega _2 \left ( 2 \left [ \text {b}_e \right ]_{j \mathit {i}} \left [ \text {C}_e \right ]_{c \mathit {b}} - \left [ \text {F}_e \right ]_{k \mathit {c}} \left [ \text {F}_e \right ]_{i \mathit {b}} \left [ \text {b}_e \right ]_{j \mathit {k}} + \mathcal {I}_1 \left [ \text {F}_e \right ]_{j \mathit {b}} \left [ \text {F}_e \right ]_{i \mathit {c}} - \left [ \text {b}_e \right ]_{i \mathit {k}} \left [ \text {F}_e \right ]_{j \mathit {b}} \left [ \text {F}_e \right ]_{k \mathit {c}} - \left [ \text {C}_e \right ]_{a \mathit {b}} \left [ \text {F}_e \right ]_{j \mathit {a}} \left [ \text {F}_e \right ]_{i \mathit {c}} \right )\\ & \left . + \mathcal {I}_3 \Omega _3 \left ( 2 \delta _{j \mathit {i}} \delta _{c \mathit {b}} - \left [ \text {F}_e \right ]_{j \mathit {c}} \left [ \text {F}_e^{- 1} \right ]_{b \mathit {i}} \right ) \right \} + 2 J_e^{- 1} \left [ \text {F}_e \right ]_{j \mathit {a}} \left ( \kappa _{a \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha b} - \kappa _{c \alpha } \left [ \text {F}_{\theta }^{- 1} \right ]_{\alpha c} \delta _{a \mathit {b}} \right ) \left \{ \Omega _1 \left [ \text {F}_e \right ]_{i \mathit {b}} \right .\\ & \left . + \Omega _2 \left ( \mathcal {I}_1 \left [ \text {F}_e \right ]_{i \mathit {b}} - \left [ \text {C}_e \right ]_{b \mathit {c}} \left [ \text {F}_e \right ]_{i \mathit {c}} \right ) + \mathcal {I}_3 \Omega _3 \left [ \text {F}_e^{- 1} \right ]_{b \mathit {i}} \right \} . \end {aligned} \label {Xeqn60-A.2}\end {equation}


\begin {equation}\begin {aligned} \text {A}_{01111} & = 4 \lambda ^2_1 \lambda ^{- 1}_3 \left \{ \Omega _{11} + \Omega _{22} (\lambda ^2_1 + \lambda ^2_3)^2 + \Omega _{33} \lambda ^4_1 \lambda ^4_3 + 2 \Omega _{12} \left ( \lambda ^2_1 + \lambda ^2_3 \right ) + 2 \Omega _{13} \lambda ^2_1 \lambda ^2_3 + 2 \Omega _{23} \lambda ^2_1 \lambda ^2_3 (\lambda ^2_1 + \lambda ^2_3) \right \}\\ & + 2 \lambda ^{- 1}_3 \{ \Omega _1 + \Omega _2 (\lambda ^2_1 + \lambda ^2_3) + \Omega _3 \lambda ^2_1 \lambda ^2_3 \},\\ \text {A}_{01122} & = 4 \lambda ^2_1 \lambda ^{- 1}_3 \left \{ \Omega _{11} + \Omega _{22} (\lambda ^2_1 + \lambda ^2_3)^2 + \Omega _{33} \lambda ^4_1 \lambda ^4_3 + 2 \Omega _{12} \left ( \lambda ^2_1 + \lambda ^2_3 \right ) + 2 \Omega _{13} \lambda ^2_1 \lambda ^2_3 + 2 \Omega _{23} \lambda ^2_1 \lambda ^2_3 (\lambda ^2_1 + \lambda ^2_3) \right \} + 4 \lambda ^2_1 \lambda ^{- 1}_3 \{ \Omega _2 + \Omega _3 \lambda ^2_3 \},\\ \text {A}_{01133} & = 4 \lambda _3 \left \{ \Omega _{11} + 2 \Omega _{22} \lambda ^2_1 (\lambda ^2_1 + \lambda ^2_3) + \Omega _{33} \lambda ^6_1 \lambda ^2_3 + \Omega _{12} \left ( 3 \lambda ^2_1 + \lambda ^2_3 \right ) + \Omega _{13} \lambda ^2_1 (\lambda ^2_1 + \lambda ^2_3) + \Omega _{23} \lambda ^4_1 (\lambda ^2_1 + 3 \lambda ^2_3) \right \} + 4 \lambda _3 \{ \Omega _2 + \Omega _3 \lambda ^2_1 \},\\ \text {A}_{03333} & = 4 \lambda ^{- 2}_1 \lambda ^3_3 \{ \Omega _{11} + 4 \Omega _{22} \lambda ^4_1 + \Omega _{33} \lambda ^8_1 + 4 \Omega _{12} \lambda ^2_1 + 2 \Omega _{13} \lambda ^4_1 + 4 \Omega _{23} \lambda ^6_1 \} + 2 \lambda ^{- 2}_1 \lambda _3 \{ \Omega _1 + 2 \Omega _2 \lambda ^2_1 + \Omega _3 \lambda ^4_1 \},\\ \text {A}_{01212} & = 2 \lambda ^{- 1}_3 (\Omega _1 + \Omega _2 \lambda ^2_3),\\ \text {A}_{01221} & = - 2 \lambda ^2_1 \lambda ^{- 1}_3 (\Omega _2 + \Omega _3 \lambda ^2_3),\\ \text {A}_{01313} & = 2 \lambda ^{- 1}_3 (\Omega _1 + \Omega _2 \lambda ^2_1),\\ \text {A}_{01331} & = - 2 \lambda _3 (\Omega _2 + \Omega _3 \lambda ^2_1),\\ \text {A}_{03131} & = 2 \lambda ^{- 2}_1 \lambda _3 (\Omega _1 + \Omega _2 \lambda ^2_1), \end {aligned} \label {Xeqn61-A.3}\end {equation}


\begin {equation}\begin {aligned} \text {M}_{011} & = 4 \lambda ^{- 1}_3 \left \{ \Omega _{11} (2 \lambda ^2_1 \hat {\kappa }_1 + \lambda ^2_3 \hat {\kappa }_3) + 2 \Omega _{22} \lambda ^2_1 (\lambda ^2_1 + \lambda ^2_3) \left [ (\lambda ^2_1 + \lambda ^2_3) \hat {\kappa }_1 + \lambda ^2_3 \hat {\kappa }_3 \right ] + \Omega _{33} \lambda ^6_1 \lambda ^4_3 (2 \hat {\kappa }_1 + \hat {\kappa }_3) + \Omega _{12} [4 \lambda ^2_1 (\lambda ^2_1 + \lambda ^2_3) \hat {\kappa } \right ._1\\ & \left . + \lambda ^2_3 (3 \lambda ^2_1 + \lambda ^2_3) \hat {\kappa }_3] + \Omega _{13} \lambda ^2_1 \lambda ^2_3 \left [ 4 \lambda ^2_1 \hat {\kappa }_1 + \left ( \lambda ^2_1 + \lambda ^2_3 \right ) \hat {\kappa }_3 \right ] + \Omega _{23} \lambda ^4_1 \lambda ^2_3 [4 (\lambda ^2_1 + \lambda ^2_3) \hat {\kappa }_1 + (\lambda ^2_1 + 3 \lambda ^2_3) \hat {\kappa }_3] \right \} + 2 \lambda ^{- 1}_3 \{ \Omega _1 \hat {\kappa }_1 \\ & + 3 \Omega _2 (\lambda ^2_1 \hat {\kappa }_1 + \lambda ^2_3 \hat {\kappa }_3) + \Omega _3 \lambda ^2_1 \lambda _3^2 (3 \hat {\kappa }_1 + 2 \hat {\kappa }_3) \} - 2 \lambda ^{- 1}_3 (\hat {\kappa }_1 + \hat {\kappa }_3) \{ \Omega _1 + \Omega _2 (\lambda ^2_1 + \lambda ^2_3) + \Omega _3 \lambda ^2_1 \lambda _3^2 \},\\ \text {M}_{033} & = 4 \lambda ^{- 2}_1 \lambda _3 \left \{ \Omega _{11} (2 \lambda ^2_1 \hat {\kappa }_1 + \lambda ^2_3 \hat {\kappa }_3) + 4 \Omega _{22} \lambda ^4_1 [(\lambda ^2_1 + \lambda ^2_3) \hat {\kappa }_1 + \lambda _3^2 \hat {\kappa }_3] + \Omega _{33} \lambda ^8_1 \lambda ^2_3 (2 \hat {\kappa }_1 + \hat {\kappa }_3) + 2 \Omega _{12} \lambda ^2_1 [(3 \lambda ^2_1 + \lambda ^2_3) \hat {\kappa }_1 + 2 \lambda ^2_3 \hat {\kappa }_3] \right .\\ & + 2 \Omega _{13} \lambda ^4_1 [(\lambda ^2_1 + \lambda ^2_3) \hat {\kappa }_1 + \lambda ^2_3 \hat {\kappa }_3] + 2 \Omega _{23} \lambda ^6_1 [(\lambda ^2_1 + 3 \lambda ^2_3) \hat {\kappa }_1 + 2 \lambda ^2_3 \hat {\kappa }_3] \} + 2 \lambda ^{- 2}_1 \lambda _3 \{ \Omega _1 \hat {\kappa }_3 + 2 \Omega _2 \lambda ^2_1 (2 \hat {\kappa }_1 + \hat {\kappa }_3) + \Omega _3 \lambda ^4_1 (4 \hat {\kappa }_1 + \hat {\kappa }_3) \}\\ & - 4 \lambda ^{- 2}_1 \lambda _3 \hat {\kappa }_1 \{ \Omega _1 + 2 \Omega _2 \lambda ^2_1 + \Omega _3 \lambda ^4_1 \}, \end {aligned} \label {Xeqn62-A.4}\end {equation}


$\hat {\kappa }_i : = \kappa _i / [1 + \kappa _i (\Theta - \Theta _{\operatorname {ref}})] (i = 1, 3)$


$\hbar _0 s^4 - \hbar _1 s^2 + \hbar _2 = 0$


$s_{1, 2}^2 = \left ( \hbar _1 \pm \sqrt {\hbar _1^2 - 4 \hbar _0 \hbar _2} \right ) / (2 \hbar _0)$


$\alpha _k$


$\beta _k (k = 1, 2, 3)$


\begin {equation}\alpha _k = \frac {\left [ \text {M}_{011} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{033} \text {A}_{01111} + \text {M}_{033} \text {A}_{03131} s_k^2 \right ] s_k}{\left [ \text {M}_{033} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{011} \text {A}_{03333} \right ] s_k^2 + \text {M}_{011} \text {A}_{01313}}, \label {Xeqn63-A.5}\end {equation}


\begin {equation}\begin {aligned} \beta _k & = \frac {\text {A}_{01111} \text {A}_{01313} - \left [ \text {A}_{01111} \text {A}_{03333} + \text {A}_{03131} \text {A}_{01313} - \left ( \text {A}_{01133} + \text {A}_{01331} \right )^2 \right ] s_k^2 + \text {A}_{03131} \text {A}_{03333} s_k^4}{\left [ \text {M}_{033} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{011} \text {A}_{03333} \right ] s_k^2 + \text {M}_{011} \text {A}_{01313}}\\ & = \frac {\hbar _2 - \hbar _1 s_k^2 + \hbar _0 s_k^4}{\left [ \text {M}_{033} \left ( \text {A}_{01133} + \text {A}_{01331} \right ) - \text {M}_{011} \text {A}_{03333} \right ] s_k^2 + \text {M}_{011} \text {A}_{01313}} . \end {aligned} \label {Xeqn64-A.6}\end {equation}


\begin {equation}\begin {aligned} \Psi _0 & = 0,\\ \Psi _k & = \sum _{i = 1}^2 \left \{ \hat {H}_i (\rho , \phi , z_k) + \sum _{m = 0}^{+ \infty } \sum _{n = 0}^{+ \infty } \sum ^{+ \infty }_{q = 0} [\varsigma _{k \mathit {i} (+)}^{\{ m \mathit {n} q \}} \hat {H}_i (\rho , \phi , z_k + c_{m \mathit {n} q}) + \varsigma _{k \mathit {i} (-)}^{\{ m \mathit {n} q \}} \hat {H}_i (\rho , \phi , z_k - c_{m \mathit {n} q})] \right \}, \label {Eq3.24} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} & \sum _{k = 1}^3 \varpi _{1 k} [1 + \varsigma _{k \mathit {i} (+)}^{\{ 000 \}} + \varsigma _{k \mathit {i} (-)}^{\{ 000 \}}] = 0, & & \sum _{k = 1}^3 \varpi _{1 k} [\varsigma ^{\{ m \mathit {n} q \}}_{k \mathit {i} (+)} + \varsigma _{k \mathit {i} (-)}^{\{ m \mathit {n} q \}}] = 0, & & (i = 1, 2) \end {aligned} \label {Xeqn65-A.7}\end {equation}


\begin {equation}\begin {aligned} & \sum _{k = 1}^3 \gamma _{1 k} [1 + \varsigma _{k \mathit {i} (+)}^{\{ 000 \}} + \varsigma _{k \mathit {i} (-)}^{\{ 000 \}}] = - \frac {\delta _{1 i}}{2 \pi }, & & \sum _{k = 1}^3 \gamma _{1 k} [\varsigma ^{\{ m \mathit {n} q \}}_{k \mathit {i} (+)} - \varsigma _{k \mathit {i} (-)}^{\{ m \mathit {n} q \}}] & = 0, & & (i = 1, 2) \end {aligned} \label {Xeqn66-A.8}\end {equation}


\begin {equation}\begin {aligned} & \gamma _{23} [1 + \varsigma _{3 \mathit {i} (+)}^{\{ 000 \}} + \varsigma _{3 \mathit {i} (-)}^{\{ 000 \}}] & = - \frac {\delta _{2 i}}{2 \pi }, & & \gamma _{23} [\varsigma ^{\{ m \mathit {n} q \}}_{3 \mathit {i} (+)} - \varsigma _{3 \mathit {i} (-)}^{\{ m \mathit {n} q \}}] & = 0, & & (i = 1, 2) \end {aligned} \label {Xeqn67-A.9}\end {equation}


\begin {equation}\begin {aligned} & \varpi _{1 k} [1 + \varsigma _{k \mathit {i} (+)}^{\{ 000 \}} + \varsigma _{k \mathit {i} (-)}^{\{ 000 \}} + \varsigma _{k \mathit {i} (-)}^{\{ (2 \delta _{1 k}) (2 \delta _{2 k}) (2 \delta _{3 k}) \}}] + \sum _{j = 1}^2 \varpi _{1 \mathcal {T}_{k + j}} \varsigma _{\mathcal {T}_{k + j} i (-)}^{\{ (\delta _{1 k} + \delta _{1 \mathcal {T}_{k + j}}) (\delta _{2 k} + \delta _{2 \mathcal {T}_{k + j}}) (\delta _{3 k} + \delta _{3 \mathcal {T}_{k + j}}) \}} = 0,\\ & \sum _{k = 1}^3 \varpi _{1 k} [\varsigma _{k \mathit {i} (+)}^{\{ (m - \delta _{1 k}) (n - \delta _{2 k}) (q - \delta _{3 k}) \}} + \varsigma _{k \mathit {i} (-)}^{\{ (m + \delta _{1 k}) (n + \delta _{2 k}) (q + \delta _{3 k}) \}}] = 0, \qquad (k = 1, 2, 3 ; i = 1, 2) \end {aligned} \label {Xeqn68-A.10}\end {equation}


\begin {equation}\begin {aligned} & \alpha _k [1 + \varsigma _{k \mathit {i} (+)}^{\{ 000 \}} + \varsigma _{k \mathit {i} (-)}^{\{ 000 \}} + \varsigma _{k \mathit {i} (-)}^{\{ (2 \delta _{1 k}) (2 \delta _{2 k}) (2 \delta _{3 k}) \}}] + \sum ^2_{j = 1} \alpha _{\mathcal {T}_{k + j}} \varsigma _{\mathcal {T}_{k + j} i (-)}^{\{ (\delta _{1 k} + \delta _{1 \mathcal {T}_{k + j}}) (\delta _{2 k} + \delta _{2 \mathcal {T}_{k + j}}) (\delta _{3 k} + \delta _{3 \mathcal {T}_{k + j}}) \}} = 0,\\ & \sum _{k = 1}^3 \alpha _k [\varsigma _{k \mathit {i} (+)}^{\{ (m - \delta _{1 k}) (n - \delta _{2 k}) (q - \delta _{3 k}) \}} + \varsigma _{k \mathit {i} (-)}^{\{ (m + \delta _{1 k}) (n + \delta _{2 k}) (q + \delta _{3 k}) \}}] = 0, \qquad (k = 1, 2, 3 ; i = 1, 2) \end {aligned} \label {Xeqn69-A.11}\end {equation}


\begin {equation}\begin {aligned} & \gamma _{23} [1 + \varsigma _{3 i (+)}^{\{ 000 \}} + \varsigma _{3 i (-)}^{\{ 000 \}} - \varsigma _{3 i (-)}^{\{ 002 \}}] = 0, & & \gamma _{23} [\varsigma _{3 i (+)}^{\{ m \mathit {n} (q - 1) \}} - \varsigma _{3 i (-)}^{\{ m \mathit {n} (q + 1) \}}] = 0, & & (i = 1, 2) \end {aligned} \label {Xeqn70-A.12}\end {equation}


$\mathcal {T}_{k + j} = k + j - 3 \mathcal {H} (k + j - 3)$


$\mathcal {H} (x) = \left \{\begin {array}{ll} 1 & x > 0\\ 0 & x \leqslant 0 \end {array}\right .$


$m, n, q$


$P (\rho , \phi ) = P$


$W (\rho , \phi ) = d - \cot \vartheta \rho $


$\vartheta $


\begin {equation}\omega _1 = \frac {\cot \vartheta }{2 \pi \sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \operatorname {arccoth} \left ( \frac {a}{\sqrt {a^2 - \rho ^2}} \right ) - \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\pi ^2 \beta _3 \varsigma _{32}} \sqrt {a^2 - \rho ^2}, \label {Xeqn71-B.1}\end {equation}


$d = \pi \mathit {a} \cot \vartheta / 2$


\begin {equation}\begin {aligned} \hat {H}_1 (\rho , \phi , z_k) & = \frac {1}{4} \frac {\cot \vartheta }{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left \{ - 3 a [2 l^2_1 (a) - \rho ^2] \sqrt {a^2 - l^2_1 (a)} + \rho ^2 \ln \left [ \frac {l_1 (a) \left [ \sqrt {a^2 - l_1^2 (a)} + a \right ]}{a [\rho ^2 - l^2_1 (a)] \left [ a - \sqrt {a^2 - l^2_1 (a)} \right ]^2} \right ] \right .\\ & - 3 z_k \sqrt {z^2_k + \rho ^2} - \rho ^2 \arctan \left ( \frac {z_k}{\sqrt {z^2_k + \rho ^2}} \right ) + 2 z^2_k \ln \left ( z_k + \sqrt {z^2_k + \rho ^2} \right ) + 4 a^2 \ln \left [ \frac {a \left [ a + \sqrt {a^2 - l^2_1 (a)} \right ]}{l_1 (a)} \right ]\\ & + \frac {4 a}{l_1 (a)} \sqrt {[a^2 - l^2_1 (a)] [\rho ^2 - l^2_1 (a)]} \arctan \left [ \frac {l_1 (a)}{\sqrt {\rho ^2 - l^2_1 (a)}} \right ] + 2 l^2_1 (a) \ln \left [ \frac {\left [ a - \sqrt {a^2 - l^2_1 (a)} \right ] \sqrt {\rho ^2 - l^2_1 (a)}}{l_1 (a)} \right ]\\ & \left . + 2 \frac {a^2 \rho ^2}{l^2_1 (a)} \ln \left [ \frac {\left [ a - \sqrt {a^2 - l^2_1 (a)} \right ] \sqrt {\rho ^2 - l^2_1 (a)}}{l_1 (a)} \right ] - \frac {2 [l_1^4 (a) + \rho ^2 a^2 - l^2_1 (a) \rho ^2]}{l^2_1 (a)} \ln \left [ \rho \sqrt {\rho ^2 - l^2_1 (a)} \right ] \right \}\\ & - \frac {1}{\pi } \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} \left \{ \frac {\sqrt {[a^2 - l^2_1 (a)] [\rho ^2 - l_1^2 (a)]}}{6 l_1 (a)} (2 z_k^2 + 6 a^2 - 3 \rho ^2) \arcsin \left [ \frac {l_1 (a)}{\rho } \right ] \right .\\ & \left . - \frac {2 a^3}{3} \ln \left [ \frac {l_1 (a)}{a \left ( a + \sqrt {a^2 - l^2_1 (a)} \right )} \right ] - \frac {\sqrt {a^2 - l^2_1 (a)}}{18} [5 l^2_1 (a) - 9 \rho ^2 + 16 a^2 + 6 z_k^2] \right \} . \end {aligned} \label {Xeqn72-B.2}\end {equation}


\begin {equation}\begin {aligned} \mathcal {F} (a) & = \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {2 P \mathit {a}^3}{3 \pi \beta _3 \varsigma _{32}} - \frac {\cot \vartheta }{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {a^2}{2} . \label {EqB.3} \end {aligned}\end {equation}


$W (\rho , \phi ) = d - \rho ^2 / (2 R)$


$R$


\begin {equation}\omega _1 = \frac {1}{\pi ^2} \left ( \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {2}{R} - \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} \right ) \sqrt {a^2 - \rho ^2}, \label {Xeqn74-B.4}\end {equation}


$d = a^2 / R$


\begin {equation}\begin {aligned} \hat {H}_1 (\rho , \phi , z_k) & = \frac {1}{\pi } \left ( \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {2}{R} - \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} \right ) \left \{ \frac {\sqrt {[a^2 - l^2_1 (a)] [\rho ^2 - l_1^2 (a)]}}{6 l_1 (a)} (2 z_k^2 + 6 a^2 - 3 \rho ^2) \arcsin \left [ \frac {l_1 (a)}{\rho } \right ] \right .\\ & \left . - \frac {2 a^3}{3} \ln \left [ \frac {l_1 (a)}{a \left ( a + \sqrt {a^2 - l^2_1 (a)} \right )} \right ] - \frac {\sqrt {a^2 - l^2_1 (a)}}{18} [5 l^2_1 (a) - 9 \rho ^2 + 16 a^2 + 6 z_k^2] \right \} . \end {aligned} \label {Xeqn75-B.5}\end {equation}


\begin {equation}\begin {aligned} \mathcal {F} (a) & = \left ( \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} \right .\left . - \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {2}{R} \right ) \frac {2 a^3}{3 \pi } . \label {EqB.6} \end {aligned}\end {equation}


$\vartheta = \pi / 4$


$R = 0.05 \left ( \text {m} \right )$


$f (\rho , \phi ) = \sum _{n = 0}^{+ \infty } \mho _n \rho ^n$


$\mho _n$


\begin {equation}\begin {aligned} \omega _1 & = \frac {1}{\pi ^2} \left [ \frac {d}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {1}{\sqrt {a^2 - \rho ^2}} - \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {P}{\beta _3 \varsigma _{32}} \sqrt {a^2 - \rho ^2} \right ]\\ & - \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \sum _{n = 0}^{+ \infty } \mho _n \frac {n (n + 1) \rho ^{n + 1} \Gamma \left ( \frac {1 - n}{2} \right ) \Gamma \left ( \frac {n}{2} \right ) - 2 \sqrt {\pi } (n + 1) \csc \left ( \frac {n \pi }{2} \right ) a^{n + 1} \left [ \frac {a}{\sqrt {a^2 - \rho ^2}} - {}_2 \widehat { F}_1 \left ( \frac {1}{2}, - \frac {n + 1}{2} ; \frac {1 - n}{2} ; \frac {\rho ^2}{a^2} \right ) \right ]}{4 \pi \rho ^2 \Gamma \left ( - \frac {n}{2} \right ) \Gamma \left ( \frac {n + 3}{2} \right )}, \end {aligned} \label {Xeqn77-B.7}\end {equation}


$d = - \sum _{n = 0}^{+ \infty } \mho _n \frac {\pi \sqrt {\pi }}{2} \frac {(n + 1) \csc (n \pi / 2)}{\Gamma (- n / 2) \Gamma [(n + 3) / 2]} a^n$


$\Gamma (\#)$


${}_2 \widehat { F}_1 (\#, \#; \#; \#)$


$n \in \mathbb {N}^+$


$n$


\begin {equation}\mathcal {F} (a) = \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {2 P \mathit {a^3}}{3 \pi \beta _3 \varsigma _{32}} - \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \sum _{n = 0}^{+ \infty } \mho _n \frac {n \Gamma (1 + n / 2)}{\sqrt {\pi } \Gamma [(n + 3) / 2]} a^{n + 1} . \label {EqB.8}\end {equation}


$- \pi \csc (n \pi / 2) / \Gamma (- n / 2) = \Gamma (1 + n / 2)$


$\int {}_2 \widehat { F}_1 \left ( \frac {1}{2}, - \frac {n + 1}{2} ; \frac {1 - n}{2} ; \frac {\rho ^2}{a^2} \right ) \frac {1}{\rho } \text {d} \rho = \frac {n + 1}{4 \sqrt {\pi }} \hat {G}_{3, 3}^{2, 2} \left ( \left . - \frac {\rho ^2}{a^2} \right |_{0, 0, \frac {n + 1}{2}}^{\frac {1}{2}, \frac {n + 3}{2}, 1} \right )$


$\hat {G}_{p, q}^{m, n} ( z |_{b_1, \ldots , b_q}^{a_1, \ldots , a_p}) := \frac {1}{2 \pi \text {i}} \int _L \frac {\prod _{j = 1}^m \Gamma (b_j + s) \prod _{j = 1}^n \Gamma (1 - a_j - s)}{\prod _{j = n + 1}^p \Gamma (a_j + s) \prod _{j = m + 1}^q \Gamma (1 - b_j - s)} z^{- s} \text {d} s$


$\mho _1 = \cot \vartheta $


$\mho _2 = 1 / (2 R)$


\begin {equation}\begin {aligned} d (a) & = \sum _{n = 0}^{+ \infty } \mho _n \frac {\sqrt {\pi } (n + 1) \Gamma (1 + n / 2)}{2 \Gamma [(n + 3) / 2]} a^n + \sum _{k = 1}^3 \alpha _k \varsigma _{k 1} \sqrt {- \frac {2 \eta \pi ^2 a \sqrt {1 + \left [ \sum _{n = 1}^{+ \infty } n \mho _n a^{n - 1} \right ]^2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}}},\\ \mathcal {F} (a) & = \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {2 P \mathit {a^3}}{3 \pi \beta _3 \varsigma _{32}} - \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \sum _{n = 0}^{+ \infty } \mho _n \frac {n \Gamma (1 + n / 2)}{\sqrt {\pi } \Gamma [(n + 3) / 2]} a^{n + 1} - \frac {2}{\pi } \sqrt {- \frac {2 \eta \pi ^2 a^3 \sqrt {1 + \left [ \sum _{n = 1}^{+ \infty } n \mho _n a^{n - 1} \right ]^2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} .} \end {aligned} \label {Xeqn79-B.9}\end {equation}


$z = 0$


\begin {equation}\begin {aligned} & w_1 = W (\rho , \phi ), & & \sigma _{z 2} = Q (\rho , \phi ), & & (\rho , \phi ) \in S\\ & \sigma _{z 1} = 0, & & \frac {\partial \sigma _{z 2}}{\partial z} = 0, & & (\rho , \phi ) \notin S\\ & \sigma _{\rho 1} = 0, & & \sigma _{\phi 1} = 0, & & (\rho , \phi ) \in [0, + \infty ) \times [0, 2 \pi ] \end {aligned} \label {Eq3.19}\end {equation}


$\Psi _0 = 0$


$\Psi _k = \sum _{i = 1}^2 \varsigma _{k \mathit {i}} \hat {H}_i (\rho , \phi , z_k) (k = 1, 2, 3)$


$\hat {H}_i (i = 1, 2)$


\begin {equation}\begin {aligned} \hat {H}_1 (\rho , \phi , z_k) & = \iint _S \ln \left [ \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z^2_k} + z_k \right ] \omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0,\\ \hat {H}_2 (\rho , \phi , z_k) & = \iint _S \left \{ z_k \ln \left [ \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z^2_k} + z_k \right ] \right .\\ & \left . - \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z^2_k} \right \} \omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0, \end {aligned} \label {Eq3.20}\end {equation}


$\varsigma _{k \mathit {i}} (k = 1, 2, 3 ; i = 1, 2)$


\begin {equation}\begin {aligned} \iint _S \frac {\omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} & = \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left \{ W (\rho , \phi ) - \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} \times \right .\\ & \left . \iint _S \ln \left [ \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)} \right ] \omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0 \right \},\\ \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} & = \frac {Q (\rho , \phi )}{\beta _3 \varsigma _{32}}, \label {Eq3.21} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \omega _2 (\rho , \phi ) & = - \frac {1}{\pi ^2 \rho } \mathcal {L} (\rho ) \frac {\text {d}}{\text {d} \rho } \int _{\rho }^a \frac {t \text {d} t}{\sqrt {t^2 - \rho ^2}} \mathcal {L} \left ( \frac {1}{t^2} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\rho _0 \text {d} \rho _0}{\sqrt {t^2 - \rho _0^2}} \mathcal {L} (\rho _0) \frac {Q (\rho _0, \phi )}{\beta _3 \varsigma _{32}},\\ \omega _1 (\rho , \phi ) & = - \frac {1}{\pi ^2 \rho } \mathcal {L} (\rho ) \frac {\text {d}}{\text {d} \rho } \int _{\rho }^a \frac {t \text {d} t}{\sqrt {t^2 - \rho ^2}} \mathcal {L} \left ( \frac {1}{t^2} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\rho _0 \text {d} \rho _0}{\sqrt {t^2 - \rho _0^2}} \mathcal {L} (\rho _0) \times \\ & \frac {1}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ W (\rho _0, \phi ) - \sum _{k = 1}^3 \alpha _k \varsigma _{k 2} \iint _S \ln \left [ \sqrt {\rho _0^2 + y^2 - 2 \rho _0 \mathit {y} \cos (\phi - \psi _0)} \right ] \omega _2 (y, \psi _0) y \text {d} y \text {d} \psi _0 \right ], \label {Eq3.22} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \omega _2 = \frac {Q}{4 \beta _3 \varsigma _{32}}, & \omega _1 = \frac {1}{\pi ^2} \left \{ \frac {d}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {1}{\sqrt {a^2 - \rho ^2}} + \frac {Q \pi }{2 \beta _3 \varsigma _{32}} \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \left [ \sqrt {a^2 - \rho ^2} - \frac {a^2 (2 \ln \mathit {a} + 1)}{4} \frac {1}{\sqrt {a^2 - \rho ^2}} \right ] \right \} \end {aligned} \label {Xeqn84-B.14}\end {equation}


$Q (\rho , \phi ) = a \overset \frown {E} \left ( \frac {\rho ^2}{a^2} \right ) Q = \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \frac {\rho _0 \text {d} \rho _0}{\sqrt {\rho _0^2 - x^2}} \mathcal {L} \left ( \frac {x^2}{\rho \rho _0} \right ) Q$


$W (\rho , \phi ) = d$


$\overset \frown {E} (\#)$


$Q$


\begin {equation}\iint _S \ln \left [ \sqrt {\rho ^2 + y^2 - 2 \rho \mathit {y} \cos (\phi - \psi _0)} \right ] \frac {Q}{4 \beta _3 \varsigma _{32}} y \text {d} y \text {d} \psi _0 = \frac {Q \pi }{8 \beta _3 \varsigma _{32}} [a^2 (2 \ln \mathit {a} - 1) + \rho ^2] \label {Xeqn85-B.15}\end {equation}


$\omega _1$


\begin {equation}\mathcal {F} (d) = \frac {2}{\pi } \left \{ \frac {\sum _{k = 1}^3 \alpha _k \varsigma _{k 2}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \frac {Q \pi a^3 (6 \ln \mathit {a} - 1)}{24 \beta _3 \varsigma _{32}} - \frac {d \mathit {a}}{\sum _{k = 1}^3 \alpha _k \varsigma _{k 1}} \right \} . \label {Xeqn86-B.16}\end {equation}


$c$


$z = 0$


$z = c$


\begin {equation}\begin {aligned} & w_1 = 0, & & \sigma _{\rho 1} = 0, & & \sigma _{\phi 1} = 0, & & \sigma _{z 2} = 0. & & (\rho , \phi ) \in [0, + \infty ) \times [0, 2 \pi ] \end {aligned} \label {Eq3.23}\end {equation}


$c_{m \mathit {n} q} : = m \mathit {c}_1 + n \mathit {c}_2 + q \mathit {c}_3$


$c_k = \mathit {s_k} c (k = 1, 2, 3)$


$\varsigma _{k \mathit {i} (+)}^{\{ m \mathit {n} q \}}$


$\varsigma _{k \mathit {i} (-)}^{\{ m \mathit {n} q \}}$


$\hat {H}_i$


$_{3 \text {-6}}$


$_{1 \text {-2}}$


\begin {equation}\begin {aligned} P (\rho , \phi ) & = \gamma _{23} \left \{ [1 + \varsigma _{32 (+)}^{\{ 000 \}} + \varsigma _{32 (-)}^{\{ 000 \}}] \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial ^2}{\partial z_3^2} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_3^2}} \right .\\ & + \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \left . [\varsigma _{32 (+)}^{\{ m \mathit {n} q \}} + \varsigma _{32 (-)}^{\{ m \mathit {n} q \}}] \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial ^2}{\partial z_3^2} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + (z_3 + c_{m \mathit {n} q})^2}} \right \}, \label {Eq3.25} \end {aligned}\end {equation}


$\omega _2$


$\omega _1$


$[\varsigma _{32 (+)}^{\{ m \mathit {n} q \}} + \varsigma _{32 (-)}^{\{ m \mathit {n} q \}}] / [1 + \varsigma _{32 (+)}^{\{ 000 \}} + \varsigma _{32 (-)}^{\{ 000 \}}]$


$\gamma _{23} [1 + \varsigma _{32 (+)}^{\{ 000 \}} + \varsigma _{32 (-)}^{\{ 000 \}}]$


$\mathcal {R}_{m \mathit {n} q}$


$\mathcal {R}_0$


\begin {equation}\begin {aligned} & \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial ^2}{\partial z_3^2} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_3^2}} = \frac {P (\rho , \phi )}{\mathcal {R}_0} \\ & - \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {R}_{m \mathit {n} q} \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial ^2}{\partial z_3^2} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + (z_3 + c_{m \mathit {n} q})^2}} := - 2 \pi \mathcal {P} (\rho , \phi ), \label {Eq3.27} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} & \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial H (\rho , \phi , z_3)}{\partial z_3} = - 2 \pi \mathcal {P} (\rho , \phi ), & & (\rho , \phi ) \in [0, a) \times [0, 2 \pi ]\\ & H (\rho , \phi , 0) = 0, & & (\rho , \phi ) \in [a, + \infty ) \times [0, 2 \pi ] \end {aligned} \label {Eq3.28}\end {equation}


$H (\rho , \phi , z_3) : = \frac {\partial }{\partial z_3} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_3^2}}$


\begin {equation}\begin {aligned} H (\rho , \phi , 0) & = 4 \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right ) \mathcal {P} (\rho _0, \phi )\\ & = \underset {z_3 \rightarrow 0^+}{\lim } \frac {\partial }{\partial z_3} \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + z_3^2}} = - 2 \pi \omega _2 (\rho , \phi ) \end {aligned} \label {Eq3.29}\end {equation}


$z_3 = 0$


\begin {equation}\begin {aligned} & \omega _2 (\rho , \phi ) + \frac {1}{\pi ^2} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {R}_{m \mathit {n} q} \underset {z_{\ast } \rightarrow c_{m \mathit {n} q}}{\lim } \frac {\partial ^2}{\partial z^2} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right )\\ & \times \int _0^{2 \pi } \int _0^a \frac {\omega _2 (s, \phi _0) s \text {d} s \text {d} \phi _0}{\sqrt {s^2 + \rho ^2_0 - 2~s \rho _0 \cos (\phi - \phi _0) + z_{\ast }^2}} = \frac {1}{\pi ^2 \mathcal {R}_0} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right ) P (\rho _0, \phi ), \label {Eq3.30} \end {aligned}\end {equation}


$z_{\ast }$


$(z_3 + c_{m \mathit {n} q})$


\begin {equation}\begin {aligned} \omega _2 (\rho , \phi ) & = \frac {1}{\pi ^2 \mathcal {R}_0} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right ) P (\rho _0, \phi )\\ & - \frac {1}{\pi ^2} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {R}_{m \mathit {n} q} \int _0^{2 \pi } \int _0^a \mathcal {K}_2 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q}) \omega _2 (s, \phi _0) s \text {d} s \text {d} \phi _0 . \end {aligned} \label {Eq3.31}\end {equation}


$\mathcal {K}_2 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q})$


\begin {equation}\begin {aligned} \mathcal {N}_2 [\omega _2] & := \frac {1}{\pi ^2 \mathcal {R}_0} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right ) P (\rho _0, \phi )\\ & - \frac {1}{\pi ^2} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {R}_{m \mathit {n} q} \int _0^{2 \pi } \int _0^a \mathcal {K}_2 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q}) \omega _2 (s, \phi _0) s \text {d} s \text {d} \phi _0 \end {aligned} \label {Eq3.32}\end {equation}


$\omega ^{[0]}_2$


$\omega ^{[k + 1]}_2 = \mathcal {N}_2 [\omega ^{[k]}_2] (k \geqslant 0)$


$\omega _2$


$\underset {k \rightarrow + \infty }{\lim } \| \omega ^{[k]}_2 - \omega _2 \|_{\infty } = 0$


$\| \# \|_{\infty }$


$\mathcal {D}_{m \mathit {n} q} = \left ( \sum _{k = 1}^3 \alpha _k [\varsigma ^{\{ m \mathit {n} q \}}_{k 1 (+)} + \varsigma ^{\{ m \mathit {n} q \}}_{k 1 (-)}] \right ) / \left ( \sum _{k = 1}^3 \alpha _k [1 + \varsigma _{k 1 (+)}^{\{ 000 \}} + \varsigma _{k 1 (-)}^{\{ 000 \}}] \right )$


$\mathcal {D}_0 = \left ( \sum _{k = 1}^3 \alpha _k [1 + \varsigma _{k 1 (+)}^{\{ 000 \}} + \varsigma _{k 1 (-)}^{\{ 000 \}}] \right )$


\begin {equation}\begin {aligned} \iint _S \frac {\omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} + \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \iint _S \frac {\omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}}} = \frac {\mathcal {Q} (\rho , \phi )}{\mathcal {D}_0}, \label {Eq3.33} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \mathcal {Q} (\rho , \phi ) & := W (\rho , \phi ) - \sum ^3_{k = 1} \alpha _k \left \{ [1 + \varsigma _{k 2 (+)}^{\{ 000 \}} + \varsigma _{k 2 (-)}^{\{ 000 \}}] \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0)}} \right .\\ & + \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \left . [\varsigma _{k 2 (+)}^{\{ m \mathit {n} q \}} + \varsigma _{k 2 (-)}^{\{ m \mathit {n} q \}}] \iint _S \frac {\omega _2 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {\rho ^2 + \rho _0^2 - 2 \rho \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}}} \right \} \end {aligned} \label {Eq3.34}\end {equation}


$\omega _2$


\begin {equation}\frac {1}{\sqrt {s^2 + \rho ^2_0 - 2~s \rho _0 \cos (\phi - \phi _0) + z^2}} = \frac {2}{\pi } \int _0^{\rho _0} \frac {\mathcal {G} \left [ \frac {l_1^2 (y, s, z)}{\rho _0 s}, \phi - \phi _0 \right ]}{\sqrt {s^2 - l_1^2 (y, s, z)} \sqrt {\rho _0^2 - y^2}} \frac {\partial l_1 (y, s, z)}{\partial y} \text {d} y, \label {EqC.1}\end {equation}


\begin {equation}\begin {aligned} & 4 \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \int _x^a \frac {\rho _0 \text {d} \rho _0}{\sqrt {\rho _0^2 - x^2}} \mathcal {L} \left ( \frac {x^2}{\rho \rho _0} \right ) \omega _1 (\rho _0, \phi )\\ & + 4 \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \int _0^a \int _0^{\rho } \frac {\text {d} x}{\sqrt {\rho ^2 - x^2}} \frac {\frac {\partial l_1 (x, \rho _0, c_{m \mathit {n \mathit {q}}})}{\partial x}}{\sqrt {\rho _0^2 - l^2_1 (x, \rho _0, c_{m \mathit {n} q})}} \mathcal {L} \left [ \frac {l^2_1 (x, \rho _0, c_{m \mathit {n} q})}{\rho \rho _0} \right ] \omega _1 (\rho _0, \phi ) \rho _0 \text {d} \rho _0 = \frac {\mathcal {Q} (\rho , \phi )}{\mathcal {D}_0}, \label {Eq3.35} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \omega _1 (\rho , \phi ) & = - \frac {\mathcal {L} (\rho )}{\pi ^2 \mathcal {D}_0 \rho } \frac {\text {d}}{\text {d} \rho } \int _{\rho }^a \frac {t \text {d} t}{\sqrt {t^2 - \rho ^2}} \mathcal {L} \left ( \frac {1}{t^2} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\mathcal {L} (\rho _0) \mathcal {Q} (\rho _0, \phi ) \rho _0 \text {d} \rho _0}{\sqrt {t^2 {- \rho _0^2} }}\\ & - \frac {1}{\pi ^2} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \int _0^{2 \pi } \int _0^a \mathcal {K}_1 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q}) \omega _1 (s, \phi _0) s \text {d} s \text {d} \phi _0, \label {Eq3.36} \end {aligned}\end {equation}


$\mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q})$


$\mathcal {Q} (\rho , \phi )$


$1 / \sqrt {a^2 - \rho ^2}$


$\sqrt {a^2 - \rho ^2}$


$\omega ^{\ast }_1 := \sqrt {a^2 - \rho ^2} \omega _1$


$\mathcal {N}_1$


\begin {equation}\begin {aligned} \mathcal {N}_1 [\omega ^{\ast }_1] & : = - \frac {\mathcal {L} (\rho ) \sqrt {a^2 - \rho ^2}}{\pi ^2 \mathcal {D}_0 \rho } \frac {\text {d}}{\text {d} \rho } \int _{\rho }^a \frac {t \text {d} t}{\sqrt {t^2 - \rho ^2}} \mathcal {L} \left ( \frac {1}{t^2} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\mathcal {L} (\rho _0) \mathcal {Q} (\rho _0, \phi ) \rho _0 \text {d} \rho _0}{\sqrt {t^2 {- \rho _0^2} }}\\ & - \frac {\sqrt {a^2 - \rho ^2}}{\pi ^2} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \int _0^{2 \pi } \int _0^a \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\omega ^{\ast }_1 (\rho _0, \phi _0)}{\sqrt {a^2 - \rho _0^2}} \rho _0 \text {d} \rho _0 \text {d} \phi _0, \label {Eq3.37} \end {aligned}\end {equation}


$\mathcal {N}_1 [\omega ^{\ast }_1]$


$\omega ^{\ast }_1$


$\underset {k \rightarrow + \infty }{\lim } \| (\omega ^{\ast }_1)^{[k]} - \omega ^{\ast }_1 \|_{\infty } = 0$


$P (\rho , \phi ) = 0$


$W (\rho , \phi )$


$d$


$\omega _2 = 0$


$\omega ^{[0]}_1$


$d / \left ( \pi ^2 \mathcal {D}_0 \sqrt {a^2 - \rho ^2} \right )$


\begin {equation}\begin {aligned} \omega ^{[1]}_1 & = \frac {d}{\pi ^2 \mathcal {D}_0} \left \{ \frac {1}{\sqrt {a^2 - \rho ^2}} \left [ 1 - \frac {2}{\pi } \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \arctan \left [ \sqrt {\frac {l_1 (a, a, c_{m \mathit {n} q})}{l_2 (a, a, c_{m \mathit {n} q})}} \right ] \right ] \right .\\ & - \frac {1}{\pi } \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \left [ \frac {\sqrt {l^2_2 (\rho , a, c_{m \mathit {n} q}) - a^2}}{l^2_2 (\rho , a, c_{m \mathit {n} q}) - l^2_1 (\rho , a, c_{m \mathit {n} q})} \operatorname {arctanh} \left \{ \frac {2 l_1^2 (\rho , a, c_{m \mathit {n} q}) \sqrt {a^2 - \rho ^2}}{[\rho ^2 + l_1^2 (\rho , a, c_{m \mathit {n} q})] \sqrt {a^2 - l_1^2 (\rho , a, c_{m \mathit {n} q})}} \right \} \right .\\ & \left . \left . + \frac {\sqrt {a^2 - l^2_1 (\rho , a, c_{m \mathit {n} q})}}{l^2_2 (\rho , a, c_{m \mathit {n} q}) - l^2_1 (\rho , a, c_{m \mathit {n} q})} \arctan \left \{ \frac {2 l_2^2 (\rho , a, c_{m \mathit {n} q}) \sqrt {a^2 - \rho ^2}}{[\rho ^2 + l_2^2 (\rho , a, c_{m \mathit {n} q})] \sqrt {l^2_2 (\rho , a, c_{m \mathit {n} q}) - a^2}} \right \} \right ] \right \} . \label {Eq3.38} \end {aligned}\end {equation}


$c$


\begin {equation}\begin {aligned} & w^{\langle 1 \rangle }_1 = W (\rho , \phi ), & & \frac {\partial \sigma ^{\langle 1 \rangle }_{z 2}}{\partial z} = P (\rho , \phi ), & & (\rho , \phi ) \in S \\ & \sigma ^{\langle 1 \rangle }_{z 1} = 0, & & \sigma ^{\langle 1 \rangle }_{z 2} = 0, & & (\rho , \phi ) \notin S & & \operatorname {when} z = 0\\ & \sigma ^{\langle 1 \rangle }_{\rho 1} = 0, & & \sigma ^{\langle 1 \rangle }_{\phi 1} = 0, & & (\rho , \phi ) \in [0, + \infty ) \times [0, 2 \pi ] \end {aligned} \label {Eq3.39}\end {equation}


\begin {equation}\begin {aligned} & w^{\langle 1 \rangle }_1 = w^{\langle 2 \rangle }_2, & & \sigma ^{\langle 1 \rangle }_{z 1} = \sigma ^{\langle 2 \rangle }_{z 1}, & & \sigma ^{\langle 1 \rangle }_{\rho 1} = \sigma ^{\langle 2 \rangle }_{\rho 1} = 0, & & (\rho , \phi ) \in [0, + \infty ) \times [0, 2 \pi ] & \operatorname {when} z = c\\ & \sigma ^{\langle 1 \rangle }_{z 2} = \sigma ^{\langle 2 \rangle }_{z 2}, & & \frac {\partial \sigma ^{\langle 1 \rangle }_{z 2}}{\partial z} = \frac {\partial \sigma ^{\langle 2 \rangle }_{z 2}}{\partial z}, & & \sigma ^{\langle 1 \rangle }_{\phi 1} = \sigma ^{\langle 2 \rangle }_{\phi 1} = 0, & & (\rho , \phi ) \in [0, + \infty ) \times [0, 2 \pi ] & \operatorname {when} z = c \end {aligned} \label {Eq3.40}\end {equation}


$\langle \# \rangle $


$j = 1$


$j = 2$


\begin {equation}\begin {aligned} & \Psi ^{\langle 1 \rangle }_0 = 0,\\ & \Psi ^{\langle 1 \rangle }_k = \sum _{i = 1}^2 \left \{ \hat {H}_i (\rho , \phi , z_k^{\langle 1 \rangle }) + \sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0} [\varsigma _{k \mathit {i} (+) \langle 1 \rangle }^{\{ m \mathit {n} q \}} \hat {H}_i (\rho , \phi , c^{\langle 1 \rangle }_{m \mathit {n} q} + z^{\langle 1 \rangle }_k) + \varsigma _{k \mathit {i} (-) \langle 1 \rangle }^{\{ m \mathit {n} q \}} \hat {H}_i (\rho , \phi , c^{\langle 1 \rangle }_{m \mathit {n} q} - z^{\langle 1 \rangle }_k)] \right \}, \label {Eq3.41} \end {aligned}\end {equation}


$k = 1, 2, 3$


\begin {equation}\begin {aligned} & \Psi ^{\langle 2 \rangle }_0 = 0,\\ & \Psi ^{\langle 2 \rangle }_k = \sum _{i = 1}^2 \sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0} [\varsigma _{k \mathit {i} \langle 2 \rangle }^{\{ m \mathit {n} q \}} \hat {H}_i (\rho , \phi , z^{\langle 2 \rangle }_k - c^{\langle 2 \rangle }_k + c^{\langle 1 \rangle }_{m \mathit {n} q})], \label {Eq3.42} \end {aligned}\end {equation}


$z^{\langle j \rangle }_k = s_k^{\langle j \rangle } z$


$c_k^{\langle j \rangle } = s_k^{\langle j \rangle } c$


$c_{m \mathit {n} q}^{\langle j \rangle } = m \mathit {c_1}^{\langle j \rangle } + n \mathit {c_2}^{\langle j \rangle } + q \mathit {c_3}^{\langle j \rangle }$


$\varsigma _{k \mathit {i} (\pm ) \langle j \rangle }^{\{ m \mathit {n} q \}}$


$\varsigma _{k \mathit {i} \langle j \rangle }^{\{ m \mathit {n} q \}}$


$j = 1$


$j = 2$


$\hat {H}_i$


$\mu ^{\langle 2 \rangle } / \mu ^{\langle 1 \rangle } \rightarrow + \infty $


$\mu ^{\langle 2 \rangle } / \mu ^{\langle 1 \rangle } \rightarrow 1$


$s$


$\rho _0$


\begin {equation}\begin {aligned} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _0^x \frac {\rho _0 \text {d} \rho _0}{\sqrt {x^2 - \rho _0^2}} \mathcal {L} \left ( \frac {\rho \rho _0}{x^2} \right ) \int _0^{2 \pi } \int _0^a \frac {\omega _2 (s, \phi _0) s \text {d} s \text {d} \phi _0}{\sqrt {s^2 + \rho ^2_0 - 2~s \rho _0 \cos (\phi - \phi _0) + z^2}}\\ = \int _0^{2 \pi } \int _0^a \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _{y = 0}^{y = x} \frac {\mathcal {G} \left [ \frac {l_1^2 (y, s, z) \rho }{s \mathit {x}^2}, \phi - \phi _0 \right ] \text {d} l_1 (y, s, z)}{\sqrt {s^2 - l_1^2 (y, s, z)}} \omega _2 (s, \phi _0) s \text {d} s \text {d} \phi _0 . \end {aligned} \label {Xeqn108-D.2}\end {equation}


\begin {equation}\begin {aligned} \int _{y = 0}^{y = x} \frac {\mathcal {G} \left [ \frac {l_1^2 (y, s, z) \rho }{s \mathit {x}^2}, \phi - \phi _0 \right ] \text {d} l_1 (y, s, z)}{\sqrt {s^2 - l_1^2 (y, s, z)}} = \left \{ - \arctan \left [ \frac {l_1 (x, s, z)}{\sqrt {s^2 - l_1^2 (x, s, z)}} \right ] \right .\\ + \left . 2 \Re \left [ \operatorname {arctanh} \left ( \frac {l_1 (x, s, z) \sqrt {s \rho \text {e}^{- \text {i} (\phi - \phi _0)} - x^2}}{x \sqrt {s^2 - l_1^2 (x, s, z)}} \right ) \frac {x}{\sqrt {s \rho \text {e}^{- \text {i} (\phi - \phi _0)} - x^2}} \right ] \right \} \end {aligned} \label {Xeqn109-D.3}\end {equation}


\begin {equation}\begin {aligned} & \frac {\partial }{\partial z} \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \left \{ 2 \Re \left [ \operatorname {arctanh} \left ( \frac {l_1 (x, s, z) \sqrt {s \rho \text {e}^{- \text {i} (\phi - \phi _0)} - x^2}}{x \sqrt {s^2 - l_1^2 (x, s, z)}} \right ) \frac {x}{\sqrt {s \rho \text {e}^{- \text {i} (\phi - \phi _0)} - x^2}} \right ] - \arctan \left [ \frac {l_1 (x, s, z)}{\sqrt {s^2 - l_1^2 (x, s, z)}} \right ] \right \}\\ & = \int _{x = \rho }^{x = a} \frac {\text {d} l_1 (x, s, z)}{\sqrt {[s^2 - l_1^2 (x, s, z)] [l_1^2 (x, s, z) - \rho ^2] + z^2 l_1^2 (x, s, z)}} \frac {z \mathit {l_1 (x, s, z)}}{\sqrt {s^2 - l_1^2 (x, s, z)}} \times \\ & \left \{ \frac {1}{\sqrt {s^2 + z^2 - l_1^2 (x, s, z)}} - 2 \Re \left [ \frac {s \sqrt {s^2 + z^2 - l_1^2 (x, s, z)}}{s [s^2 + z^2 - l_1^2 (x, s, z)] - \rho [s^2 - l_1^2 (x, s, z)] \text {e}^{- \text {i} (\phi - \phi _0)}} \right ] \right \}, \label {EqC.4} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} & \int _{x = \rho }^{x = a} \frac {\text {d} l_1 (x, s, z)}{\sqrt {[s^2 - l^2_1 (x, s, z)] [l^2_1 (x, s, z) - \rho ^2] + z^2 l_1^2 (x, s, z)}} \frac {z \mathit {l}_1 (x, s, z)}{\sqrt {s^2 - l_1^2 (x, s, z)}} \frac {1}{\sqrt {s^2 + z^2 - l^2_1 (x, s, z)}}\\ & = - \frac {\text {i}}{l_2 (\rho , s, z)} \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \end {aligned} \label {Xeqn111-D.5}\end {equation}


\begin {equation}\begin {aligned} & \int _{x = \rho }^{x = a} \frac {\text {d} l_1 (x, s, z)}{\sqrt {[s^2 - l^2_1 (x, s, z)] [l^2_1 (x, s, z) - \rho ^2] + z^2 l_1^2 (x, s, z)}} \frac {z \mathit {l}_1 (x, s, z)}{\sqrt {s^2 - l_1^2 (x, s, z)}} \frac {s \sqrt {s^2 + z^2 - l_1^2 (x, s, z)}}{s [s^2 + z^2 - l_1^2 (x, s, z)] - \rho [s^2 - l_1^2 (x, s, z)] \text {e}^{- \text {i} (\phi - \phi _0)}}\\ & = \frac {\text {i}}{l_2 (\rho , s, z)} \left \{ - \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right .\\ & \left . + \frac {s \rho }{s \rho - l_2^2 (\rho , s, z) \text {e}^{\text {i} (\phi - \phi _0)}} \overset \frown {\Pi } \left [ \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z) - s \rho \text {e}^{- \text {i} (\phi - \phi _0)}} ; \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right \}, \end {aligned} \label {Xeqn112-D.6}\end {equation}


$\Re [\#]$


$\#$


$\overset \frown {F} (\phi , k)$


$\overset \frown {E} (\phi , k)$


$\overset \frown {\Pi } (n ; \phi , k)$


$z$


$\mathcal {K}_2 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q})$


\begin {equation}\begin {aligned} \mathcal {K}_2 & = - \underset {z \rightarrow c_{m \mathit {n} q}}{\lim } \frac {\partial }{\partial z} \left \{ \frac {\text {i}}{l_2 (\rho , s, z)} \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right .\\ & + 2 \Re \left [ \frac {\text {i}}{l_2 (\rho , s, z)} \left \{ - \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right . \right .\\ & \left . \left . \left . + \frac {s \rho }{s \rho - l_2^2 (\rho , s, z) \text {e}^{\text {i} (\phi - \phi _0)}} \overset \frown {\Pi } \left [ \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z) - s \rho \text {e}^{- \text {i} (\phi - \phi _0)}} ; \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right \} \right ] \right \} . \end {aligned} \label {Xeqn113-D.7}\end {equation}


\begin {equation}\begin {aligned} & \frac {\partial }{\partial z} \left \{ \frac {\text {i}}{l_2 (\rho , s, z)} \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right \}\\ & = \frac {\text {i}}{l_1 (\rho ) l_2 (\rho ) [l^2_1 (\rho ) - l^2_2 (\rho )] \sqrt {[l^2_1 (\rho ) - l^2_2 (a)] [l^2_2 (a) - l^2_2 (\rho )]}} \left \{ \frac {\partial l_2 (\rho )}{\partial z} l_1 (\rho ) l_2 (a) [l^2_2 (a) - l^2_1 (\rho )] \right .\\ & + \frac {\partial l_2 (a)}{\partial z} l_1 (\rho ) l_2 (\rho ) [l^2_1 (\rho ) - l^2_2 (\rho )] + \frac {\partial l_1 (\rho )}{\partial z} l_2 (a) l_2 (\rho ) [l^2_2 (\rho ) - l^2_2 (a)]\\ & + \sqrt {[l^2_1 (\rho ) - l^2_2 (a)] [l^2_2 (a) - l^2_2 (\rho )]} \left \{ l_2 (\rho ) \left [ \frac {\partial l_2 (\rho )}{\partial z} l_1 (\rho ) - \frac {\partial l_1 (\rho )}{\partial z} l_2 (\rho ) \right ] \overset \frown {E} \left [ \arcsin \left ( \sqrt {\frac {l^2_2 (\rho ) - l^2_2 (a)}{l^2_2 (\rho ) - l^2_1 (\rho )}} \right ), 1 - \frac {l_1^2 (\rho )}{l_2^2 (\rho )} \right ] \right .\\ & \left . + l_1 (\rho ) \left . \left [ \frac {\partial l_1 (\rho )}{\partial z} l_1 (\rho ) - \frac {\partial l_2 (\rho )}{\partial z} l_2 (\rho ) \right ] \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l^2_2 (\rho ) - l^2_2 (a)}{l^2_2 (\rho ) - l^2_1 (\rho )}} \right ), 1 - \frac {l_1^2 (\rho )}{l_2^2 (\rho )} \right ] \right \} \right \}, \end {aligned} \label {Xeqn114-D.8}\end {equation}


\begin {equation}\begin {aligned} & \frac {\partial }{\partial z} \left \{ \frac {\text {i}}{l_2 (\rho , s, z)} \frac {s \rho }{s \rho - l_2^2 (\rho , s, z) \text {e}^{\text {i} (\phi - \phi _0)}} \overset \frown {\Pi } \left [ \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z) - s \rho \text {e}^{- \text {i} (\phi - \phi _0)}} ; \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , s, z) - l_2^2 (a, s, z)}{l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}} \right ), \frac {l_2^2 (\rho , s, z) - l_1^2 (\rho , s, z)}{l_2^2 (\rho , s, z)} \right ] \right \}\\ & = \text {ie}^{\text {i} \phi _0} s \rho \sqrt {[l^2_1 (\rho ) - l^2_2 (a)] [l^2_2 (a) - l^2_2 (\rho )]} \left [ \frac {\frac {\partial l_1 (\rho )}{\partial z} l_2 (a)}{l_1 (\rho ) [l^2_2 (a) - l^2_1 (\rho )] [l_1^2 (\rho ) - l_2^2 (\rho )] \left [ \text {e}^{\text {i} \phi } l^2_1 (\rho ) - \text {e}^{\text {i} \phi _0} s \rho \right ]} \right .\\ & \left . + \frac {\frac {\partial l_2 (a)}{\partial z}}{[l^2_2 (a) - l_2^2 (\rho )] [l_1^2 (\rho ) - l_2^2 (a)] \left [ \text {e}^{\text {i} \phi } l_2^2 (a) - \text {e}^{\text {i} \phi _0} s \rho \right ]} + \frac {\frac {\partial l_2 (\rho )}{\partial z} l_2 (a)}{l_2 (\rho ) [l^2_2 (a) - l^2_2 (\rho )] [l_2^2 (\rho ) - l_1^2 (\rho )] \left [ \text {e}^{\text {i} \phi } l^2_2 (\rho ) - \text {e}^{\text {i} \phi _0} s \rho \right ]} \right ]\\ & + \frac {\text {ie}^{\text {i} \phi _0} s \rho }{l_1 (\rho ) l_2 (\rho ) [l^2_1 (\rho ) - l^2_2 (\rho )] \left [ \text {e}^{\text {i} \phi } l^2_1 (\rho ) - \text {e}^{\text {i} \phi _0} s \rho \right ] \left [ \text {e}^{\text {i} \phi } l^2_2 (\rho ) - \text {e}^{\text {i} \phi _0} s \rho \right ]^2} \left \{ l_2 (\rho ) \left [ \text {e}^{\text {i} \phi } l^2_2 (\rho ) - \text {e}^{\text {i} \phi _0} s \rho \right ] \left [ \text {e}^{\text {i} \phi } \left ( \frac {\partial l_2 (\rho )}{\partial z} l^3_1 (\rho ) - \frac {\partial l_1 (\rho )}{\partial z} l_2^3 (\rho ) \right ) \right . \right .\\ & \left . - \text {e}^{\text {i} \phi _0} s \rho \left ( \frac {\partial l_2 (\rho )}{\partial z} l_1 (\rho ) - \frac {\partial l_1 (\rho )}{\partial z} l_2 (\rho ) \right ) \right ] \overset \frown {E} \left [ \arcsin \left ( \sqrt {\frac {l^2_2 (\rho ) - l^2_2 (a)}{l^2_2 (\rho ) - l^2_1 (\rho )}} \right ), 1 - \frac {l_1^2 (\rho )}{l_2^2 (\rho )} \right ] + l_1 (\rho ) \left [ \text {e}^{\text {i} \phi } l^2_2 (\rho ) - \text {e}^{\text {i} \phi _0} s \rho \right ] \times \\ & \left . \left . \left [ - \text {e}^{\text {i} \phi } l_1 (\rho ) l_2 (\rho ) \left ( \frac {\partial l_2 (\rho )}{\partial z} l_1 (\rho ) \right . \right . - \frac {\partial l_1 (\rho )}{\partial z} l_2 (\rho ) \right ) + \text {e}^{\text {i} \phi _0} s \rho \left ( - \frac {\partial l_1 (\rho )}{\partial z} l_1 (\rho ) + \frac {\partial l_2 (\rho )}{\partial z} l_2 (\rho ) \right ) \right ] \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l^2_2 (\rho ) - l^2_2 (a)}{l^2_2 (\rho ) - l^2_1 (\rho )}} \right ), 1 - \frac {l_1^2 (\rho )}{l_2^2 (\rho )} \right ]\\ & + l_1 (\rho ) \text {e}^{\text {i} \phi } [l^2_1 (\rho ) - l_2^2 (\rho )] \left [ \text {e}^{\text {i} \phi } l_1 (\rho ) l_2 (\rho ) \left ( \frac {\partial l_2 (\rho )}{\partial z} l_1 (\rho ) + \frac {\partial l_1 (\rho )}{\partial z} l_2 (\rho ) \right ) - \text {e}^{\text {i} \phi _0} s \rho \left ( \frac {\partial l_1 (\rho )}{\partial z} l_1 (\rho ) + \frac {\partial l_2 (\rho )}{\partial z} l_2 (\rho ) \right ) \right ] \times \\ & \left . \overset \frown {\Pi } \left [ \frac {l_2^2 (\rho ) - l_1^2 (\rho )}{l_2^2 (\rho ) - s \rho \text {e}^{- \text {i} (\phi - \phi _0)}} ; \arcsin \left ( \sqrt {\frac {l_2^2 (\rho ) - l_2^2 (a)}{l_2^2 (\rho ) - l_1^2 (\rho )}} \right ), 1 - \frac {l_1^2 (\rho )}{l_2^2 (\rho )} \right ] \right \}, \end {aligned} \label {Xeqn115-D.9}\end {equation}


$\frac {\partial l_1 (\rho )}{\partial z} = - \frac {z \mathit {l}_1 (\rho , s, z)}{\mathit {l}^2_2 (\rho , s, z) - \mathit {l}^2_1 (\rho , s, z)}$


$\frac {\partial l_2 (\rho )}{\partial z} = \frac {z \mathit {l}_2 (\rho , s, z)}{\mathit {l}^2_2 (\rho , s, z) - \mathit {l}^2_1 (\rho , s, z)}$


$\mathcal {L} \left ( \frac {1}{t} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\rho \text {d} \rho }{\sqrt {t^2 - \rho ^2}} \mathcal {L} (\rho )$


$\mathcal {L} (r) \frac {\text {d}}{\text {d} r} \int _r^a \frac {t \text {d} t}{\sqrt {t^2 - r^2}} \mathcal {L} \left ( \frac {1}{t} \right )$


\begin {equation}\begin {aligned} \omega _1 (r, \phi ) & + \frac {1}{\pi ^2} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \mathcal {D}_{m \mathit {n} q} \int _0^{2 \pi } \int _0^a \left \{ - \frac {\mathcal {L} (r)}{r} \frac {\text {d}}{\text {d} r} \int _r^a \frac {t \text {d} t}{\sqrt {t^2 - r^2}} \frac {\frac {\partial l_1 (t, \rho _0, c_{m \mathit {n} q})}{\partial t} \mathcal {G} \left [ \frac {\rho _0}{l_2^2 (t, \rho _0, c_{m \mathit {n} q})}, \phi - \phi _0 \right ]}{\sqrt {\rho _0^2 - l_1^2 (t, \rho _0, c_{m \mathit {n} q})}} \right \} \omega _1 (\rho _0, \phi _0) \rho _0 \text {d} \rho _0 \text {d} \phi _0\\ & = - \frac {\mathcal {L} (r)}{\pi ^2 r} \frac {\text {d}}{\text {d} r} \int _r^a \frac {t \text {d} t}{\sqrt {t^2 - r^2}} \mathcal {L} \left ( \frac {1}{t^2} \right ) \frac {\text {d}}{\text {d} t} \int _0^t \frac {\mathcal {L} (\rho ) \mathcal {Q} (\rho , \phi ) \rho \text {d} \rho }{\mathcal {D}_0 \sqrt {t^2 - \rho ^2}}, \end {aligned} \label {Xeqn116-D.10}\end {equation}


\begin {equation}\begin {aligned} \mathcal {K}_1 (r, \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) & := - \frac {\mathcal {L} (r)}{r} \frac {\text {d}}{\text {d} r} \int _r^a \frac {t \text {d} t}{\sqrt {t^2 - r^2}} \frac {\frac {\partial l_1 (t, \rho _0, c_{m \mathit {n} q})}{\partial t} \mathcal {G} \left [ \frac {\rho _0}{l_2^2 (t, \rho _0, c_{m \mathit {n} q})}, \phi - \phi _0 \right ]}{\sqrt {\rho _0^2 - l_1^2 (t, \rho _0, c_{m \mathit {n} q})}}\\ & = \frac {c_{m \mathit {n} q}}{\left ( \sqrt {r^2 + \rho _0^2 - 2 r \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}} \right )^3} \\ & \times \left [ \frac {a \sqrt {r^2 + \rho _0^2 - 2 r \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}}}{\sqrt {a^2 - l_1^2 (a, \rho _0, c_{m \mathit {n} q})} \sqrt {a^2 - r^2}} + \arctan \left ( \frac {\sqrt {a^2 - l_1^2 (a, \rho _0, c_{m \mathit {n} q})} \sqrt {a^2 - r^2}}{a \sqrt {r^2 + \rho _0^2 - 2 r \rho _0 \cos (\phi - \phi _0) + c^2_{m \mathit {n} q}}} \right ) \right ] . \end {aligned} \label {Xeqn117-D.11}\end {equation}


$\mathcal {N}_1$


$\mathcal {N}_2$


$\int _0^{2 \pi } \int _0^a \mathcal {K}_2 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q}) s \text {d} s \text {d} \phi _0$


\begin {equation}\begin {aligned} & \underset {z \rightarrow c_{m \mathit {n} q}}{\lim } \frac {\partial ^2}{\partial z^2} \int _0^{2 \pi } \int _0^a \int _{\rho }^a \frac {\text {d} x}{\sqrt {x^2 - \rho ^2}} \int _{y = 0}^{y = x} \frac {\mathcal {G} \left [ \frac {l^2_1 (y, s, z) \rho }{s \mathit {x}^2}, \phi - \phi _0 \right ] \text {d} l_1 (y, s, z)}{\sqrt {s^2 - l^2_1 (y, s, z)}} s \text {d} s \text {d} \phi _0\\ & = - 2 \pi \underset {z \rightarrow c_{m \mathit {n} q}}{\lim } \frac {\partial }{\partial z} \int _0^a \int _{x = \rho }^{x = a} \frac {\text {d} l_1 (x, s, z)}{\sqrt {[s^2 - l_1^2 (x, s, z)] [l_1^2 (x, s, z) - \rho ^2] + z^2 l_1^2 (x, s, z)}} \frac {z \mathit {l_1 (x, s, z)}}{\sqrt {s^2 - l_1^2 (x, s, z)} \sqrt {s^2 + z^2 - l_1^2 (x, s, z)}} s \text {d} s\\ & = 2 \pi \int _{x = \rho }^{x = a} \frac {l_1 (x, a, c_{m \mathit {n} \mathit {q}}) \sqrt {a^2 - l^2_1 (x, a, c_{m \mathit {n} \mathit {q}})}}{\sqrt {[l_1^2 (x, a, c_{m \mathit {n} \mathit {q}}) - \rho ^2] [a^2 - l_1^2 (x, a, c_{m \mathit {n} \mathit {q}})] + c^2_{m \mathit {n} \mathit {q}} l_1^2 (x, a, c_{m \mathit {n} \mathit {q}})}} \frac {\text {d} l_1 (x, a, c_{m \mathit {n} \mathit {q}})}{\sqrt {a^2 + z^2 - l^2_1 (x, a, c_{m \mathit {n} \mathit {q}})}}\\ & = - \frac {2 \pi \text {i} c_{m \mathit {n \mathit {q}}}}{l_2 (\rho , a, c_{m \mathit {n \mathit {q}}})} \left \{ \overset \frown {F} \left [ \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - \rho ^2 l_1^2 (a, a, c_{m \mathit {n \mathit {q}}}) / a^2}{l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - l_1^2 (\rho , a, c_{m \mathit {n \mathit {q}}})}} \right ), \frac {l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - l_1^2 (\rho , a, c_{m \mathit {n \mathit {q}}})}{l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}})} \right ] \right . + \frac {\rho ^2}{[l^2_2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - \rho ^2]} \\ & \left . \times \overset \frown {\Pi } \left [ \frac {l^2_2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - l^2_1 (\rho , a, c_{m \mathit {n \mathit {q}}})}{l^2_2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - \rho ^2} ; \arcsin \left ( \sqrt {\frac {l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - \rho ^2 l_1^2 (a, a, c_{m \mathit {n \mathit {q}}}) / a^2}{l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - l_1^2 (\rho , a, c_{m \mathit {n \mathit {q}}})}} \right ), \frac {l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}}) - l_1^2 (\rho , a, c_{m \mathit {n \mathit {q}}})}{l_2^2 (\rho , a, c_{m \mathit {n \mathit {q}}})} \right ] \right \}, \label {EqD.1} \end {aligned}\end {equation}


$\int _0^{2 \pi } \int _0^a \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {a^2 - \rho _0^2}}$


\begin {equation}\begin {aligned} & \int _0^{2 \pi } \int _0^a \frac {c_{m \mathit {n} q}}{\left [ \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \mathit {\rho _0} \cos (\phi - \phi _0) + c_{m \mathit {n} q}^2} \right ]^3} \left \{ \frac {a \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \mathit {\rho _0} \cos (\phi - \phi _0) + c_{m \mathit {n} q}^2}}{\sqrt {a^2 - l_1^2 (\rho _0, a, c_{m \mathit {n} q})} \sqrt {a^2 - \rho ^2}} \right .\\ & \left . + \arctan \left [ \frac {\sqrt {a^2 - l_1^2 (\rho _0, a, c_{m \mathit {n} q})} \sqrt {a^2 - \rho ^2}}{a \sqrt {\rho ^2 + \rho _0^2 - 2 \rho \mathit {\rho _0} \cos (\phi - \phi _0) + c_{m \mathit {n} q}^2}} \right ] \frac {\rho _0 \text {d} \rho _0 \text {d} \phi _0}{\sqrt {a^2 - \rho _0^2}} \right \} = \frac {2 \pi }{\sqrt {a^2 - \rho ^2}} \arctan \left [ \sqrt {\frac {l_1 (a, a, c_{m \mathit {n} q})}{l_2 (a, a, c_{m \mathit {n} q})}} \right ]\\ & + \frac {\pi \sqrt {l^2_2 (\rho , a, c_{m \mathit {n} q}) - a^2}}{l^2_2 (\rho , a, c_{m \mathit {n} q}) - l^2_1 (\rho , a, c_{m \mathit {n} q})} \operatorname {arctanh} \left \{ \frac {2 l_1^2 (\rho , a, c_{m \mathit {n} q}) \sqrt {a^2 - \rho ^2}}{[\rho ^2 + l_1^2 (\rho , a, c_{m \mathit {n} q})] \sqrt {a^2 - l_1^2 (\rho , a, c_{m \mathit {n} q})}} \right \}\\ & + \frac {\pi \sqrt {a^2 - l^2_1 (\rho , a, c_{m \mathit {n} q})}}{l^2_2 (\rho , a, c_{m \mathit {n} q}) - l^2_1 (\rho , a, c_{m \mathit {n} q})} \arctan \left \{ \frac {2 l_2^2 (\rho , a, c_{m \mathit {n} q}) \sqrt {a^2 - \rho ^2}}{[\rho ^2 + l_2^2 (\rho , a, c_{m \mathit {n} q})] \sqrt {l^2_2 (\rho , a, c_{m \mathit {n} q}) - a^2}} \right \} . \label {EqD.2} \end {aligned}\end {equation}


$\omega ^{\ast }_1 \in C (\mathscr {D})$


$\mathcal {N}_1 : C (\mathscr {D}) \rightarrow C (\mathscr {D})$


$\mathscr {D} = [0, a] \times [0, 2 \pi ]$


$\| \omega ^{\ast }_1 (\rho , \phi ) \|_{\infty } = \underset {(\rho , \phi ) \in \mathscr {D}}{\sup } | \omega ^{\ast }_1 (\rho , \phi ) |$


$d_k [\omega ^{\ast }_1 - (\omega ^{\ast }_1)^{[k]}] = \| \omega ^{\ast }_1 - (\omega ^{\ast }_1)^{[k]} \|_{\infty }$


$\underset {k \rightarrow \infty }{\lim } \boldsymbol {} \| \omega ^{\ast }_1 - (\omega ^{\ast }_1)^{[k]} \|_{\infty } = 0$


$\mathcal {N}_1$


\begin {equation}\begin {aligned} | \mathcal {N}_1 [\omega ^{\ast }_1] - \mathcal {N}_1 [(\omega ^{\ast }_1)^{[k]}] | & = \left | \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {\mathcal {D}_{m \mathit {n} q}}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} [\omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0)] \text {d} S \right |\\ & \leqslant \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \left | \frac {\mathcal {D}_{m \mathit {n} q}}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} [\omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0)] \text {d} S \right |\\ & \leqslant \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} | \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) | \left | \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \right | | \omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0) | \text {d} S\\ & = \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} | \omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0) | \text {d} S\\ & \leqslant \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \| \omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0) \|_{\infty } \text {d} S\\ & = \| \omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0) \|_{\infty } \text {} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \text {d} S\\ & \leqslant \epsilon \| \omega ^{\ast }_1 (\rho _0, \phi _0) - (\omega ^{\ast }_1)^{[k]} (\rho _0, \phi _0) \|_{\infty } . \label {EqD.3} \end {aligned}\end {equation}


$\underset {(\rho , \phi ) \in \mathscr {D}}{\sup } | \mathcal {N}_1 [\omega ^{\ast }_1] - \mathcal {N}_1 [(\omega ^{\ast }_1)^{[k]}] | \leqslant \epsilon \| \omega ^{\ast }_1 - (\omega ^{\ast }_1)^{[k]} \|_{\infty }$


$\epsilon < 1$


$\mathcal {N}_1$


$C (\mathscr {D})$


$\omega ^{\ast }_1 \in C (\mathscr {D})$


$(\omega ^{\ast }_1)^{[0]}$


$(\omega ^{\ast }_1)^{[k + 1]} = \mathcal {N}_1 [(\omega ^{\ast }_1)^{[k]}]$


$\omega ^{\ast }_1$


$\mathcal {N}_1$


$\omega ^{\ast }_1 = \mathcal {N}_1 [\omega ^{\ast }_1]$


$\| (\omega ^{\ast }_1)^{[k]} - \omega ^{\ast }_1 \| \leqslant \frac {\epsilon ^k}{1 - \epsilon } \| (\omega ^{\ast }_1)^{[1]} - (\omega ^{\ast }_1)^{[0]} \| (k \geqslant 0)$


$\| (\omega ^{\ast }_1)^{[k]} - \omega ^{\ast }_1 \| \leqslant \frac {1}{1 - \epsilon } \| (\omega ^{\ast }_1)^{[k + 1]} - (\omega ^{\ast }_1)^{[k]} \| (k \geqslant 0)$


$\left \{ \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \text {d} S \right \}$


$\text {} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \text {d} S$


$\underset {c \rightarrow 0}{\lim } \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \text {d} S = 0$


$c \in \mathbb {R}^+$


$\text {} \underset {(m, n, q) \neq (0, 0, 0)}{\sum _{m = 0}^{+ \infty } \sum ^{+ \infty }_{n = 0} \sum ^{+ \infty }_{q = 0}} \frac {| \mathcal {D}_{m \mathit {n} q} |}{\pi ^2} \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \text {d} S < \epsilon < 1$


$\underset {c \rightarrow + \infty }{\lim } \iint _{\mathscr {D}} \mathcal {K}_1 (\rho , \rho _0, \phi , \phi _0 ; c_{m \mathit {n} q}) \frac {\sqrt {a^2 - \rho ^2}}{\sqrt {a^2 - \rho _0^2}} \text {d} S = 0$


$\mathcal {K}_2$


$\underset {c \rightarrow + \infty }{\lim } \iint _{\mathscr {D}} \mathcal {K}_2 (\rho , s, \phi , \phi _0 ; c_{m \mathit {n} q}) \text {d} S = 0$


\begin {equation}\Pi (\mathbf {U}) : = \Pi _{\operatorname {int}} (\mathbf {U}) + \Pi _{\operatorname {ext}} (\mathbf {U}) = \int _{\mathcal {B}_r} \Omega (\mathbf {F}_e) \text {d} V - \int _{\partial \mathcal {B}^{\sigma }_r} \mathbf {t}_A \cdot \mathbf {U} \text {d} A, \label {Xeqn121-F.1}\end {equation}


\begin {equation}\begin {split} \delta _1 \Pi (\mathbf {U}) & := \left . \frac {\text {d}}{\text {d} \epsilon _1} \Pi (\mathbf {U}+ \epsilon _1 \delta _1 \mathbf {U}) \right |_{\epsilon _1 = 0} \\ & = \int _{\mathcal {B}_r} \frac {\partial \Omega (\mathbf {F}_e)}{\partial \mathbf {F}_e} \cdot \cdot \operatorname {Grad} \delta _1 \mathbf {U} \text {d} V - \int _{\partial \mathcal {B}^{\sigma }_r} \mathbf {t}_A \cdot \delta _1 \mathbf {U} \text {d} A && \forall \delta _1 \mathbf {U} \in \mathcal {U}_0 \\ & = \int _{\mathcal {B}_r} \mathbf {S}_e \cdot \cdot \operatorname {sym} \left ( \mathbf {F}^{\text {T}}_e \cdot \operatorname {Grad} \delta _1 \mathbf {U} \right ) \text {d} V - \int _{\partial \mathcal {B}^{\sigma }_r} \mathbf {t}_A \cdot \delta _1 \mathbf {U} \text {d} A, \end {split} \label {Eq5.2}\end {equation}


$\mathcal {U}_0 := \{ \delta _1 \mathbf {U}: \mathcal {B}_r \rightarrow \mathbb {R}^3 | \delta _1 \mathbf {U}= \boldsymbol {0} \operatorname {on} \partial \mathcal {B}^u_r \}$


$\operatorname {sym} \left ( \mathbf {F}^{\text {T}}_e \cdot \operatorname {Grad} \delta _1 \mathbf {U} \right )$


$\delta _1 \boldsymbol {\varepsilon }_{\operatorname {GL}}$


$\operatorname {sym} (\#) := \left ( \#+\#^{\text {T}} \right ) / 2$
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tial imperfections, followed by contact simulation using the augmented Lagrangian method. This
work establishes a systematic analytical foundation for thermoelastic contact in soft materials
under finite deformation, with implications for precision surface engineering and manufacturing.

1. Introduction

The reliable description of contact between a rigid indenter and a soft material undergoing finite deformations is essential for
technologies such as transfer printing (Meitl et al., 2006; Carlson et al., 2012; Linghu et al., 2018), microindentation of biological
tissues (Li et al., 2007; McKee et al., 2011), and the fabrication of surface relief structures via nanoimprint (Lan and Ding, 2010;
Chen, 2015b). In this regime, contact is not merely a boundary condition but a governing mechanism that controls stress distribution,
adhesion, friction, and morphological replication (Barber and Ciavarella, 2000; Popov et al., 2010). However, the contact involving
soft materials such as crosslinked elastomers, polymer gels, and biological membranes is far more complex than that in metallic or
ceramic materials (Du et al., 2023; Mu et al., 2025, 2026). This complexity stems from the fact that large deformation, constitutive
nonlinearity, surface adhesion, and thermal stimuli frequently interact with one another. Nanoimprint lithography (Chou et al., 1995;
Chou and Zhuang, 1999; Guo, 2007) and related soft pattern transfer processes (Wang et al., 2024b, 2025) provide a representative
example. During fabrication, a compliant polymeric or elastomeric substrate may be stretched before contact in order to tune feature
dimensions, suppress defects, or facilitate release. Simultaneously, heating is often applied to modify the rheological or thermoelastic
response of the medium and to promote faithful topographic replication (Yu et al., 2026). The final patterning outcome depends
not only on bulk deformation but also on the morphology of the contacting interface. This morphology may be externally imposed
by the mold geometry or may arise spontaneously through wrinkling, creasing, or other instability driven processes (Huang et al.,
2008). In both cases, the local topography determines pressure distribution, gap evolution, and interfacial adhesion over the contact
area. Because soft materials are highly sensitive to prestress and temperature, even modest changes in processing conditions can alter
tangent stiffness and the evolution of contact area in a substantial way. Accordingly, a predictive description of imprinting requires a
framework that can consistently treat pre-deformation, thermal effects, adhesion, and surface geometry in a coupled manner. (Fig. 1)

The development of contact mechanics has historically proceeded from the Hertzian theory (Hertz, 1882; Johnson, 1982), which
established the foundational relation between indentation load, displacement, and contact radius for smooth non-adhesive elastic
bodies under the assumptions of linear constitutive behavior and infinitesimal strain. While this classical framework remains indis-
pensable, its direct applicability to soft materials is limited because elastomers and gels often undergo large deformation prior to or
during contact. As a result, the stress and deformation increment should be described based on the deformed state when contacting
with a rubberlike material subjected to pre-stretch or large indentation. An effective strategy is provided by incremental field the-
ory, in which a large pre -deformation is imposed on the initial configuration and subsequent contact loading is treated as a small
perturbation (Dorfmann and Ogden, 2014). The resulting incremental governing equations capture the essential influence of the
pre-deformation through non-isotropic tangent moduli, while remaining accessible to analytical or semi-analytical treatment. This
perspective is deeply rooted in the continuum theories of incremental elasticity, and has proven useful in wave propagation (Dowaikh
and Ogden, 1990), surface instability (Ogden, 1992), and indentation in pre-stretched media (Zhang et al., 2012). In parallel with
these developments, the potential theory method has emerged as a powerful tool in contact and fracture analyses (Fabrikant, 1989).
In particular, the formulations established by Fabrikant and subsequent extensions have shown that a broad class of contact problems
in transversely isotropic media can be reduced to tractable integral representations. Zhang et al. (2012) successfully extended the
potential theory method to contact analysis of compressible isotropic soft electroactive half -spaces under uniform finite deforma-
tion, showing its feasibility for problems with finite pre-deformation and electromechanical coupling. Huang et al. (2016) and Xia
et al. (2020, 2023) subsequently applied the method to solve soft electroactive and magnetoactive contact problems and derived the
Green’s functions analytically. The potential theory method is attractive for its direct treatment of Abel integral equations, but its
extension to thermal contact analysis of pre-deformed hyperelastic materials remains incomplete. Adding thermal effects introduces
substantial complexity (Jesse et al., 2008; Yang and Jin, 2014). A non-uniform temperature field induces inhomogeneous thermal
expansion, which makes the displacement field incompatible. As a result, constructing a potential function for thermoelasticity is
more challenging than for electromechanical or magnetomechanical couplings, although Chen (2015a) did construct such a potential
for the linear elastic regime. Additional complications arise from finite deformation, specifically the requirement of objective stress
rates. Moreover, nanoimprinting typically deals with film-substrate systems, but applying potential theory to such systems via the
generalized image method (Fabrikant, 2004) remains challenging. Fabrikant (2011a,b) attempted a constructive solution for contact
analysis of a linear elastic film-substrate system, but the convergence of the iterative solution of the resulting Fredholm integral
equation has not been fully resolved and requires further investigation.

Another important aspect of contact analysis concerns the role of surface morphology and adhesion. The classical theories of
adhesive contact, including the Johnson-Kendall-Roberts (JKR) (Johnson et al., 1971), Derjaguin-Muller-Toporov (DMT) (Derjaguin
et al., 1975), and Maugis-Dugdale (MD) (Maugis, 1992) models, established the balance between elastic deformation and interfacial
surface energy for smooth bodies and clarified the transition between short-range and long-range adhesion regimes (Huang et al.,
2026). These theories have had lasting impact because adhesion is especially significant in soft materials, where low modulus and
large compliance allow surface forces to influence contact geometry. However, real interfaces are rarely perfectly smooth. Instead,
they exhibit roughness or waviness over a spectrum of scales, whether generated by fabrication, environmental exposure, or inten-
tional design (Li et al., 2026). Considerable investigations have therefore examined how topography modifies adhesion and contact
stiffness. For statistically rough surfaces, early insights such as those of Fuller and Tabor (Fuller and Tabor, 1975; Greenwood, 2017)
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Film

Coating Heating Imprinting Demolding

Fig. 1. Schematic of the thermal nanoimprint. A uniform resist film is first deposited on the substrate by spin coating and subsequently heated
above its transition temperature to enable viscous flow. A hard mold bearing nanoscale relief patterns is then pressed into the softened resist under
precisely controlled pressure and dwell time, achieving high-fidelity pattern replication. After the resist is cooled and solidified, the mold is separated
from the patterned resist in a demolding step, thereby completing the nanostructure transfer.

emphasized the reduction of adhesion through loss of true contact area, while later analyses by Persson and others developed mul-
tiscale descriptions linking roughness spectra to effective adhesion and detachment behavior (Persson and Tosatti, 2001; Persson,
2002; Feng et al., 2026). Fractal and self-affine surface descriptions extended this line of inquiry by capturing the hierarchical nature
of many engineering and biological interfaces (Wu and Sun, 2023; Liang et al., 2024). At the same time, analytically prescribed
geometries, such as sinusoidal wavy surfaces, offered a theoretically more tractable path to understanding the geometric mechanism
behind adhesion enhancement or suppression. A landmark result was the study by Guduru (2007), which demonstrated that the
contact involving a wavy surface may exhibit a pronounced increase in apparent adhesion during detachment, despite the intuitive
expectation that roughness should always weaken the interfacial strength. Subsequent works by Kesari et al. (Kesari et al., 2010;
Kesari and Lew, 2011), Ciavarella et al. (Ciavarella, 2016; Papangelo and Ciavarella, 2020; Ciavarella and Papangelo, 2021), and
Zhu et al. (2021) further clarified that the effect depends sensitively on profile amplitude, wavelength, and loading path. These find-
ings have generated broad discussion concerning whether roughness weakens adhesion by disrupting conformity or strengthens it by
storing elastic energy in a way that resists crack advance. Yet most of these analyses are formulated in an undeformed, linear elastic
regime. For soft hyperelastic materials subjected to pre-stretch, the issue is more subtle. Pre-stretch modifies the geometry of a wavy
surface, changing its wavelength, amplitude, and curvature in the current configuration. At the same time, it changes the material
resistance to normal and tangential perturbations through the tangent stiffness. Thermal loading may further modify the topography,
either directly through expansion or indirectly through instability thresholds and thermal modulus variations. Therefore, a model
should be developed to investigate the adhesive contact on a wavy surface of pre-stretched and heated soft materials, specifically to
determine the role of pre-stretch in modifying the waviness and thereby altering the apparent adhesion.

Beyond prescribed surface topography, soft materials can also generate their own surface morphology through mechanical in-
stability (Mora et al., 2011; Li et al., 2012; Xu et al., 2022), thereby introducing an intrinsically nonlinear route by which contact
may be affected. Surface wrinkling, folding, and creasing are now well established as generic responses of soft materials subjected to
compression, differential growth, swelling, or thermal mismatch (Lee et al., 2022; Wang et al., 2023, 2024a). Since the bifurcation
analyses of compressed elastic half-spaces and the later development of thin film wrinkling theories, instability-driven pattern for-
mation has become a cornerstone at the intersection of mechanics, materials science, and manufacturing (Narayanan et al., 2025).
Such spontaneous patterns are not simply mechanical curiosities. They provide practical strategies for generating regular micro and
nanoscale features without relying entirely on direct lithographic resolution. This principle underlies a range of self-organized or
contact-assisted patterning techniques (Mukherjee and Sharma, 2015), including lithographically induced self-assembly approaches
in which applied confinement, local stress concentration, or thermal processing promotes ordered surface structures in soft media.
From the standpoint of contact mechanics, however, the appearance of an instability raises a new set of questions. Once a surface
has wrinkled or creased, contact with a rigid indenter occurs against a topography that is itself the product of a nonlinear bifurcation
process. The resulting profile is generally characterized by the wavelength, amplitude, and residual stress. At the same time, the
imposed contact pressure may feed back into the buckling configuration, suppressing certain modes, or causing transitions between
distinct post-buckling states. Despite these couplings, many studies of surface instability focus on onset conditions, post-buckling
amplitude evolution, or pattern transitions, without carrying the analysis forward to subsequent contact interactions. Hence, a more
complete treatment should connect instability analysis to incremental contact mechanics so that the generated morphology is not
imposed a priori but arises naturally from external loadings.

Despite progress in these individual aspects, the coupling of incremental contact, thermal effects, adhesion, and surface instability
is still not well understood from an analytical perspective. The specific gaps are threefold. First, there is no closed-form solution
for frictionless thermoelastic contact on a pre-deformed hyperelastic half-space under various thermal boundary conditions. Second,
there is a lack of the parametric understanding of how pre-stretch and thermal expansion reshape the oscillatory indentation response
involving wavy surfaces. Third, it is necessary to connect the critical conditions for surface instability with the subsequent contact
simulation of an indenter acting upon a wavy surface induced by a buckling imperfection. Addressing these interconnected issues
would provide a predictive mechanics basis for optimizing the replication fidelity in soft surface patterning technologies.
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The article is organized as follows. In Section 2, the incremental governing equations of nonlinear thermoelasticity are derived
under a uniform biasing field within the updated Lagrangian framework, and their solutions are reduced to a set of quasi-harmonic
functions according to the generalized Almansi’s theorem. Section 3 is devoted to the potential theory method for frictionless ther-
moelastic contact. For a rigid indenter acting on a half-space, explicit expressions for the potentials and their associated densities are
derived. Finite element simulations are then performed to validate these theoretical expressions. Section 4 extends the analysis to
contact on wavy surfaces. Non-adhesive, adhesive, and viscoelastic adhesive wavy contacts are taken into consideration. A modified
JKR model is formulated to incorporate thermal effect, pre-deformation, and surface topography. Envelope functions are constructed
to evaluate the oscillation behavior of the incremental indentation response. The conclusions are summarized in Section 5. Of note,
the generalized image method is employed in Appendix C to extend the potential theory method to frictionless thermoelastic con-
tact between a rigid indenter and a film-substrate system, where the resulting Fredholm integral equations can be solved iteratively
through contraction mappings. Appendix F computationally explores the interplay between surface instability and indentation, where
buckling analysis in the total Lagrangian description is used to generate initial imperfections and the augmented Lagrangian method
handles the subsequent contact simulation.

2. Basic theory

This section is devoted to establishing the incremental governing equations and presenting their general solutions within the
framework of nonlinear thermoelasticity. The definitions of the reference, initial, and current configurations and their mapping
relations are provided in Section 2.1. Based on the updated Lagrangian formulation, the general incremental equilibrium equations,
constitutive relations, and kinematic equations are derived, and the corresponding objective stress rates are obtained. The incremental
governing equations and boundary conditions under a specific biasing field are formulated in Section 2.2. According to the generalized
Almansi’s theorem, the general solution to the governing equations is given in Section 2.3 in a unified form as a combination of quasi-
harmonic functions.

2.1. Nonlinear thermoelasticity and incremental formulations

Consider a compressible hyperelastic body that occupies the domain 5, in a stress-free reference configuration, with boundary 93,
and outward unit normal vector N. To characterize the material response, a material frame is established in the reference configuration,
with basis vectors { E! }(a = 1,2, 3). A material point can then be identified by its position vector X := X, E’. The surface and volume
elements in this configuration are denoted by dA and dV, respectively. When subjected to external loadings, the body deforms to
new configurations. Given the objectivity and consistency in the description of a physical process, we may assume that the thermal
loadings are applied to the body first, followed by the mechanical counterparts. If a non-uniform spatial variation of the temperature
field is present, the body undergoes an incompatible deformation under pure thermal loading and occupies an intermediate domain
By in a virtual stress-free configuration. To accommodate the deformation mismatch between neighboring material points, an elastic
deformation is required to restore compatibility, resulting in a globally compatible configuration denoted /3'. In this configuration, a
local frame with basis {Ef }(s = 1,2,3) is introduced. Further changes in the elastic field induce additional deformation, bringing the
body to the initial configuration B, with boundary 3" and outward unit normal vector n. A space-fixed frame with basis vectors
{e;}(i = 1,2,3) is adopted in B, enabling the representation of a material point by the position vector x := x;e,. The corresponding
surface and volume elements are denoted by da and dv, respectively.

The deformation of the hyperelastic body from B, to B! is described by the material point mapping y : X + x. The deformation
gradient is given by F = Grady, where Grad denotes the gradient operator defined in the reference configuration. A multiplicative
decomposition of the deformation gradient into thermal and elastic parts is expressed as F = F,F,, in which F, = [Fe]mEf ® E!,
represents the deformation gradient from 5, to By, and F, = [Fe]‘.xei ® Ef denotes the deformation gradient from B, to B!. Here,
® is the tensor product. The deformation gradients from B, to B and from ! to B! are denoted F! and FZ, respectively, satisfying
F, = FIFL. The mappings between these configurations are depicted in Fig. 2. The left and right Cauchy-Green deformation tensors
are respectively defined as b = FFT and C = F'F. Surface and volume elements in the initial and reference configurations are related
via Nanson’s formula da = ndd = JF-TNdA and dv = JdV, respectively, where J = det F is the volume ratio.

If we neglect body forces, the equilibrium equation is given by DivT = 0, where T = JF~!z denotes the nominal stress tensor and
Div represents the divergence operator defined on the reference configuration B,. The boundary condition on 9" is specified as
Tn = t,, with t, being the surface traction. By introducing an energy density function Q(F,) per unit reference volume, the nonlinear
constitutive equation is established as T, = 0Q2/0F,. When Q(F,) is formulated as a function of invariants, the nonlinear constitutive
equations can be further expressed as T, = an=1 Q,01, /0F,, where Q, :=0Q/0I, for m=1,2,3. The invariants are 7, =trC,,
I, = [(tr C,)* — tr C2]/2, and 7, = det C,. Then, T = J,F,'T, = JoF-10Q/dF, is derived via mappings across configurations, where

0
Jy = det F,. Consequently, the Cauchy stress tensor t takes the form

-1 -1 -1 0Q 1 0Q
t=J FT = (JeJB) (FeF9)<J9F9 a—Fc> = Je Fea—Fe (1)

=2J71[Qb, + (I}, — b?) + 1;Q51],

with J, = detF, and Fy = .7 + k(© — O,;), where | = b;;e; ®e; and 7 = ﬁaaEg ® E;, are identity tensors, §;; and §,, are both Kro-
necker delta; k is the coefficient of thermal expansion; ® and ©,.; are temperature and its reference counterpart, respectively.
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B

Oc

Fig. 2. Relations among different configurations. The dashed enclosure highlights the virtual stress free configuration. The deformable domain is
shown in gray, and the rigid domain representing the indenter is shown in yellow. During contact, p, denotes the normal contact force, and 7.

together with 72 represent the tangential forces along the two orthogonal horizontal directions.

When the additional elastic field induced by applied load and displacement is significantly smaller than the biasing field, an
infinitesimal incremental perturbation is superimposed on the initial configuration B, resulting in the current configuration 53,.
In this configuration, a frame with basis {&,}(n = 1,2,3) is introduced, so that the material point can be described by the position
vector X := X,&,. Owing to the infinitesimal nature of the perturbation, the displacement from B" to B, is denoted by x(X), satisfying
1% = x + X, where .7 = 5,:¢, ® e;. For convenience, the incremental deformation x is also frequently written as u. Hence, we may
define the displacement gradient tensor as L := (ﬁT F- F)F‘1 =FF' = gradu=L, +F,L,F,', whereL, :=F,F,'and L, := F,F;".

Of note, .7 is a two-point identity tensor employed for basis transform across configurations. It will be omitted hereafter unless
necessary for clarity.
Incremental fields of other physical quantities are likewise indicated by the overdots. Based on the incremental relation for the
nominal stress tensor
T=T+T=y+Jy)F,+Fy) (T, +T,)
~ (Jy + Jp)(F,' =F,'"F)F, (T, + T,) (2
= JyF, T, + J,F,' T, + J,F,' T, — J,F,'F,F,'T,,
with J, = J, — J, = det(F, + Fy) — det(F,) and F, = x©, the incremental equilibrium equation in Eulerian form can be formulated as

divT, = 0, where T, = J~'FT represents the push-forward version of the incremental nominal stress tensor. Hence, the corresponding
objective stress rate yields

* *
Ty = (JJp) " (F Fo)T = J;'J,'F F,SF*
= J7 7 R, |(J,J,F, ' F5 1) - TLT — TF;TLIFT ®3)

=1t —L,r— 7L —F,LyF, 't — «F;TL]FT + tr(L,)7 + tr(Ly)z,

where § is the incremental second Piola-Kirchhoff stress tensor, F~! = —F~'FF~! and J = JF~! . .F = J tr(L) are utilized to simplify
Eg. (3). Here, the double inner product follows &, - -E, = [E,];;[E,];;- The incremental boundary condition is established as Tgn =1,
where t, is the incremental surface traction satisfying t,da = t,dA. According to Eq. (2), the incremental constitutive equation is
derived as

. _ . 0%Q . . e
Ty = Jp) ‘(FGF9)<JHF9‘ For F,+ JF,'T, - J9F€]F9F91Te>
e e
_ 2Q _ _ oQ _ oQ
=J'F - [(L=F,L,F-HF, 1+ J ' tr(Ly)F, = — J7'F,L, —
e edFeaFe [( et e ) e]+ e 1( 9) eaFe e e HaFe )
_ 2Q 7 i 0%Q 1 - 0Q
=J'F FI..L-J'F <(F,Lg) + J'F,[tr(L)l — Ly] —
¢ “e3F.0F, 5 ¢ e Fegpop, Felo) + /. FeltrLoll =Lyl 5
i=Ag-L-M,y0,
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where 1=§ bEG ® EG and the product “o” follows 53354 = [E3lyip;[Eslis E; ® ¢; ® e, ® e;. The components of A, and M, are ex-
pressed as
A IR [F] <2i9 i +23“ T > A
v bolfelol 2 24 % e][ IFe],, "o[Fe] ,0[Fel, e
3 oI, 3
M,; = JJ[F,]. [F F! Q (5
0ji e [ e]ja[ e]chca[ 0 ]ab<mzl'; mna[F ]m 6[F] 21 P) F ()[ ] >
> o1
+ Je_] [Fe]ja(Kﬂa [Fé’_l]ah ~ Kea [F\gl]acaab)<z Q"’ﬁ)’
m=1 elip

respectively, where Q,,, := 3°Q/(91,,01,), and the elements of instantaneous material tensors A, jigk and My (i, j, k., g = 1,2,3) are
presented in Appendix A.

2.2. Governing equations

The governing equations for a hyperelastic body subjected to biasing fields are established in this section. We apply a uniform
equi-biaxial pre-stretch 4, to the hyperelastic material in the x — y plane, while ensuring that it remains stress-free in the z-direction.
Hence, the pre-deformation is described via the deformation gradient F = diag(4,, 4;, A3), where A3 can be represented in terms of
A, according to the stress-free boundary conditions at z = 0. The coefficient of thermal expansion is assumed to be deformation-
independent and transversely isotropic as k = diag(x|, k|, k3). Besides, the thermal responses of the other materials are assumed
negligible, such that these materials are treated as temperature-independent.

If we substitute the specific forms of F and x mentioned above into Eq. (4) and then into the incremental equilibrium equation,
the governing equations can be derived as

0%u, 0%u 0%u, o%u, 90
(AOIIII + A01212 +A03131 ) (A01122 + A01221) Ixdy (A01133 +A01331) xdz =My, Pl 0,
02 ()zu 6214 62u 0%u, 90
(Aoii +A01122) (A()lzlz +Ahon 55 P -+ Az o 92 > (Aorizs +Aoizar) 5= 9y0z —Moua—y =0, ©)
u, 0%u, u, 0
(Aoiz31 +Aon3z) 5= o0z + (Agiazr +Aorizs) 5= 3oz [A01313A” +Amn—So Fys ] ~Mozz 57 = 0,

where A := 9% /dx? + 9> /dy? is the two-dimensional Laplacian. To rewrite Eq. (6) in a compact form, ®, and ¥, are introduced such
that u, = 0¥,/dy — 0®/dx and u, = —0'¥/dx — d®,/dy. Thus, the governing equations are organized in terms of ¥, @, u,, and 0
as

62
<A01212A +Aos131 ﬁ)l{,‘) =0, Q)
22 0
@, Apii1A + Agzizi 52 —(Ao1133 +A01331)—Z Moy, @,
_ ) 9 0 -
Dyu; ¢ = ~(Aon3s + A01331)A$ Ao1313A + Apazs 57 —Mos3 5; u; =0, ®
2
® 0 0 knA+ky 2 |(©

where Agj111 — Agri22 = Apiza1 + Aora12 Is adopted here.

2.3. General solutions

We assume that the solution to Eq. (8) takes the form

_,_ _,_
0] DO B T T | N
u_z =9 &= D 2 %2 @%2 5(3) s )
© gl}’ g23 933 ‘}: ’

where ® is the adjugate of the operator matrix ®, and its (i, j)-th entry is the cofactor of D. & = [£1), £®, ¢®1T is governed by
. 64 ()2
DD'E = (det D) = ( hg-L + 1 AL~ + n,A2 k11A+k3; £=0, (10)
oz4 0z2

2 . B
where 71 = Aoz 131 A03333 11 = Aon11 803333 + Aoz 01313 — (AonizsBoiza) > and iy = Agpy1Agpzy3- Inview of the fact that £0(i = 1,2, 3)
are not independent, it suffices to retain only £®. Based on the generalized Almansi’s theorem (Ding et al., 1996), the solutions to

6
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Eq. (10) fall into three categories depending on the nature of the roots of the algebraic equation, such that

ED =gV 1 eP e, (whens? #£53 # 52 # 5)
EO = Eig) + 5(3) + z’g’(%) (when s% # sg = s%) (1)
& = 5(3) + z§<3) + zz’g‘(%) (when s% = sg = s%)

where 5,((3)(k =1,2,3) are governed by ( A + 0—22 &9 = 0(k = 1,2,3), with 22 = s222(k = 1,2,3), whereby s2(k = 1,2) are the roots of
PN AL k= Sk X

the biquadratic equation hys* — ;s> + i, = 0 and s% = ky,/ks3. It warrants noting that imaginary roots may arise when excessive
pre-deformation is applied to the hyperelastic body, indicating the onset of instability. We assume that there are three distinct real
roots (i.e., the first case in Eq. (11)), so that ®,, u,, and © are established in terms of novel functions ¥, (k = 1,2,3) as

3
@) =D} & = {—MonAmmA + [Mos3 (Ag1133 + Agizsr) — MonAmm] } Z £

3
25()

3
Z { Mos3 A01133 +Agi331) — M011A03333]Sk + M011A01313}
k=

3
9?
u, = 9225(3) = { [Mo33A01111 — Moy (Aor13s + Agias )] A + M033A03131 } Z oz
k=1
12)

3 335(3) ¥,
Z Mo; 1 (Ag1133 + Aoizar) = MoasAgii + MOBAmmsk]Sk Z X
k=1 k=1

3
. 21, 0% 04 3
0= 9;35(3) = {A01111A01313A2 + [A01111A03333 + Agz131801313 — (A01133 +A01331) ]Aa + Agzi31A 03%3%() } Zf,(()
k=1

4 £(3)

é 3
Z {AonnAmm [A01111A03333 +Ag3131801313 = (Ao1133 + Agy3ai ) ]S + Ag3131A033335 } Z

w

k= 0z 2 ’
where ak and g, (k = 1,2,3) are presented in Appendix A. From the definitions given in Eq. (12) together with Eq. (7), WY, satisfy
<A + = )‘I’k =0(k =0,1,2,3), where s =Ayo12/Av3131-

In the Cartesian coordinate system (x, y, z), the general solution for the displacement components and incremental temperature is
given by

3 3 3 2
0%, o, %, 0P, a‘I‘k 0 ‘Pk
“= oy T uyfx‘;— = Ragh 0= DA as
For the convenience of later analysis, this solution is reformulated in the cylindrical coordinate system (p, ¢, z) as
3 3 3 3 2
1 0%, 0w, 0% 1w 0%, 0w, 0 ‘I/k
Uy=—-——— ) —, Upy=———-—-) —, = — =w, 0=)p =0, a4
" p od ,; 9 YT v E 09 2 Foz, T Z ¢ 2

Consequently, the incremental stress components are accordingly obtained as

. 3 PR
To.. = z (A01133 + Ag33330 Sk — M033ﬂk)_2 ‘=0z
k=1 azk
3

Y,
Topp + Topg = Z [(Aoii11 + Aoriza) + 2801133255 — 2Mgy ] 0
=1

2

k
- A 20 1%\ (¥ 10% 1 %N\
Ty, — T0¢¢—(A{)11|1— 01122) de¢_;£ +Z —apz +;0_p+ﬁa¢2 =0,

k=1
3 2
v, v
+y Z(l_k_ k>
p\p 0p  0pdp

1=03,

’¥,  10¥, 1 0°%
T0ﬂ¢ +T0¢p (A01221 +A01212) [( -+t >

o pop 7o P %
T()pd) - TO(])p = (Apiz21 — Agia12) AYy =0, (15)
T0zp=Ao3m;g¢\§2 +kz;1 (—Ag31315% +A0133]ak):;Tlsz; =0,
T()pz = Ag1331 Il) gq:;z +kz3:| A013315k +A013130’k) % =040,
TquS = —Ap131 620 + i (—Ag31315k + Ag13319) ll) :;;Ilzk 1= 015

k=
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Indenter

Y p

L A

Fig. 3. Schematic diagram of contact between a rigid indenter and a pre-deformed hyperelastic half-space.

. PY, < | %Y,
Ty, = —A — + E —A + % =0,
0z 01331 opaz & ( 013315k A01313ak) » 3¢9z, )

3. Contact solution for an indenter with a prescribed heat flux

Analytical solutions to the contact problems under various boundary conditions are derived herein via the potential theory method.
Here, we analyze the thermoelastic contact between a rigid indenter and a hyperelastic half-space. Single-layer potentials are estab-
lished, and their densities are solved explicitly. The analytical solutions derived from those potentials are then validated via finite
element simulations. Besides, we examine the contact behavior of a hyperelastic film on a smooth substrate according to the general-
ized image method in Appendix C. Contraction mappings are formulated, and the densities are subsequently approximated through
iteration.

Consider a rigid conducting indenter in frictionless and adhesionless thermoelastic contact with the surface of a hyperelastic
half-space, as illustrated in Fig. 3. The indenter profile is described by a C'-continuous function f(p, ¢). Within the contact area S,
the incremental axial surface displacement is given by W (p, ¢) = d — f(p, ¢), with d being the indentation depth. ¢ is the thermal
conductivity, and the prescribed incremental heat flux is P(p, ¢). For the convenience of the following derivation, we introduce the
incremental equivalent heat flux P(p, ¢) := P(p, ¢) /¢. Outside the contact area, the surface is traction-free and subjected to a constant
temperature condition. Therefore, the incremental boundary conditions at z = 0 yield

0 .
w =W (=2=Fe.d. (HeS

0.1 =0, 0,2=0, PhES (16)
o, =0, g1 =0. (p.®) € [0, +00) X [0, 27]
We take ¥, =0 and ¥, = Ziz:l ¢ H;(p. . 2;)(k = 1,2,3), where the potential functions read
l:li(p, b, z) = // In [\/P2 + Pg —2ppy cos(¢p — ) + Zi + 2y | @;(py, bo)podpoded 17)
s

for i=1,2 and k = 1,2,3, where w; and w, are the densities of single-layer potentials for incremental stress ¢,; and incremental
temperature o,,, respectively. It is noted that Eq. (17) contains a logarithmic function whose argument has been non-dimensionalized
through division by a unit length (1 m). This convention will be implicitly assumed throughout the rest of this work, as its repeated
statement is unnecessary for clarity. In view of the properties of the single-layer potential (Fabrikant, 1989), it follows that

PHi(p b, 20) _

lim —————— = 270,(p,$) = -276,,(p. $.0), (p.p) €S
2, -0t azk
0> H,(p, . 2;) 1
lim 2282850 (o) &S
z =0t azi
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for i = 1,2. In view of Egs. (15), (16), and (18), we have

62,(p.$.0) = szgk, lim PHGb2) _ ), ZZy,kgklo,mm 0).

il o oz i=1 k= 19
0?H(p, b, 2y)
Gpl(ﬂ5 ¢»0) zkzwlkgk, 11—»0*()11{—6p =0,
leading to
3 3
Z YikSki = —6;;/2x, Z @16k = 0 (20)
k=1 k=1

for i, j = 1,2, where vy, = Ag133 + Ao3333%Sk — Mos3Bis Yok = Br» and @y = —Ag3131 5, + Agj331 % Note that o, (p, ¢,0) = 0 yields the
same relation as ¢, (p, ¢,0) = 0 when ¥, = 0. Hence, the condition ¢, = 0 is omitted for brevity. Here, the order of summation in Eq.
(19) has been interchanged for the convenience of subsequent derivations. From Eq. (20), we can solve for ¢,;(k = 1,2,3;i = 1,2) via

—1

Sti 1 @ Wy, W3 0
Qif="5-[ ™ Yoo Y13 Oy (- (21)
S3i 721 722 723 09

Once the coefficients ¢;; for combination of potential functions are established, the densities ®; remain to be determined. To this
end, we resort to the boundary conditions prescribed on (p, ¢) € S. As stated in Eq. (16),,, we have

2 3 ’y
=W =Y, Y wsy i +%
i=1 k=1 =0 k
3 22)

_ z 2 Wl // w;(ﬂquf’o)PodPodd’o
s \/ o

=l k=1 2 + p% = 2ppo cos( — )

2

2=Pp.p)=Y, Z VoS lim 2B 42)

3
i=1 k=1 Zk 0z

_ S o li ®;(py> Po)podpyde,
_Zzykgk’z l_r,%+az \/
P+

i=1 k=1 p —2ppg cos(¢p — ) + Zi

(23)

Since s, are the roots of the numerator of g, given in Appendix A, we arrive at g, = 0 for k = 1,2, which implies y,, = 0(k = 1,2) and
¢3; = 0. Therefore, Eq. (23) can be further simplified to

2 s dp,d
P(p, §) = P3¢, 1im+a_2 // el R s
50" 923 M s \/p2+

P35 = 2ppo cos(¢p — o) + 23
Following Appendix B of Chen et al. (2026), Eq. (24) is first solved for w,; once derived, it is then substituted into

3
// @1 (py, bo)podpodey - — 1 Wi, d)— Z Wi // @,(py, bo)podpydey (25)
s \/ o k=1 s \/ p

2 + p% —2ppg cos(p — py) =1 %Skl 2 4+ p(z) — 2ppy cos(p — )

(24

to obtain ,, where Eq. (25) follows from Eq. (22). For the torsionless axisymmetric case, d(#)/d¢ = 0, u;, = 0, and 64, = 0 fori = 1,2
are adopted. With .S = {(p, $)|0 < p < a;0 < ¢ < 2x}, the densities are derived by inverting the integro-differential equations, as

Podpy <pp0 > P
w,(p, ) = 7t2ﬂ3g32 / \/x2 — / \/XZ (po> P)»

Pod/’o
o1 (0. ) = — c(p) / < > / 20920 poix
,/ — 2 2 ) dt /_ 26)

X2
o[ W) -4 S / / ( ) (AR
Zk 1 %Skl ” Zak " \/p \/y —x2 Poy @

where L(#) is a Poisson operator defined as L(k) f(¢) := i 02” Gk, — o) f (p)dep, when 0 < k < 1. Here, G(k, p) := Y7 klrleind =
— k¥ /1 + k? — 2k cos(¢h)].
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To validate the analytical solution, we consider the thermoelastic contact between a flat punch with constant incremental heat flux
and a hyperelastic half-space surface (i.e., W (p, ¢) and P(p, ¢) are both constant, denoted by d and P, respectively), in the absence
of friction and adhesion. The densities are then solved as

3
Va2 —p2, w(p) = ( d 1 ko1 %Sk P Vﬁtﬁ>. -
Tt % Va2 = p? ZLI aggy Pasa

The expression of ®; shows that the flat punch induces a stress singularity at the edge of the contact area. According to Chen et al.
(2026), the potential functions H ; in Eq. (17) can be rewritten as

N (@) a d 2
Hi(p,¢,zk>=/ 4 f" 2/ £0Ch0 £<"—>w,~(p0,¢) dz,. 28)
0 \/p —x2 Jg) \/p(Z) —g2(x) PPo

where [,(a) = I,(a,p, z;) := [\/(p +ay 422 - \/(p —a)?+ zi] /2 and g(x) :=xy/1+ z2/(p? — x2). Here, the physical quantities are

connected to the potential functions via derivative relations, which indicate that the constants of integration over z; in Eq. (28)
are inconsequential to the final results. Thus, we have

R [a® - (@)]lp* - 13(a)] /
H'(p"l”zk):%% —ye-h@+ v ll](a) — arsin [%a)]

k=1 %Skl

3 V@ - L@
! a a a
1(@) i %S P L [5P2(a) - 95 + 162 + 622

a(ﬂ +4/a% - lf(a)> Yoo s Paen 18 (29)

Ve - B@lip? - Bl
- 6l,(a)

P
©20) = 72p365

—aln

)

1 3 /
(2zi + 6a* — 3p%) arcsin [ l(a)] + 2a In (@)
p

a<a +4/a% - l%(a))

p | V1@ - B@ls - )]

R . @
— 2 2 2 1
Hy(p, $,z;) = hen o @ (2z; + 6a” — 3p”) arcsin [
(30)
2 2
3 1 vat=1li(a)
2, 1(@) - ! [51(a) = 9p° + 16a% + 6221 ¢,

3 a<a+\/a2—llz(a)> 18

where z7 = 13(a) + p?a*/I3(a) — &* — p? and dz; = —[/3(a) — [3(@)]/[z!;(@)]d!, (a) are utilized in solving Eqs. (29) and (30), with /,(a) =

Iy(a,p,zy) := [\/ (p+a)?+ zi + \/ (p—a)?+ zi] /2. This result then allows us to further determine the physical quantities in Eqs. (14)

and (15). For instance, the incremental surface displacement

: oH, <p,¢ D)
Z OSki -

Zk

||
||'M.o

z;=0

2 min(p,a) d 2
Podp
422%/0 ) st

i=1 k=1

(B

is of interest in the contact analysis, which leads to

d, O<p<a
Uzlz=0 = % arcsin (%)d. (p>a) (32)

The incremental surface displacement presented in Eq. (32) matches the boundary condition w, = d within the contactarea0 < p < a,
thereby confirming the validity of the analytical solutions. Once the indenter comes into contact with the half-space, the 1ncremental
surface displacement is governed solely by the compatibility condition and remains unaffected by the temperature field. The thermal

10
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Fig. 4. Comparison between FE simulations and analytical solutions. (a) Schematic diagram of thermal indentation with a flat punch and (b) axial
displacement u,|,_, within the region near the indenter, specifically for p € [0,0.1](m), with A, = 1.054, u = 1.0(MPa), v = 0.45, ; = 1.0 x 1074(1/K),
k3 = 1.5x 107*(1/K), ® — ©,; = 0.1(K), and P = 0.01(K/m). Different colors are used to distinguish the contact zone 0 < p < a = 0.05(m) from the area
outside contact, i.e., p > a. In the two dimensional axisymmetric finite element simulation, a cylindrical geometry of radius 1(m) and height 1(m) is
employed, which is substantially larger than the contact area to represent a half-space. The mesh contains 37,770 triangular elements and 19,182
nodes, as illustrated in (b). The augmented Lagrangian method (ALM) is adopted in finite element simulation to solve the contact problem (Mijar and
Arora, 2004), which formulates the constrained minimization via the functional £, \,(u, ¢) = II(u) + /r[ (0{g,)_ +J{&,)> /2)dT', where TI(u) is the total
potential energy, I, is the contact boundary, (#)_ := min(0,#) denotes the negative part, §,(u) is the normal gap, ¢ is the contact pressure multiplier,
and; > 0 is a penalty parameter. The solution is obtained through an iterative Uzawa scheme in which u**!) minimizes £,, \, for fixed o', followed
by the multiplier update o'*+!1 = (0¥l 4 ;, (ul*+!1))_, guaranteeing exact satisfaction of the Karush-Kuhn-Tucker conditions upon convergence.

effects manifest in the stress response, as can be seen from Eq. (33). Besides, the incremental indentation force follows

2z pra 3
2 ( Zici %2 _Pd? d
F(d) :=—/ / wl(p,¢>pdpd¢=—< Y Rl A ) (33)
0 0 ” Zkzl Gl 3632 Zkzl Gl

It is worth noting that when P < 0 (corresponding to thermal contraction), the condition for initial contact shifts from d =0 to

d = Pa? (ZZ=1 akgkz) /(3B363,) > 0 in order to maintain a non-negative contact force F(d) > 0.

Finite element (FE) simulations are also carried out for a neoHookean hyperelastic half-space (with the energy density function
Q= ;4(JE‘2A - 1)/QA) + u(I; — 3)/2, where A = v/(1 — 2v), u is shear modulus, and v is Poisson’s ratio) to evaluate the accuracy of the
theoretical model, as illustrated in Fig. 4. The numerical results exhibit excellent consistency with the analytical solution. We have
analyzed the indentation results not only for flat punch but also for conical and spherical indenters. The corresponding analytical
solutions for these indenter profiles, as well as the solution for polynomial indenter profiles, are provided in Appendix B. It is found
that the accuracy of the theoretical predictions diminishes when the indentation depth becomes relatively large. This is because the
incremental theory provides accurate predictions only under relatively small perturbations; consequently, a multi-step incremental
procedure is required for large incremental loadings. For spherical indenters, the common practice of approximating the indenter
profile (when p/R is small enough) by a parabolic function p?/(2R) introduces additional error. This error can be mitigated by
employing a higher-order expansion of the profile function, which yields enhanced accuracy.

4. Contact between a rigid indenter and a wavy surface

The objective of nanoimprint lithography is to transfer the pattern from a mask (indenter) onto the target material, making it
particularly important to analyze the imprinting process and the stress distributions for surfaces with topographic features. Based on
the solutions for nonlinear thermoelastic contact established in Section 3, we further investigate the contact and adhesion between
wavy surfaces using the potential theory method, which facilitates precise control in the nanoimprint process and contributes to
improved imprint fidelity. We first analyze the case of non-adhesive contact, and subsequently incorporate the adhesion effect and
viscoelasticity.

4.1. Non-adhesive contact

As illustrated in Fig. 5, the axisymmetric wavy surface in B! is described by M(p) = Y[1 — cos(2zp/£)], where Y denotes the ampli-
tude of the waviness and its wavelength # (Guduru, 2007). The boundary conditions are taken to be identical to those presented in Eq.
(16). The indenter is assumed to be rigid, spherical, and in frictionless, non-adhesive contact, with its profile approximated by p?/(2R).
The surface displacement within the contact area is then expressed as W (p,¢) :=d — f(p) = d — {p*/(2R) + Y[1 — cos(2zp/£)]}. In or-
der to maintain a simply connected contact area upon indentation, it is necessary that f(p) be monotonically increasing with p. This
monotonicity condition, namely df /dp > 0 for p > 0, yields the inequality #2/(4z*YR) > —sin(2zp/¢)/QRxp/?).

11
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Fig. 5. Schematic diagram of contact between a rigid indenter and an axisymmetric wavy surface of a pre-deformed hyperelastic half-space. The
wavy surface has amplitude Y and wavelength ¢#. The coordinate system is also indicated in the figure.

If the incremental equivalent heat flux P(p, ¢) is prescribed as a constant value P over the contact area, the density w, remains
unchanged as that in Eq. (27). Consequently, w; can be determined from Eq. (26) as

_& _yrap (2 3
() = 1 d R Y 7 Ho( ~ a) 2 PY_ sk N 422Y prg
(o) = Z _
72 Zi=1 @Sk Va2 —p? R B363 z

(39

kalakgm/ m[ bﬂ

where H ,(#) is the Struve function of the first kind. d[tH_,()]/dt =2/z —tH(t) and H_,(t) + H,(t) = 2/z are adopted to obtain
Eq. (34). For spherical indentation, no stress singularity occurs at the contact edge. Thus, the coefficient of the 1/4/a? — p? term is
required to vanish, from which the relationship between indentation depth d and contact radius « follows

d= R Y%HO(Z’%’). (35)

Besides, the incremental indentation force is described as

2 2 a
F(a) = _[ML_M] /0 Va2 = p2pdp

3
Zk 1 %Skl P3¢z Zk—1 Skl

2xY /¢ [ 27: 2w o, ]
- t|Ho(=t) - =tH,( =1)|ds (36)
3
Zk=1ak§k1 4 ) 4 (f )
3
3 1% 2/R ~ ~
S [Banep YR ] X () ()]
T Yot %Sk Piex Y1 %Sk1 Y1 %Sk1

where the order of integration is reversed to evaluate Eq. (36).

4.2. Adhesive contact

When adhesion is incorporated into axisymmetric contact analysis, we introduce the notation

_d ! W(Po, D)podpy

dt ) 2 ’
t - P,

&) : 37

in terms of which the density w, is expressed as

! / £(t)—— f@ / & 460 (38)
T2, dp ml 2|z 2 Vi dt |

12
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3
where W(p, ¢) := | -2 _ 2’; 15K [s ©200b0)rodroddo | Then, the incremental indentation force accordingly follows as
Dt %Skl Xp=) %Sk \/p2+pg—2pp0 cos(p—¢g)
a E a dé a
Fla) = 2 / 1(@) _/ dr 1(0) pdp=—g/ £, 39)
Va2 =2 S \E= 2 dt 7 Jo

For hyperelastic materials, the Tabor number is relatively large. Therefore, the JKR model is adopted here. If we further define the
incremental stress intensity factor Kj(a) as

. &i(a)
K; o= lim [ v22(a = pjoy ()] = = (40)
TN/ Ta
at the contact edge, w, can be rewritten as w,(p) = 1/ 2 = / dr d’sl © . Adopting the framework developed by Maugis
\/az 2 w2l a2

(2000), the indentation unloading process can be treated as a crack growth problem. This analogy leads to the incremental energy
release rate at the contact edge
éa
G = lim - %wl(a — 6p,¢,0)[w, ](a + ba — 5p,$,0)d(5p), (41)
0

sa—006a
where Sa represents the infinitesimal decrease in the contact radius, corresponding to a crack extension increment, and 6p is the
infinitesimal increment in the radial coordinate. It should be noted that Maugis’s definition of the energy release rate for fracture
has been modified herein to accommodate contact analysis, as expressed in Eq. (41). The density w; corresponds to the incremental
surface normal stress, which is evaluated as

w(a—0bp,¢,0)= \/7 / dr 44 @
2a6p—<6p)2 2 —(a-op2

a_Ki

z \/Zaﬁp’

since the first term of Eq. (42) becomes singular as ép — 0. [w,] denotes the incremental surface displacement discontinuity. To
evaluate it, we first simplify Eq. (22) as

(42)

3 p Y
a dx podpy
wy = 4K1\/;2‘1k§k1/ — /
k=1 0 \p*—x=Jx /az_pg /ﬂé—xz

Z ; / / / podpy d&y@)
2 Ly %Skl m \/—\/— dr

(43)

Z “kaz/ / / Podg dSz(t) dr
) A /— — dr
2 \/ /’0 V po

_zi o, [f a0 Z g/ /g(t)dt
ﬂ_=kkl \/p——xz ApSk2 \/pT 2

where &, fulfills w,(py) = Lz I S(dx . Here, Eq. (40) is involved in the derivation above. Hence, w,(a + p, ¢,0) is obtained as
P0 /xz,l,(J
3 a a+é
81 (x)dx 4 &1 (x)dx
wila+6p,¢,0)== ) g / —
4 ; \/(a+5p)2—x2 Via+p)? — x2

dx

a a a+ép a
+2 Y /—/5(:)dr+/ —x/f(t)dt
”1; k kz[ 0 (a+6p)?—x%J/x : a Vi(a+6p)? —x2 Jx :

atdp &, (a)dx
“k€k1

V(a+6p)? —a?

@S \/ KI»

leading to [w;](a+ 6p,¢$,0) = 2w, = -4z ELI akgkn/g—ZKI. Since the crack tip advances by éa during the detachment process,
the reference point for the displacement discontinuity should be readjusted accordingly, which results in [w,](a + éa — 6p, $,0) =

3
—4r Zkzl O Crl

3
5p
— g2 [éa
G =-K; k§=lakgkl51‘£’n05a/ d@p) = -=K; z A Cy1- (45)
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R
=|II\J

‘5”2—” Lz K;. Substituting Eq. (42) and [w,] into Eq. (41), the incremental energy release rate can be expressed as
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According to Lu et al. (2011), the equilibrium condition is given by (G - r[%)dAp = 0 for adhesive contact, in which 7 is the work
P

of adhesion, following the Dupré equation, and A, = na®> denotes the projected area corresponding to the actual contact area .A. It
is worth noting that in the classical JKR theory, the distinction between the actual contact area and its projected counterpart is not
accounted for. The derivative takes the form d.4/0A4, = V1 +[f’ (a)]? at p = a, leading to G = /1 + [f’(a)]?. From Eq. (45) together
with the expression for G, the incremental stress intensity factor is derived as

2n\/1+ [a/R+ 2xY /) sin(Rra/t))?
K‘:\J' VT+e/R + 5] JOF 6
o Zk:] A Crl
Combining this result with Eqgs. (37) and (40) yields the relationship between indentation depth ¢ and contact radius a:
2 24~ 2 2nn2a\/T + [a/R + 2xY/¢)sinRra/E)]2
‘“-< +Y%H0(h7a) +Y meuy| - 22 ay/1+la/ 3 @rY/¢)sinQ@ra/O)F a7
k=1 D=1 %Skl
when P(p, ¢) = P. Correspondingly, the incremental indentation force is expressed as
3
3 T a 2/R — -
F(a) = 23i [—213‘1 Kok2 —P - / ] + 3 Y [aHl(%a) — 27”a2H0(27”a)]
T | Xket %Sk B3c3 =1 %Sk1 =1 %Sk1 48)

_ E\J _2pn%a’ V1+[a/R+ QraY/¢)sinQra/l)]?
4 22:1 Skl

It can be seen that in the absence of adhesion (i.e.,  =0), Eqs. (47) and (48) recover the forms given by Eqs. (35) and (36),
respectively. To investigate the role of various non-dimensional quantities on the incremental indentation response, F(a) is normalized
with the magnitude of the classical JKR maximum pull-off force |Fjxg| := 377 R/2. Therefore, F* := F/|Fjxg| can be represented
in terms of the non-dimensional quantities, i.e., contact radius a* := a/R, wavelength ¢#* := #/R, waviness amplitude Y* :=Y/#,
work of adhesion ¥ := 271 ZL] 6,1/ R, and incremental equivalent heat flux P¥ := PR Zi:] ,Sia/(2P3635). As depicted in panel
(a) of Fig. 6, an increase in waviness amplitude (or a decrease in wavelength) amplifies the oscillation of 7+ without altering the
nodes. The cases of zero amplitude (or infinite wavelength) are indicated with thin dashed lines, where the wavy surface becomes
perfectly flattened. Panel (b) reveals that as the non-dimensional incremental equivalent heat flux rises, the oscillation of the curve
remains unchanged, whereas the dashed line shifts upward. In addition, applying different pre-stretches to the hyperelastic material
can alter the amplitude and wavelength of the wavy surface, together with the instantaneous material tensors. These parameters in
turn influence the non-dimensionl quantities P¥, Y, #*, and n*. Consequently, the sensitivity analysis presented in Fig. 6 can also be
interpreted as the incremental indentation response of a hyperelastic half-space subjected to various pre-stretching. It should be noted
that only the gray curve in panel (a) satisfies the monotonicity condition (¢*/Y* > —4z?sin(2zp/¢)/(2xp/¢) = 8.576). As a result, the
remaining cases are not valid for the “approach” problem because the contact region is not simply connected but annular when an
indenter approaches a wavy surface. Yet this does not imply that those solutions are physically implausible. If the indenter is pressed
sufficiently hard so that the contact area turns simply connected (i.e., p is large enough to fulfill the monotonicity condition), and
then the indenter is retracted, the contact area will stay as a simply connected region throughout the detachment process until final
pull-off.

The comparison in Fig. 7 shows that adhesion induces negative values of F*, which implies that contact can occur via adhesion
alone in the absence of an applied force. A notable point is that the non-dimensional incremental indentation force can reach values
below —1, which indicates that the inclusion of surface waviness enhances adhesion when compared with the classical JKR solution
that neglects surface topography. Nevertheless, increasing waviness causes the adhesion mode to change from simple contact to
multi-point contact, which in turn weakens the adhesive effect (Zhu et al., 2021). In contrast to linear elastic materials, hyperelastic
materials offer the possibility of applying pre-stretch to modulate the equivalent modulus, equivalent inverse temperature, and surface
waviness, thereby enabling tunable interface strength. Besides, compared with the classical JKR solution, the modified counterpart
displays enhanced adhesion. This enhancement is attributed to the inclusion of the projected surface topography in the definition
of surface energy within the modified JKR model. It is interesting to note that the interplay between the Struve function and the
sinusoidal function causes irregular periodic oscillation in the modified JKR solution under incipient contact, as depicted in panel (a)
of Fig. 7. Upon further indentation, the oscillations gradually settle into a regular pattern.

According to the expansions

d(a) = d*(a) — ﬂN(ﬁ) n a(9<£> and  F(a) = Fla) + LN(£) n a2(9<f> (49)
20 4 a \/; Zi:] Py 4 a

proposed by Kesari and Lew (2011), Ciavarella (2016) demonstrated that the Guduru solution produces oscillations bounded by two

exact classical JKR envelope curves for the smooth sphere. These envelope curves are obtained from an asymptotic solution that

holds for small roughness dimensions, namely when # <« a. Consequently, the contact area includes a sufficiently large number of

roughness wavelengths (Kesari et al., 2010). Here ¢% and 7" are the indentation depth and incremental indentation force, respectively,

both evaluated only considering indenter profile and adhesion. Meanwhile, N(p) := .% ! [\/—_159‘ [M(p)](§)], in which .Z[#] denotes

14
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Fig. 6. Sensitivity of the adhesive incremental indentation response to non-dimensional quantities. Dependence of the non-dimensional incremental
indentation forces on a* /£, (a) Y%, (b) P¥, and (c, d) #* & £#* are shown in panels above. A magnified inset is created in (a) to distinguish the curves.
(c) and (d) share an identical axis to allow comparison. The dashed lines represent the incremental indentation response of flattened surface.

Fig. 7. Comparison among incremental indentation response predicted by the non-adhesive, classical JKR, and modified JKR models. (a) and (b)
present the non-dimensional incremental indentation force versus the non-dimensional contact radius and indentation depth, respectively. The
dashed lines represent the incremental indentation response of flattened surface. P¥ = —0.1, Y¥ = 0.08, #* = 0.8, and 5* = —0.5 are taken in non-

adhesive solution, while P¥ = —0.1, Y* = 0.08, #* = 0.08, and #* = —0.5 are adopted in adhesive solutions. A magnified inset is created in (a) to
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illustrate the irregular periodic oscillation.

the Fourier transform. O(#) is the Landau symbol. Hence, the envelope curves for incremental contact analysis based on the classical

JKR theory are derived as

dyp (@) = "E —a
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Fig. 8. Envelope curves for adhesive incremental indentation response based on the classical and modified JKR models. (a) presents the envelope
curves for non-dimensional incremental indentation forces, while (b) presents the envelope curves for non-dimensional indentation depth. The thin
solid lines on the outer contour represent the upper and lower envelopes. The dashed line in the middle is the adhesive incremental indentation
response that neglects surface topography. The thick solid line corresponds to the solution curve.

where ag;; 1= \/ 25n<—7r 2i=1 G ) /(zY) denotes the parameter introduced by Johnson (1995) for the JKR adhesion of a nominally

flat contact that has a single scale sinusoidal waviness. A key threshold is given by ay;; = 1/\/;. This corresponds exactly to the
condition under which a sinusoidal waviness flattens completely on its own without any external load. For a sinusoidal contact, if
agry > 1/ \/;, the surfaces come into full contact instantly. Conversely, if ax;; < 1/ \/;, a certain level of pressure is required to attain
full contact. Nevertheless, the consideration of small scale surface topography in the modified surface energy in Eqs. (47) and (48)
introduces additional oscillation to incremental indentation response, which necessitates new envelope curves as

)2 \/ —niat gt &
_@r %\4/1+(a¢)2 + Envelope 752Y+%H0 <27ra—>

;ﬂv fi fi
v/ —niat
—% ({/1 + [at +22Y% sin@rat /£ — YT+ (ai)2>] ,

(51)
16+ 8 (a¥)¥/? , 4z at + af
£ _ F_ 1y _ 8 4/ Ry 15| ot gt
Fiw o (P* = 1)(a*) 1 + (a*)* + Envelope 3'1iY a* |C*H | 2x 2 2za*H, 2”fi

Ear

_8 (ah)¥? <{‘/1 + [a* + 22 Y ¥ sinQRrat /£5)]? - m) },

Vo
whered?  :=d,,, /¢ and Envelope[#] is an envelope function. Fig. 8 shows the envelope curves for classical and modified JKR solutions.
Through numerical investigation, we find that in the modified JKR model, the presence of irregular periodic oscillations causes the
upper and lower envelope curves not to be perfectly symmetric about the dashed line. Therefore, an envelope function presented in
Eq. (51) is designed to numerically capture peaks of envelope curves.

For the film-substrate system with a wavy surface, the solution can be obtained by simply modifying W (p, ¢) in Eq. (C.4) and
following the same procedure. The details are omitted here for brevity. Generally, the indentation response induced by adhesion
becomes increasingly suppressed as the substrate stiffness increases (Xia et al., 2023). This observation also allows us to tune the
interfacial strength through modulating the substrate stiffness.

In addition, we note that for a hyperelastic material with an initially flattened surface, application of pre-stretching beyond
a critical threshold can trigger surface instability, resulting in waviness. In the three-dimensional case of equi-biaxial stretching,
the wavy surface is usually characterized by Bessel functions rather than the sinusoidal ones, as shown in Appendix F. After the
onset of surface instability, indentation on the wavy surface may affect the instability modes, even leading to a snap through
behavior. However, we simply disregard these complexities and assume that the surface displacement within the contact area

takes the form W (p) =d — f(p) = d — {p>/Q2R) + Y[1 — J;(Op)]}. The property that f(p) is monotonically increasing implies that
1/(RYU?) > —J | (Up)/(Up) should be fulfilled when p > 0, where Y is the amplitude of the waviness, ¢ corresponds to the radial

characteristic wavenumber, and J,(#) denotes the Bessel function of the first kind. Following the same boundary conditions and
derivation approach as in Egs. (34)-(36), we have

2

d - % —Y[1 - cos(Va)] Py} o a

w(p) = 31 R + % - Lo M2 Va2 - p? +YU/ _sin@®n_ dr ¢, (52)
72 e %Skl Va2 —p? P63 o \NE_ 2
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Fig. 9. Adhesive incremental indentation response under the modified JKR framework, where the wavy surface is described by a Bessel function. (a)
and (b) present the non-dimensional incremental indentation force and indentation depth versus the non-dimensional contact radius, respectively.
¥ is defined as OF := 27/(OR), which is identical to #*.

where [ poJ o(0pg)//72 = p2dpy = sin(@0)/0, d = /R + Y[1 - cos(Ta)], and

[a cos(Oa) — singia) . (53)

3
Fla)= 2
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Upon additionally incorporating adhesive contact that complies with the modified JKR adhesion theory, we find

3 2nﬂ2a\/1 +[a/R+YOJ | (Da)]2

a? Z )
d=—+7Y[1 —-cos(Oa)] + S| — 3 (54
R k=1 Zkzl A Skl
and
243 22—1 XSk2 P 2/R 2Y sin(Oa)
F(a) = 3. - - + 3 [a cos(Oa) — 5
T Yot %Sk Biex Yt %Sk1 T ey HSki

(55)

2 2nw2ad \/1 +[a/R+ YOJ | (Va))?

p 3
it Xkl

where dJ(p)/dp = —J |(p) is adopted. The adhesive incremental indentation response that satisfies the monotonicity condition
1/RYO? > 0.06614 (blue) and that which does not (green) are depicted in Fig. 9. The green dashed line is identical to the one
shown in Fig. 8 to enable comparison. We also observe that the irregular periodic oscillation occurs again under incipient contact.

4.3. Viscoelastic adhesive contact

Viscoelasticity is essential in adhesive contact of soft materials, since the pull-off force measured experimentally is highly sensitive
to loading/unloading rate and temperature. In polymers, elastomers, and gels, detachment is controlled not only by the work of
adhesion, but also by rate-dependent energy dissipation near the moving contact edge (Argatov et al., 2023). Therefore, the apparent
adhesion obtained from experimental contact tests usually differs from the equilibrium interfacial adhesion. Following the assumptions
and derivations in Ciavarella and Papangelo (2021), we adopt the definition of the effective work of adhesion according to the Gent-
Schultz model, i.e., ¢ = #[1 + g(ag..)"], where g is a dimensionless dissipation parameter, ag is the Williams-Landel-Ferry factor
at temperature O, 0., represents the velocity of the contact edge, and » is the exponent. Here, the ratio 7/ remains larger than
one reflects the energy dissipation induced by viscoelasticity. The velocity of the contact edge can then be expressed in terms of the
indenter velocity 0, := —dd/dr as ¥, := —da/dr = d;,da/dd. With the effective energy release rate G(a) = 1V 1 + [f/(a)]? and
using Eq. (47), we arrive at

n

(56)

dd ~ g'/agiy,

2
1 a 72a 7y ( 2na
1 —+Y=—Hyl = )-d
da _ 1 |:’7eff‘/1 +[f’(a)]2 _ 1:| n _ 1 [R + 7 0( 7 ) (ll)] ~
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Fig. 10. Rate-dependent incremental indentation response. Based on the modified JKR model, (a) and (b) respectively display the contact radius and
the incremental indentation force as functions of the indentation depth, at various velocities of the indenter. To allow direct comparison, the curves
adopt parameters that are identical to those in Ciavarella and Papangelo (2021), given by n = 0.330, Y* = 0.005, % = 0.002, #* = —1.325x 107,
P =—1.0x107, o} =0.04348, d* = 1.045x 107>

ref

where f(a) is the axisymmetric indenter profile function at p = a. If we denote ¢ := g'/"ag;, and take f(a) to be the same as that
in Eq. (46), the non-dimensional differential equation is derived as

1

n

dat /1] 1@ + 22Yiat HyQrat /£1) — di P2
dd* 5| _ptaty/1+ [aF + 22 YF sinQrat /52

1%, (57)

from which we can obtain a* — d* relation numerically. Substituting this relation into

Pt = 10 (pt_ )ty 4+ 37 gt [fiH1 (2;:“-) —2rd*H, <2n”—i>] _8a g _ (@®? = 2*Y¥a*H, <2n“—i>] (58)
yields the ¥ — d* relation. As illustrated in Fig. 10, the viscoelastic indentation response is delayed relative to the elastic response,
and the delay grows with increasing indenter velocity. In addition, the viscoelastic peeling process ends only when the contact radius
reaches zero, rather than at the critical JKR unstable radius. In contrast to the classical JKR model, the modified JKR model introduces
irregular periodic oscillation in the indentation response under incipient contact.

5. Conclusions

This article has established a systematic analytical framework for solving thermoelastic contact problems in pre-deformed hy-
perelastic materials under incremental loading. Based on the updated Lagrangian formulation, the incremental governing equations
were derived and subsequently reduced to a set of quasi-harmonic equations according to the generalized Almansi’s theorem. The
potential theory method was developed to construct single-layer potentials, allowing explicit inversion of the integro-differential
equations that arise from the contact boundary conditions. For a rigid indenter in frictionless contact with a hyperelastic half-space,
closed-form expressions for the incremental displacement, temperature, stress fields, and indentation force were obtained and val-
idated by finite element simulations, demonstrating excellent agreement for sufficiently small perturbations. Under the prescribed
boundary conditions, the incremental surface displacement within the contact area is governed solely by the geometric compatibility
condition and is independent of the thermal field, whereas thermal effects manifest primarily in the stress response. This framework
was further extended to a hyperelastic film bonded to a rigid smooth substrate via the generalized image method, where Fredholm
integral equations of the second kind were derived and shown to be contractive, enabling an iterative solution procedure. The con-
traction property of the integral operators guarantees the convergence of the iterative scheme according to the Banach-Caccioppoli
theorem, providing a practical pathway for approximating the potential densities. Adhesive contact on a wavy surface was also an-
alyzed by introducing an energy release rate criterion, leading to an extended JKR-type relation that incorporates thermal effects,
pre-deformation, and surface topography. The modified JKR solution reveals that pre-stretch can modulate the equivalent modulus,
equivalent inverse temperature, and surface waviness, thereby enabling tunable interface strength. The analytical solutions derived
herein not only incorporate adhesive interactions and thermal effects but also offer a benchmark for numerical methods. While the
incremental formulation assumes small perturbations superimposed on a finite biasing field, the framework can be extended to larger
indentation depths through a multi-step incremental procedure. When the indentation depth becomes sufficiently large, the Shuttle-
worth effect should be considered, as the large surface strain within the contact area may lead to an appreciable change in surface
energy (Heyden and Bain, 2024). Therefore, the established model should be refined by incorporating surface elasticity.
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Beyond the analytical treatments, a computational investigation was performed for wavy surfaces induced by surface instability.
A total Lagrangian formulation was adopted to obtain the nonlinear solution, followed by a linearized buckling analysis to identify
critical load factors and buckling modes. The imperfection-induced wavy configuration was then used as the reference state for
subsequent contact analysis using the augmented Lagrangian method. This approach provides a robust tool for studying the interplay
among finite deformation, surface instability, contact, and adhesion. Overall, this work establishes a comprehensive theoretical and
computational foundation for understanding thermoelastic contact in soft materials under finite deformation, with direct applications
in nanoimprint lithography, surface metrology, and precision manufacturing. In addition, the thermoelastic model and the volumetric
growth model share a highly similar mathematical structure within the framework of continuum mechanics (Rodriguez et al., 1994).
Hence, the present model can also be extended to analyze biological growth through contact interactions.
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Appendix A. Parameters and recurrence relations

Eq. (5) can be expanded to read
Agjige = 477! {911 [be] ;;[be] o1 + Q22(11 [be];; = [be] 4 [be]si) (Il [bel s = [be] [be]sk> + 1393385

Qb (71 [0 g = [Pel [0 ) + (Zi el = el o] ) [Bel | + Zs1([Pel 8k + 85 [0e) )

(A1)
#1380 [ (T el = [0, [Pel 1 )3+ 85T [be] = [oe] o [be] 0 )] |+ 27 { @18 [be]
95 (2[be]  [Bel i = [De] i [Pel ¢ + T8 [De] = [Bel i bel s = 8 [Pel , [Bel ) + 1525288 = 80650 |-
MOji = 4J;1Kca [Fgl]ab{gll [be]ji [Ce]cb + QZZ(II [be]ji - [be]js [be]si)(ll [C?]cb - [Ce]ch [Ce] hb) + Z§Q335ji50b
+Qp [[be]ji(ll [Ce]cb - [Ce]ch [Ce]hb) + (Il [be]ji - [be]js [be]si) [Ce]cb] + 13913([]36'],‘,'5!’1) + 5/’!‘ [Ce]cb)
+13Q; [(Il [be]ji - [bE]js [be]si)é"b + 5/’!‘(11 [Ce]cb - [Ce]ch [Ce]hb)] } + 2Je_l’(ca [Fgllab{gl [Fe]jb [Fe]ic (A.2)

+ QZ(Z[be]ji [Ce]cb - [Fe]kc [Fe] ib [be]jk +1; [Fe]jb [Fe]ic - [bE]ik [Fe]jb [Fe] ke [Ce]ab [Fe]ja [Fe]ic>
+150, (25ji5¢'b - [FE]jc [Fe_I]bi>} + 2‘le_l [Fé’]ja (Kua [Fgl]ab ~ Kea [Fgl acaab) {Ql [FE]ib
+92(11 [Fe]ib - [CE]bc [F(’]ic) + 139, [Fe_l]bi :
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Therefore, the parameters involved in Eq. (4) are expressed as
Agiing = 442251{Qy + Qp (A3 + 437 + Qa3 A543 +2Q05 (43 + A3) + 2934723 + 2003 424347 + 22)}
+2451Q) + Q12 + A3) + Q343 43),
Aoz = 443251 Q)) + Qop (4] + 1% + Q334745 +2Q), (43 + 43) +2Q13 4743 +2Q03 T A5(AT + A9} + 447471 {Q, + @343},
Agiiss =443 { Q) + 29, AT(AT + 13) + Q334505 + Q) (347 + 43) + Q3 A3 + A7) + Qo3 A](AT + 349} +445{Q) + 347},
Agzzzy = 4AT223(Q)) +4Qp A1 + Q3348 + 405 47 + 20347 +4Q93 4%} + 247743 {Q) + 22,42 + Q347 ),

. ) (A.3)

Agiaiz = 245 (Q) +Qy43),
Agion = =243 451(Q, + Q349),
Agias = 2471(Q + @ 4D),
Az = —243(Q, + Q343),
Agz131 = 2/11_213(91 +92/1f),
My = 4471 {Q) 1 QATR) + 43k3) + 2Q0p AT(AT + A [(AT + AR + A3R5] + Qa3 ASA5 (2R, + k3) + Qpa[44T (AT + k|

+2GAT 4 2Dk + Q222 [AN3%) + (A + A3) k] + Quu AT 314042 + AD)ky + (A7 + 3451} + 2451 {Q &

+3Qy(A1R) + 43R;) + 9;1212(31%1 +283)} = 2451 (R + R)IQ + Q4] + 4 + Q347 43}, ad)

Mg = 447243 { Q) QATR) + A3&3) + 4Qu ATI(AT + DRy + Bz ] + Qa3 B A5 (2R, + &3) + 2Qp AT[(BAT + A&y +24343]
+2Q34[(A] + 4Dk, + /12 &3]+ 2Q03 01(AT + 345k, + 243851} + 2477 A3 {Q) k5 + 2Q AT (2R, + &3) + QAT (4R, + &3))
— 4472 AR Q) +2Q047 + Q3411
where &; := &,/[1 + k;(© — O, )1 = 1,3).
The roots of the biquadratic equation fips* — ;s> + h, = 0 are given by 57, = (hl £4/R - 4h0h2>/(2h0). a; and f.(k = 1,2,3) in
Eq. (12) are in the form of
_ [Mo11 (Aor133 + Aoazr) = MossAorin1 +MosaBoaisi Sy s
- [M033 (A01133 +A01331) - M011A03333]Si + Moy11A01313 '

(A.5)

2
Apr111A01313 — [A01111A03333 +Ag3131801313 — (Aonizs + Agisan) ]Si +A03|3|A03333Si

[Mos3 (Aoi133 + Aoi331) — Mor1Ags333) 57 + MoriAgiais (A6)
hy — Ry s? + hys)
[Mos3 (Ao1133 + Ao1331) — Mor1A03333] 57 + MoriAgiais

The recurrence relations between the combination coefficients (presented in Eq. (C.2)) are derived as

000} |, {000 )
D wull+ein +el1=0, Zwlk[gk‘(i) +eml=0, (=12 (A7)
k=1
51
{000} , {000 1 .
Zm[l + S+ 1= =50 zm[gk:i‘; —cu' =0, (=12 (A.8)
5
{000} {000} _ 2i {mnq} {mnq} .
rall +§31(+> +€3,( )] =5 ralsyy — Sy 1=0. (=12) (A.9)
{000} {000} {(2613)(2821)(2631)} {Gutoir, Joutoor N 3to3r )b
L+ ) + Sy + S I+ Zwlm, i) =0,
3 (A.10)
51 (n=631)(q—5 811183 )(g+6 )
Z“’lk[glﬁfﬁ) 1)(1=82)(q=634)} +gk'((m+)' 1)(n+821)(g+ 3k>)] 0, (k=123i=12)
=1
{000} (000} | {(281,)(262)(2631)) (@Guetdiry,  Youtbor , N3ty I}
a1+ + 6 + S I+ Z ALY =0,
(A.11)

3

{(m=613) (=82 )(q—535)} {(m+81,)(n+624 )(g+635) 1y _ _ L.
PN + Sy 1=0,  (k=123ii=12)
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000 000 002 -1 1 .
73l + G§[(+)} + Géi(_)) - gB{[(—))] =0, 7’23[§§;?_7_§q - G;Tjgﬁ ))] =0, (=12 (A.12)
. . 1 x>0 . .. . .
where T = k+j —3H(k +j = 3), H(x) = 0 x<0 is the Heaviside step function, and m, n, ¢ are not simultaneously zero.

Appendix B. Analytical solutions for various contact problems

In the contact problem defined by the boundary conditions Eq. (16), the densities take the following forms depending on the
indenter profile when P(p, ¢) = P. For a conical indenter characterized by W (p, ¢) = d — cot 9p, where 9 is the half of the apex angle
of the cone, the solution yields

3

-1 %S

) = c}o—tl‘) arccoth( 4 ) - Z;‘_l kok2 5 P Va2 - p?, (B.1)
27 e %Skl Va2 - p? Yt WS T Pan

with d = zacot 9/2, from which we have

zl(a)[,/aZ - () +a]
Moz = 1 =L 300i@) - e - @) + P 1n
4 Zi:] XSkl : : a[pz _ lZ(a)] [a — /a2 - lZ(a):|2
1 1

a[a+\/a2—l?(a)]
z
—3zk\/zi+p2—p2arctan —k +2ziln<zk+\/zi+p2>+4azln S 7E S

[a - \/az — lf(a)] \/p2 - @

4a h(a)

+ 22 2 — [2(g)] arctan | ———— |+ 2/%(a)In
e Ve = 2@lis? - B) e 2(q) T
1
i (B.2)
_Jp2_pr 2 _ 12
+2a2p2 l [a \/a 11(‘1)] \/P I(a) 2[1411(‘1) +pa? - l%(a)pz] 1 [ m]
n = n —17(a
1(a) Iy(a) () VP
3 [a® - B(@][p? - (a)] /
_1 Z’;Z] %Sk P \/ 161 ! (2zi + 6a* — 3p%) arcsin [—l(a)]
TS s P 1(@) p
[ 2_ 2
3 I a? —I(a)
—2% In 1@ - (55 - 97 + 160 + 6231 .
a(a +4/a% - l%(a))
The incremental indentation force is obtained as
3 3 2
Fla) = Zk:| Sy 2Pa cotd a” (B.3)

3 T3
Y1 %Sk 3733 Y1 %Sk1 2

For a spherical indenter with W (p, ¢) = d — p?/(2R), where R is the radius of the sphere, we obtain

3
1
wlzi< L2 Zia%se P )\/az__z B.4)

2 3 3
” Zk:] Sl R Zkzl O Crl ES)
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Fig. B.11. Comparison between FE simulations and analytical solutions derived for the case of (a) conical and (b) spherical indenters, where 9 = z /4
and R = 0.05(m). We adopt the same parameter values as those in Fig. 4.

with d = a?/R, from which we can establish the potential function as

l:ll(l” ¢, z;) =
3 3
D=1 %Skl R Y1 %Sk P3¢z

l< I 2 Xiwse P > V1 - Bl - Ra)

. [h@@
222 4 64 —3,° 1
o, @ (2z; + 6a p~)arcsin B

V4

(B.5)

2 (@) V@ -h@

-ZIn - [5/2(a) — 9p* + 16a* + 627 ] ¢.

3 a(a+\/a2—l%(a)> 18

Besides, the incremental indentation force is expressed as

Sili %l P 1 2 \24°
P(a):< = e = 31 (B.6)
Zk:] Sl 3632 Zkzl X Crl z

The analytical solutions are verified by FE simulations, as presented in Fig. B.11. It should be noted that in panel (a), the conical
indenter tends to penetrate the material near its sharp tip during finite element simulation, thus introducing computational errors.

For an indenter with a general profile described by f(p, ) = Y155 0, 0", where ©, are the shape parameters, the corresponding
densities are given by

3
o = 1 [ d 1 i1 %Sk P = sz
1= 72 3 ) -
T X %Skt VaE —p2 X %Sk B36a
=AY m\ gt | e _ B (L _ml lon g B.7)
: too  H(n+1)p" F( > )F<2>—2\/;(n+1)csc<2 )a” [W_2F1<2’_ AR )]
S S : ’
o) %S ad 4ﬂ—p21‘<_g)r(#)

_ o s TVT (tDescnn/2) : . P . . .
where d = Zn—() 0, T T I'(#) is the gamma function, and , F, (#, #; #; #) is the Gauss hypergeometric function. It is

worth noting that, when determining the explicit form of each term for n € N*, the limit with respect to n should be taken instead of
directly substituting the positive integer value. The incremental indentation force is derived as

Fla) = Tioase 2p 1§ A En/D) (B.8)
PIIE NI AR = Ve a (CRROVES
1ongd g
Here, -—zcsc(nr/2)/T(—n/2)=0(1+n/2) and /Jﬂ(%,—ﬂ; '_T"; Z—i):—)dp = %G§§<—§ 020';1 > are adopted, where
2

R IT7, T +9) IT)_, T(1=a;-5)
Gpg (Zlbl,n.,bq) T I 7, M@+, =55
Eq. (B.8) is consistent with Egs. (B.3) and (B.6), respectively. Besides, the modified JKR solutions for indentation depth and

z7%ds is the Meijer G-function. For the special case U, = cot9 and U, = 1/(2R),
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incremental indentation force are expressed as

© 2
Z(n+ DI +n/2) 3 2ala\/ 1+ [T 00, a1
d()—ZU‘/_— Zakgkl - = :
2I'[(n + 3)/2] zk_l S
= (B.9)
/ © 2
Fla) = Zi:| %Sk 2Pad 1 +°°Z5 nl'(1+n/2) a2 _2"”2”3 L+ 2,5 no,am!]
¥ w36 Y3 g amy  /all(n +3)/2] m ¥ @
If the boundary conditions at z = 0 are altered to
=Wp.¢), o0,=00p.¢), (p.PES
d
6,1 =0, SZo0 GpES (B.10)
Oy = 0, Op1 = 0, (p, @) € [0, +0) X [0,27]
we still adopt ¥, =0 and ¥, = 21-2=1 gkiH,-(p, ¢, z;)(k =1,2,3), but E,-(i = 1,2) should now be constructed as
Hi(p.¢.2,) = // In [\/PZ + p — 2ppo cos(¢p — o) + 72 + zk] @1 (py> Po)podpodey,
s
Flz(p, h,z;) = // {zk In [\/p2 + p(z) —2ppycos(¢p — ¢pg) + zi + zk] (B.11)
s

—\/P2 + ﬂ(z) = 2ppy cos(¢p — ) + Zi }wz(ﬂo, $0)podpodey,

rather than in the form given in Eq. (17). Following the procedure similar to that described above, it can be shown that ¢;;(k =
1,2,3;i = 1,2) still satisfies Eq. (21). However, the densities are now governed by

3
// @1(po: $o)podpodeby =— 1 {W(p, ¢)— Z S X
s \/p

2 + p% = 2ppo cos(@ — i) Di=1 %Sk k=1

//S In [\/ P+ p2 — 20py cos(h — ¢0>] (0. $0)rodpodesg } (B.12)

// @,(pg, Po)podpydey _ 00
s \/ P+ 2ppgcosid— ) PR

resulting in

~ _L i a td l podpo Q(pO’ ¢)
,(p, ) = ”2p£(p)dp/ﬂ ( z)d;/ £po) Bssz

1 podpg
1(p, ) = — / ( 2) / E(po)X (B.13)
w2 ‘/ ) 2 ) de /_

1
3
=1 %Skl
when the torsionless axisymmetric problem is considered. Under the boundary conditions specified in Eq. (B.10), the densities are
obtained as

3
[W(P()’ b - Y wsio //S In [\/ g+ ¥ = 2pgycos(¢p — V/o)] oy, l//o)ydyd%] ,
k=1

3
@ 2
=L2{ - d 1 +2Q7z Z;;,] kSk2 [m_a(212a+1) 1 ]} (B.14)
4 D=1 %Sk Va2 —p? Piex k=1 %Sk1 a? —p?
podpg ( - . e .
0= fo m / Fﬁ )Q and W (p, ¢) = d, where E(#) is the complete elliptic integrals of the
second kind and Q is a constant. Here, the logarithmic function whose argument has also been non-dimensionalized through division
by a unit length. Of note, the integral

=—.w
IR

when we set Q(p, ¢) = aE( )

Y Or - 2
In |\/p? + y% — 2pycos(¢p — )] ydydy, = [a"(2Ina—1)+ p7] (B.15)
//s [\/ O] 4psc 07 8pscn
is employed in solving for the density w,. Then, the corresponding incremental indentation force is obtained by
a —
) = { Y @S Qﬂa2i6lna D . da } (B.16)
Zk 1 XSkl B33 Zk=1 A Cr1
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Appendix C. A hyperelastic film on a smooth substrate

In nanoimprint lithography, modeling contact between the indenter and a film-substrate system provides a more physically ac-
curate representation of experimental conditions than does a half-space approximation. A film-substrate system consists of distinct
layers with differing mechanical properties, and the film-substrate interface critically influences the mechanical response during in-
dentation. Thus, adopting a contact model that explicitly accounts for the layered configuration is essential to accurately capture local
deformation mechanism and stress distribution, thereby enabling a more physically realistic description of the indentation process.
Here, we examine the contact behaviors of a hyperelastic film on a smooth substrate according to the generalized image method.
Contraction mappings are formulated, and the densities are subsequently approximated through iteration.

To extend the model established in Section 3, we examine the frictionless and non-adhesive thermoelastic contact between a rigid
indenter and a hyperelastic film of thickness ¢ bonded to a rigid smooth substrate. The boundary conditions at z = 0 take the same
form as in Eq. (16), while at z = ¢,

w; =0, 0,=0, 05=0 0,=0 (¢ €I0,+c0)x[0,27] 1)

Based on the generalized image method (Fabrikant, 2004), we shift the potential functions and set

400 +00 +00 (Cz)
¥, = Z {H (0. b, 20+ 2 X Dlciit? Hyp, b, 24 + o) + Spr?) Hip 2 — cmnqn},

i= m=0 n=0 g=0
where c,,,, 1= me +nc, + ges, with ¢, = s,c(k = 1,2,3). Here, ¢ k”('fg and gk'""‘” denote the combination coefficients for the potential
functions. The functions H, are taken to have the same form as those in Eq. (17) and are required to satisfy Eq. (18). Substituting Eq.
(C.2) into Egs. (16)3¢ and (C.1) yields the recurrence relations between the combination coefficients, as presented in Appendix A.
With these coefficients determined, Eqs. (16),_, lead to the integral equations containing the unknown densities as

(000) | 000} @,(py, Po)podpydey
P(e.9) = s [+ 6305 + eyl fim, o2 // S \[o2+ 52 = 20 co5 — ) + 2
0 0 %o 3

(C.3)
+00 +co +0o0
mnq} {mngq} . w2(p05 ¢0)p0dp0d¢0
DI GRS A, 222 // [
0 120 40 VPP + 77 = 2000 €05( = ) + (25 + )
(m,n,q)#(0,0,0)
3
{000} , {000} @,(po> Po)podpyde,
Wp.$)— Y a [1+gk2(+)+gk2()]// o
=1 \/ P* + p% — 2ppy cos( — ¢y)
+00 +00 +o0
mnq) {mnq} @,(po. Po)podpodey
+ 22 2 el + e )]//S 5
m=0 n=0 ¢=0 \/p + p —2ppgy cos(¢p — @) + cmnq
(m.n.9)#(0.0.0) (c.49)

3
_ {000} {000 @1 (pg> Po)Podpodey
_Zak [1+gk1(+) +gk]( )]// >

=i S\ + 5 = 200 cos(d — o)

400 +00 +o0

mn mn 1 (py, Po)podpydd,
+222[gk1(+") +gk1(q)J‘//S\/p 1(Pg> P)PodPodPg

m=0 n=0 g=0 2 + p —2ppocos(¢p — ¢pg) + cmnq
(m.n.g)#(0,0,0)

w, is solved from Eq (C.3) first, and then substituted into Eq. (C.4) to obtain w,.

{000 {000} (000} 000} . .
If we denote [g3;"(1") + gS;"("")}]/[l + g32(+)) + ggz( )] and y,3[1 + g22(+) + g3{2( y1as Ry, and R,, respectively, Eq. (C.3) can be rewrit-
ten as

// ) (/70’ $0)podpodey _ Pl
b 0z} \/ P2+ P2 — 2ppy cos(ep — o) + 22 Ro

(C.5)

400 +00 +00

=3 Ry lim = // \/ @,(po: $o)Podredey = 2P ).
P +py -

m=0n=0 g=0 2ppo cos($p — o) + (23 + Cpppg)?
(m,n,q)#(0,0,0)
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Consequently, a potential function can be constructed such that

fim P2 o b8, (0. € 10.a) % [0.27]
23-0% 0z (C.6)
H(p,$,0) =0, (p,®) € la,+o0) x [0,27]

where H(p, ¢, z3) := ai s @ 0b)r0d20dds _ cap be established as
3 \/ PR+05=20pg cos(—po)+23

d,
H(p,$,0) = / / PoTho (””")P(po,qs)
\/x2—p \/xz

(C.7)
602(/’0 ¢0)p0dp0d¢0 )
. az = 20, 9)
OIS [+ g2 = 200y cos(d — o) + 2
at z; = 0. The expression above yields a Fredholm integral equation of the second kind, given by
+00 +00 +00 - odﬂo ,0/70
wz(p’ ¢) + _2 ZO ZO ZO m"qz*icmnq 622 \/x2 p \/
=0 n=0 g= -
(m.n.g)#(0,0,0) (C.8)
N /2” / @y (s, p)sdsdepy _ / / podpy <Pﬂo ) PO, )
= 0> P)s
o Jo \/s2+pé—2spocos(¢—¢0)+z§ ”RO \/Xz—ﬂ \/x2
with z, taken as (z3 + ¢, ), from which we have
0(p.4) = / / ”Od”O (””“ P(o §)
0 - p?
o
+00 +00 +00 2 a (Cg)
Z Z Z Rung / / Ko(p, 5, &5 ho; Coung)@2(s, o) sdsdepy.
m=0 n=0 =0 0 0
(m.n,q)#(0,0,0)

Here, K5(p, 5, §, P Cyg) is the integral kernel defined in Appendix D. According to the Banach-Caccioppoli theorem (Jachymski et al.,
2024), it is further demonstrated in Appendix E that the operator

podpy PPy
Nlon] i= — / / % ( >P(p0 )
RO \/x2 —p? \/
400 +00 +00

2 DY Rong / /0 K (p. 5. . o3 Cpung )0 (5, po)sdsdeby

m=0n=0 ¢g=0
(mn,q)£(0,0,0)

(C.10)

is a contraction operator. Consequently, we can prescribe an initial density w ! and then iteratively apply w[k+11 N, [w”‘]](k >0)to
obtain the final solution w,, where klim ||a>g‘J —ws |l =0, and ||#||,, denotes the supremum norm, as deﬁned in Appendix E.
—+o0

mnq} {mnq}

Similarly, in terms of the coefficients D,,, = (Zi=1 ak[gk1(+) + S0 )/(Zi=1 a1 +gk??f:) +gk??0)]> and D,=

(Zk Lol + gk(l)?f) + gk(l)?o)]), Eq. (C.4) can be expressed as

wl(l’o $0)podpyddy +°° +°° < D 601(1’0 $0)podpyddy _ Q¢
XY Dy == (C.11)
\/ p —2ppy cos(¢p — ¢y ) —0 n=0¢=0 \/ p=+ py — 2ppg cos(p — ) + cm,,q 0
(mn.)#0.0.0)

where

3

bo)podpod
0. 8) 1= Wip.$)— Z“k 0 +g/i(2)?3>} +gk(2)2)0)] // (g, $o)podpodey
po \/p + 0 = 2ppg cos(¢p — )

(C.12)

+00 +00 +00
mnq mnq ) (p()’ ¢0)p0dp0d¢0
N HEEL |
m=0 n=0 =0 s \/pz + 3 = 2ppo cos(p — o) + g
(m.n.g)#(0,0,0)
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becomes a known function after substituting w, derived from Eq. (C.9). Through Eq. (D.1), Eq. (C.11) takes the form

podp,
/ \/p —x2/ \/; _Oxz < >wl(p0’¢)

400 +00 400 9l (x, 90 ‘mnq) 2 (C.13)
T ox 170 po: Cung) Q. P)
+4 1 = =59
Z Z Z / / ) 2 [ PP @1(po $)podry D,
=010 =0 \/ P =32 = B s ) 0 o
(m,n,q)#(0,0,0)
which leads to another Fredholm integral equation of the second kind as
0o ) = L{p) d / t £< 1 ) d /' L(py)Q(py, $)podrg
1P = - - — = |5 —
2Dopdp J, \Jo_p2 \2)dt P
+00 +00 +o0 2 a (C14)
Z 2 Z Dmnq / / Kl(py s, ¢, ¢0; cmnq)wl(S’ ¢0)Sdsd¢0,
m=0 n=0 g=0 0 0

(m,n,q)#(0.0.0)

where C;(p, pg, . Po; ¢unq) is defined in Appendix D. In the presence of a constant term in Q(p, ¢), the first term of Eq. (C.14) exhibits

a 1/4/a% — p? weak singularity. To eliminate this weak singularity, we multiply both sides by 1/a? — p? and introduce the scaled
quantity w} := v/a? — p>w,, allowing us to define the operator N, as

LWV - d / (1) / L(py)Q(py, P)podpg
72Dyp ,/ — 2 2 ) dt

Nilwi] :=

tz—p(z)
(C.15)

7 +00 +00 oo

— 27 a w*(p )
p Z Z ZD /0 A Kzl(p’p0’¢’¢0;Cmnq)ﬁpodpodd)()a

m=0 n=0 g=0 a - p;
(m,n,q)#(0,0,0)
Here, N} [a)T] is also a contraction operator, as presented in Appendix E, which indicates that co*l‘ can be obtained via klim ||(wT)[k] -
—+00

o}l = 0. For instance, if we assume that P(p, ¢) =0 and W (p, ¢) is a constant value d, leading to w, = 0 in this case. Substituting
these results into Eq. (C.14) and disregarding the terms with integral kernels, we are able to calculate the zeroth approximation of
N asd/ (nzDO Va2 - p2), which represents the solution for the problem of a flat punch acting upon a half-space. Then, substituting

the solution back into Eq. (C.14) enables us to acquire the first approximation

+00 +o00 +oo
li(a,a,c,,,)
a)&”:zL ;1——22213 arctan LT ma?
2Dy | /a2 —p2 0 1m0 40 ly(a,a, c,q)
(m,n,q)#(0,0,0)

+00 400 400 A /l%(/), a, Cmnq) —a? 2[]2(p’ a, cmnq)‘ /a2 — {12 €16)

_ 21 Z Z Z D, > arctanh
A0 iz | (s ng) = (0. ) (0% + B3(p, @, Cyupg)] ) @ = 12(p, @, Cing)
(m,n,q)#(0,0,0) L
a’ — l%(p, a, Copg) 213(p, @ Cpp) V@ — p?
5 B arctan
lz(p’ 4, Cung) = 1(/), a: Cung) [p? + lg(P’ a, cmnq)] lg(/” @, Cpng) — a

The analysis is then extended beyond the rigid substrate scenario considered in Appendix C to the case of a hyperelastic film of
thickness ¢ bonded to an elastic substrate and subjected to frictionless, non-adhesive thermoelastic contact with a rigid indenter. The
corresponding boundary and interface conditions are expressed as

Y
(1) do %
=W(p.¢). =P(p.d). (p.p)ES

Jz
o =0, oy =0, ()¢5 whenz = 0 €17
ey oD =
o, =0 o, =0, (p, ) € [0, +0c0) x [0, 2]
and

wil) = w§2>’ i? i?’ O',(,i) = O'f,? =0, (p,¢)€[0,400)x[0,27] whenz=c
PRI o0y _ 903 RUSCE (C.18)
O =% T T oz %¢l =% = 0, (p,¢) €10,+00)x[0,27] whenz=c
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Fig. C.12. Effects of layer thickness and material parameters on the indentation response. (a) shows the influence of the shear modulus ratio on
the incremental indentation force for different layer thicknesses. Yellow shading denotes a substrate that is softer compared to the film, whereas the
blue shading denotes the opposite case. (b) shows the influence of Poisson’s ratio on the incremental indentation force for different layer thicknesses.
Points A, B, and C in (a) are matched with their counterparts in (b).

where the superscript (#) distinguishes between the film (j = 1) and substrate (j = 2). In the film and substrate, we may take

(1 _
‘PO =0,
1 1 +00 +00 +00 1 . (C.19)
1 1
v = Z {H b2+ PN Dlelmtl (o, . chg + 2 + 6 Ao, el — 2 >>]},
m=0 n=0 g=0
for k =1,2,3, and
(2) _
‘PO =0
2 +o0 +00 400 (C20)
2 ; 2 2 1
W =Y BN Vel o .27 = ¢ + i),
i=1 m=0 n=0 ¢g=0
respectively, where zij ) = sij )z, cff ) = s< ’c, and c<’ = me, D + ne, + ge;; gk"('i‘jzﬁ and gi;’;}';” are coefficients in the film (j = 1)

and the substrate (j = 2) for combination of potentlal functions, respectively; H, have the same form as in Eq. (17). The remaining
procedure of the derivation follows that presented above and is omitted here for brevity. It is found that a decrease in layer thickness
amplifies the impact of substrate properties on the indentation behavior of the film. In an elastic substrate, for instance, the indentation
response is sensitive to the substrate to film shear modulus ratio and Poisson’s ratio as the layer thickness varies. Nevertheless, the
layer thickness has a minor influence on the rate of change of the incremental indentation force, as illustrated in Fig. C.12. In panel (a),
condition ¢ /uf!) - +o0 corresponds to the limiting case of a rigid substrate solution, whereas condition u{? /41> = 1 corresponds
to the half-space solution.

Appendix D. Essential integrals

The interchangeability of s and p, allows us to express

2(y.5.2)
Q[ IM ,¢—¢0]

| _2 /Po aly(y,s,2) dy, (D.1)
\/52 +p5 =2 spg cos(¢p — o) + 27 o \/32 - lf(y,S,z)\/p(z) =e ”
from which we have
/ / podpg (Pl’o) /2”/ @, (s, pg)sdsdgy
e NEmy: V5 A =2 sycos(d = g+ 22
(D.2)

- g[’ B - %]dh(y,s 2)

2z a a
A A e
0 Jo Jp x2 — p2 Jy=0 s2—l%(y,s,z)

w,(s, o) sdsdpy.

27



L. Chen et al.

Journal of the Mechanics and Physics of Solids 219 (2027) 106905
In view of the integral satisfying

11(x,s,2)

=<{ —arctan| —————
=0 /2= B.s,2) \/s? = B(x,s,2)

[2( ,8,Z),
y=x g[ . ixz p’¢_¢0:|dll(y,svz)
/

(D.3)
1,(x, 5, 2)V/spe i@=t0) — x2
+2R] arctanh 1,8, 2V sp X . X
)C\/S2 - l%(x, S, 2) \/spe*l(d?*d)o) —x2

and

a I (x. s. eI @—90) — x2
i/ —dx 2R | arctanh 108, 2)Vsp *
oz J,

X

1 (x,s,2)
— arctan

x\/s2 - B(x,s.2) Vspei@=do) — x2 V- s, 2)
dl(x,s,z)

zl(x,s,z)
(.5, DX, 5, 2) = p2] + 2203 (x, 5, 2) \/sz — P(x,5,2)

/X:a
x= 2
o\l = F

(D.4)
1 s\/sz+z2—l%(x,s,z)
-2R _ ,
/s + 22— B(x,5,2) s[s? + 22 = 11(x, 5, 2)] = pls? = [} (x, 5, 2)]e”(#=d0)
the integral presented in Eq. (D.4) can be evaluated by dividing it into two parts, yielding
/X:a dly(x,s,2) zl(x, s, z) 1
= \/[32 = B(x, 5, D[ (x, 5. 2) — p*] + 2212 (x, 5, 2) \/52 — (x,5.2) \/52 +22 - 12(x,5,2)
(D.5)
i 2. (p,s,2)—12(a,s,2) | 3(p,s5,2)—1(p, s, 2)
= —————F|arcsin R
Iy(p, s, z) l%(p,s,z) - l%(p,s,z) l%(p, $,7z)
and
/ 2
/xza dly(x,s,z) zl (%, s, z) sy/s2+22 = 11(x,5,2)
2 2 2 2 2 —i(¢p—
x=p \/[32 — l%(x, s, z)][l%(x, s,z)— p2] + zZIf(x, s, 2) \/Sz _ lf(x, 5,2) s[s* + z2 = [1(x, 5, 2)] — pls* — I(x, 5, 2)]e i(¢—do)
i - lg(l’s s, z)—l%(a, s,2) l%(p, s, z)—lf(p, s, z)
= ——— < —F]arcsin , D.6)
Iy(p, s, 2) B(p,s5,2) = (p, s, 2) 2(p,s.2)
sp ﬁ l%(/’, 5,2) — 1%(/’, 5,2) arcsi l%(p, 5,2) — l%(a, s, z) l%(p, s,2) — l%(p, s, 2)
sp— l%(p, s, z)el@—¢o) l%(p, s, z) — spe~i@=bo) ’ l%(p, 5,2) — l%(p, 52| l%(p, 5.2) s

where R[#] is the real part of #; F(¢, k), E(¢, k), and ﬁ(n; ¢, k) are the incomplete elliptic integral of the first, second, and third kinds,
respectively. Subsequently, differentiating the resulting inner functions once with respect to z allows the kernel K, (p, s, @, p; C;unq) in
Eq. (C.9) to be expressed as

.0 - ) l%(/h s,2) — l;(a, s,2) lg(p, s5,z) — lf(p, s, 2)
K, =— lim —{ —————F|arcsin ,
2=Cmqg 02 | I5(p, 5, 2) l;(p, 5,2) — lf(p, s, z) l%(p,s,z)
i - 12(p,s,2) — 12(a,s,2) | 12(p,5.2) — 1(p, 5, 2)
+2R| — L Flarcsin 2 2 |2 1 (D.7)

Iy (p.s,2) l%(p, 5,2) — l%(p, 5,2) l%(p,s,z)

sp - B(p,s5,2) = (p, s, 2) , Z(p,s,2) = 12(a,5,2) | B(p.s5,2) = 12(p,5,2)
: - ;arcsin A
sp=15(p, 5, 2)ei@=%0) | (p, s, z) — spe~i@=¢0) (p.5.2) = 12(p. 5. 2) 12(p.5.2)
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where
F) i — . I%(p, $,2) — I%(a, S, Z) l%(p, $,2) — I%(p, S, Z)
—< ——— F|arcsin N
0z | Ir(p,s,2) B(p,s,2) = 13(p, s, 2) Z(p,s,2)
i ol
= - { 20 (pa@iB@ - 2]
LOLOIEP - @I IB0) - E@IB@ - B
ly(a) )
+ ;i“ LPLEIE () - B(p)] + (;” L@L(PIE(p) - ()] 0.8
126 - B@liZ@ - 2y 1s¢ >[ B0 - >]E h0Zh@) | G
p)—15(a a)—15(p P — P arcsin -l -
’ e ’ Ep-Bp | Ee
® A0 Lo -G@]| B
+1,(p) [‘—1 (o) - I (p)]F arcsin| 4| 2—2 | 1 - 1~
‘ ‘ oz o) -Bo | B
and

9 i sp o (p.5.2) = 12(p. s.2) | | B2 - a5 2) | Bp5.2) =~ B(p.s,2)
9z 1(p,5,2) sp— l%(p, 5, 2)ei®—¢0) 12(/7 5, z) — spe-i@— 4’0) arest l%(p, S, 2) — l?(p, S, 2) ) 1%(/’,8, z)
[ L@, (g
=1e'%5p1/[12(p) — 2(@)][12(a) — 2(p)] o 2 : i
Visio - fante-1 LPIE@ = EOIE Q) = B [ei?1 (o) - eidosp]
oz;ia) %lz(a)
"1 - BOIEG) ~ B@IE@ —etsg] * LGIE@ ~ IR ~ FpI[e#E(p) — sy
;i . :

. ' iel%osp ' ' ' _ {lz(p)[el‘i’l%(p)—eld)osp][ < l;(p)l3( ) — ﬂﬁ( )>

LPLIE ) = E(p)][el13(p) — eitosp] [eid12(p) — eidos ] :

(D.9)

. ola(p) 6ll(p) -~ B(p) - 13(a) 2(p)
—e1¢<>sp< 2210 - l(p))]E arcsin| 4| ——2— |, 1 - +1,(p)[€?12(p) — €059 x
g ’ 2o-2o | Ee| | >
al al ~ 3(p) - 13(a) (p)
[ 1¢11(P)12(P)< L) o) - ‘(”)12@)) e%sp (——1(”)11() 2(p)lz(ﬂ)>]FarCSin R e R e
2op-Eo | B

al i
+11<p)e'4’[12(p>—12(p>][ ”’ll(p)lz(p)( 20 )+ #1 <p)> —el%sp( 1+ 2(” )lz( ))]

| B®-50 ) 5(p) = 3(a) 11(p)
M| — s arcsin| 4| =——— | 1 - — |},
13(p) — spe=ié=90) (p) = B(p) (p)

011(0) — zl1(p,s,2) o) _ zly(p,s.,2)
I%(p,s,z)fl%(p,s,z) 0z [%(p,s,z)fl%(p,s,z) :
Usmg the solutions to Abel integral equations, the inversion of Eq. (C.13) is performed by sequentially applying

( )d[ fo 24 _p(p) and E(r)—/“ dr C(%), which leads to

with

v \/,zj
Oy (1.00-Coung) [ 2
0 +00 +0 g ,p— ¢
+00 +00 + o1 2a, Coma) 0
ornd)+ — Z 2 ZDmnq/ / o / o @1(po> Bo)podpodey
m=01=0 4=0 ! \/ - \/ P2 = I2(t, Pgs Cung) (D.10)
(mn.g)#(0.0.0) .
__ftwd tdt E( ! ) / L(P)Qp, $)pdp
22 ar J, \/7 o DyWE-2
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where

()]l(tsﬂ()vcmnq) £0
ot 2(t.00:Cng)” ¢=do

L) d/
" V2 —r? \/ P} = 1t 9> Cong)
Cmnq

(\/"2 +0 ‘2’P0005(¢_¢0)+C'2""4)3

a\/r2 +p5 = 2rpg cos(p — o) + €2, \J @ =12, pg, Cpug) V@ — r?

X + arctan

\ @ =13, pg, ey V@ = r? a\/r2 +pg = 2rpg cos(¢p — o) + 2,

K\(r, pos ds o3 Cung) 1= —

(D.11)

Appendix E. Contraction operator

In order to prove that N} and W, are contraction mappings, we first evaluate two key integrals. The integral
2 1o Ka(p. 5. b, o g )sdsdepy is obtained as
7¢_¢O:|d[1(yvsvz)

YT
A o7 e B T

2z li / / dly(x,s, z) zli(x, s, z) d
=2z lim — sds
# g 02 \/[32 - B(x, 5, D)I[3(x, 5,2) = p?] + 221 (x, 5, 2) \/52 - (x5, Z)\/S2 +22 - [(x.5.2)

x=a L(X, @, Cppg)y/ @* = l%(x, a, Cpg) Al (X, @, Cppug)
= 271'/
x=p \/[12

2(X, @, Cpng) = PPI1G% = I2(X, @, Cpyg)] + €2, 13(X, @, Cypy) \/a2 +22 = 13(X, 8, C )

1 (y.5.2p

sdsdgy

(E.1)

mnq" 1

. 2 2 2 2
_ 2 Hlaresin L9, @, Cpyng) = P213(a, @, € /@2 | 15(p, @, Cong) = 15(p, G, ) L

15(9. 4 Cypng) 12000, Cng) = 12(p. 0, Cppuy) 12(p. @, Cppy) [3(p. @, Cpng) = P]

- 13(p, 8, Coung) = 12(p, 8, g aresin 12(p, 8, Coung) = PP13(a, @, € ) [0 | 13(p, @, Cpung) = 13, @, Cpng)
;arcsi .
13(p, @, Coung) — P* (0, @, Cung) = 13(p, s g (0, @, Cung)

while foz” I3 K1 (p.pg. & ¢0;cmnq)”‘"i‘;—°d¢2“ is derived as
\a*=pg

_/2” / Crmng a\/pz + pg = 2pp cos(d = o) + Crznnq
3
: / 2
\/p + ”o 2ppy cos(ep — pg) + Cman a% = 13(pg, @, ) V@ = p?

2 _ 12 2 _ 52
a? = 1I1(py, a, ) Va* = p podpoddy | 2z aretan 11(a, @, Cppg)

- 2 2 I,(a,a,c
P2+ 02 = 2000 c05( — ) + 2, |\ J2 =03 | V= 2. 0, ¢png)

(E.2)
/2
7/ 5(p, @, €y — @ ZIf(p, a, Cpp)V @ — p?

arctanh

+
2 _J2
1300, 0, Cung) = 17(p: @s Cyyng) (P2 + 130, a, Cpp) 1\ @ = 3(0, @, €1y
2 2
7/ @ = B3(p, a, ) 212(p, 4, C ) V 0> — P

2 > arctan
lz(ﬂ, a, Cmnq) - ll (p5 a, cmnq)

+arctan

[p2 + l%(l—’s a, Cmnq)] l%(p, a, cmnq) - a?

From Egs. (C.14) and (C.15), it follows that for any o] € C(2), the integral operator N : C(2) - C(2), where 2 = [0,a] X

[0,27]. Introducing the supremum norm [|%(p, $)ll, = ( ;L)lp@hfl‘(p, ¢)| and the induced metric d;[w} — (a)*l‘)“‘l] = |lwt - (wT)lkJ |, the
ph)E
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condition for uniform convergence is klim llw} — (co’l“)“CJ ll, = 0. The integral operator N admits the estimate
—00

[w (P $0) — (@DW(py, py)1dS

+oco0 +o0 +oo
IWi[0}1= Mil@) T ={ 3 3 > — ’””" // K10, s b b0 Coung) ~———=

m=0 n=0 q=0
(m,n.q)#(0,0,0)

\/_

+00 +00 +o0 A/ a

Z Z Z s // K1(p: 20> b o3 Cng) —— [a) (po: do) = (@D*(pg, d)1dS
[a2 — o

VA

m=0 n=0 g=0
(m,n,q)#(0,0,0)

400 +00 +00

DIDID N Dr / 1K1 (0. P> b P03 Cmng)| \/_V |} (po» b0) = (@)oo, IS
iy

m=0 n=0 g=0
(m,n,q)#(0,0,0) (E.3)

+00 +00 +00 |Dmn |
=222 // K192 9o b, B0 Conng \/_V|w “(Pos o) — (@) ¥ (o, )|
\/_

A

m=0 n=0 ¢g=0
(m.n.q)#(0,0,0)

+00 +00 +o0

mn |
PP J R S oo b= @) 60 d)ledS
p

VA

m=0 n=0 ¢g=0
(m.n.g)#(0,0,0) 0

+00 +00 +00 |D | (12 — 2
" V p
= ll} (o> ) = @D M (pg, polo Y, D% D" —5— // K1(p: 0> b P03 Cpung) ~———=4dS
m=0n=0 ¢g=0 z 2 a2 — p2
(mn,q£(0,0,0) v 0
< ellwt(py. o) — (@DM (g, o)l oo

If the supremum of the left-hand side satisfies sup |Nj[wi]— Ni[(@HM]| < ellot — (@), with e < 1, the operator N is a
(p.p)ED
contraction mapping in accordance with the Banach-Caccioppoli theorem (Jachymski et al., 2024). Since C(Z) is complete un-

der the supremum norm, a unique solution w* € C(2) exists for the integral equation. For any initial guess (co*)w], the se-
quence generated by the iterative scheme (a)’f)“‘*” =N [(wT) 1] converges uniformly to o}, which is precisely the fixed point

of W satisfying @} = N|[w!]. Besides, we obtain ||(a;*)["] —will < —||(w*)[1 — (@} [7||(k > 0) for the a priori error estimate, and

@ — o]l < 1—16 ll@H)**+1 — (@3)1*||(k > 0) for the a posteriori counterpart.

From Eq. (E.2), the series of continuous functions {lD:z""l ﬂ@ K1(p, pos D P03 Cng) \/Li"’zzds } converges uniformly,

S . 0 oo oo Dmn Va2 . .
which implies that the function X% ¥ > I al T K1(p. 00: D 0 Cng) dS presented in Eq. (E.3) is continu-
(M.n,q)#(O,O.O) Ve
ous. Since lim [[o) Ky (p, pg: > Bo: Cpung) “‘i“’i dS =0, and the function is continuous, there exists a constant ¢ € R* such that
c—0 /a2 -y
D, Va=z Nyl
a0 Zmed Log l :”"l D K1(p. 0. b. o3 eng) —==dS <€ < 1. We can also verify that Jim 1\ Jop K (o2 po- - o c m,,q)%dS =0,
y/ \/a —pg

<m n q)#(o 00)
which corresponds to the classical half-space case. Slmllarly, the series of functions involving the kernel K, can be proved concerning

Eq. (E.1) and lim T Kaps 5, . g5 € )dS = 0.

Appendix F. Indentation on a wavy surface induced by surface instability

Experimental evidence demonstrates that surface instability and self-assembly in soft materials, such as polymers, enable the
generation of tunable micro and nanoscale patterns with a regular periodicity. These patterns can be replicated and transferred,
enabling pattern transfer printing. A notable example is the work of Chou and Zhuang (1999) on nanoimprint lithography, where a
flat rigid punch moving vertically toward a polymethylmethacrylate (PMMA) thin film induced the formation of a regular micropillar
array on the film surface. This discovery led to lithographically induced self-assembly (LISA), which has become an efficient method
for fabricating surface patterns on thin films. The LISA technique has prompted a wealth of theoretical, numerical, and experimental
studies for modulating surface topography (Sharma and Khanna, 1998; Schaffer et al., 2000; Huang et al., 2008).

This section focuses on a simple computational exploration of the coupling between waviness arising from surface instability in a
hyperelastic material and the contact behavior with a rigid indenter. When the temperature increment is assumed to be uniform over
the whole field, the contribution of this increment in Eq. (6) allows us to neglect the thermal variables in the hyperelastic half-space.
As derived in Section 5 of Chen et al. (2026), an axisymmetric nontrivial solution exists, consisting of Bessel functions and decaying
exponential functions, which corresponds to the assumption in Section 4. Under the total Lagrangian framework, we may establish
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the total potential energy as

T(U) : =TI, (U) + I, (U) = / Q(F,)dV - / t, - UdA, (F.1)
082

By

the first variation of which is expressed as

§,II(U) := %n(u +€,6,0)
1

€;=0

IQ(F,)
=/ ~~Grad61UdV—/ t, - 5,UdA v5,U € U (F.2)
s OF -

:/Be

where U :={6,U: B, - R*6§;U=00n0B"} is the space of displacement variation that is kinematically admissible and
sym (FT - Grad 6,U) is the variation of the Green -Lagrange strain 6, £¢; , with sym@#) := (# + #7) /2. To solve the nonlinear Eq. (F.2)
through Newton-Raphson method, we consider the second variation of the total potential energy

-

S, - -sym (Fj~Grad51U)dV-/ t, - 6,UdA,
B

,

5,6, TI(U) = éélH(U +6,6,U)
2

=0

/G ds, U PO, Grad 6,UdV (F.3)
; rad §; OF0F, rad 6, .

"

2
=/ {Sym (FZ~Grad61U)-~4%-~sym (F}.Gradazu)+se--[(GradcslU)T~(Grad52U)]}dV.
B, e e

Therefore, we can solve

628111 = = (8 i + 6oy, (F.4)
for the displacement field under applied loads. The domain is then discretized, and isoparametric interpolation is performed to describe
the position and displacement vectors as X¢(1) = 22'2‘1” N, X and U*(1) = ZZ‘Z(I‘e N, (U, respectively, where 1 € [-1,1](k = 1,2,3).
9N, denotes the shape function for the n-th node among a total of 7,4, nodes. X¢, and U, are the position and displacement vectors at
the n-th node, respectively. Thus, the position vector in B takes the form of .#Tx¢ = X¢ + U = Z:“;"l‘“ N, (OXE + V). With o, /oX =
J~109, /01 and the Jacobian matrix J = 0X/d1, the components of Green -Lagrange strain can be formed by the linear and nonlinear
components with respect to U° as [¢5;; 1,5 = ([Ci]aﬂ - 5aﬂ)/2 = (Uinéﬁﬂvﬂ +US My, + U, UG N, N )/2, where m, n =1, ..., f04e-

Substituting U¢ and E”GL into Eqs. (F.2) and (F.3), Eq. (F.4) can be expressed as
/ { 20
5 | 9[C.], ﬁa[ce]w

(6205, Ry, + 3200, Ry, + ByU5, US Ry 1Ry 5 + Ug 6205, Ry, 1My 5| 42

[51U§nmn,ﬂ + 6,05, Ry, + 6,05, UG R, Ry, + UinélU;meymm’y]x
C,=C¢

0Q
= 81U, N, 6,08, Ny vdV (F.5)

J [Ce] af |c,=Ce

[alug"mn,ﬂ + 61U, R+ 60, U, R N+ UfmélU;mER“,ymmJ]dV,
C,=C¢

0Q
= ty| MN,6,U¢ dA—/ —_—
‘/067 [A]a nl an 5, a[ce]aﬂ

where m,n,p.q=1,...,n,,4 and a, B, 7,5, 4, u = 1,2,3. Given that §, U € ;), we may collect the coefficients of §; u;, on both sides of
Eq. (F.5) for all 3n,,4, nodes and set each coefficient to zero. As a result, we obtain 3n,,4, equations expressed in terms of 5,U¢ . We
then flatten 6,U? , originally of dimension 3 x 7,4, into a vector of dimension 37,4, X 1 following the nodal ordering. Consequently,

the equations can be expressed in a compact form Ke(Ue)rSZUfflEll = —R¢(U®), involving the element tangent stiffness matrix K¢, the
variation of flattened element nodal displacement vector 5, Uf 0 and the element residual vector R¢. As shown in Eq. (F.3), the
tangent stiffness matrix consists of the material stiffness matrix K¢, which arises from the first term, and the geometric stiffness
matrix K¢, which originates from the second term. Global assembly is then performed node by node. We first prescribe a reference

load t4, and solve the nonlinear stationary problem [Ki + Kgeo(Se0)18:Upg1ae = —R(Up; tyo). With boundary conditions enforced,

the iteration U(l)’””: Ug“ + 6,Uj is carried out until convergence. Under the proportional loading hypothesis, the geometric stiffness
matrix obtained from the stationary problem is then employed to solve the linearized buckling problem [(K, + Kgeo(Up)) + (I —
I)ngo(UO)]tﬁ = 0. Consequently, the critical load factor Y and the normalized buckling mode ® are obtained. When the prescribed
reference load exceeds the buckling load, the resulting critical load factor Y falls below 1. We subsequently reshape the normalized
buckling mode & into nodal displacement Uipmp- Multiplying by a scale factor w, we apply these displacements as a pre-imposed
buckling imperfection to the configuration 53,. This yields a new configuration 5;,,,, whose position vector is expressed as T Ximp =
X+ mﬁimp, where ﬁimp is the analytical displacement induced by the buckling imperfection. The deformation gradient tensor is
then given by F = 0x/0X = (0x/0Xn)(0Xipp/0X) = Fjo - Firy,. Hence, the subsequent contact analysis can be performed on this
configuration using an augmented Lagrangian functional 8, ,; constructed identically to that described in the caption of Fig. 4.
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Fig. F.13. The interplay between surface instability of the hyperelastic cylinder and contact with a spherical rigid indenter. (a) presents non-
dimensional relations between the non-adhesive contact force and indentation depth, and (b) shows the post-contact distribution of the incremental
displacement |u| and the second Piola-Kirchhoff stress [S,].. when d = 0.0758 (m). The finite element result in (a) displays the surface instability
morphology before contact, where Y = 0.97799. To enhance visibility of the pattern, the instability mode is scaled up by 2 x 10%, and a 0.75x (rad)
cut is made through the cylinder to expose the internal displacement field. The coating and substrate are modeled as neoHookean solids with shear
moduli y; = 10(MPa) and u, = 1(MPa), respectively, and a common Poisson’s ratio v = 0.49.

To investigate the influence of surface instability on contact in the absence of adhesion, we present a simple numerical example.
A hyperelastic cylinder of radius 1 (m) and height 1 (m) is radially pre-compressed such that 4, = 0.9, while the axial direction is
left free. A buckling imperfection with a scale factor of w = 1 x 10? is introduced into the reference configuration. After fixing the
bottom surface, a rigid spherical indenter of radius R = 0.25 (m) is pressed onto the top surface. Fig. F.13 illustrates the resulting
interaction between surface instability of the cylinder and the indenter. Panel (a) reveals that instability-induced waviness introduces
discontinuities into the indentation response. An abrupt transition between different instability modes causes the wavy surface that
is initially in non-adhesive contact with the indenter to suddenly detach. After thesnap-through, post-indentation brings the indenter
back into contact with the newly formed surface. Panel (b) reveals that, upon re-establishing contact after the snap-through, the
contact initiates not at the apex of the spherical indenter but at its flank, owing to the surface waviness; consequently, an annular
contact zone is formed.

Appendix G. Nomenclature

(x,9,2);(p, b, 2)

{E;}r {Ef}’ {ei}: {én}
x XX
F =Grad y =F,F,
Fimp’ Fpost
b =FFT, b, C=FTF, C,
dA, da
dv, dv
J=detF=J,J,
Grad, Div
grad, div
T, T,S,S,
©=J7'FT
T,F, J
FI FII

e’ e

Cartesian and cylindrical coordinate systems

Reference, initial, and current configurations

Virtual stress-free and globally compatible configurations

Configuration with buckling imperfection

Outward unit normal vectors of d53,, a3, and 953,

Material point position vectors in 5,, B!, and 53,

Material point position vector in B;,,

Bases in B,, BBy, B, and B,

Mapping of material point position vectors between 5, and B

Deformation gradient and its decomposition into thermal and elastic contributions
Buckling and post buckling deformation gradients

Left and right Cauchy-Green deformation tensors and their elastic contributions
Surface elements in the reference (/3,) and initial (B") configurations

Volume elements in the reference (13,) and initial (B") configurations

Volume ratio and its decomposition into thermal and elastic contributions
Gradient and divergence operators in the reference configuration 5,

Gradient and divergence operators in the initial configuration 5"

The nominal and second Piola-Kirchhoff stress tensors and their elastic contributions
Cauchy stress tensor

The nominal stress tensor, deformation gradient, and volume ratio in 3,

The deformation gradients from B, to B! and from B' to 5!
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K Coefficient of thermal expansion

¢ Thermal conductivity

0, O, Temperature and its reference counterpart

ty, t, Surface traction on 953, and 93"

Q(F,) Energy density function per reference volume

7,(C, Invariants (m = 1,2, 3)

Q,; Q, Partial derivatives of Q(F,) (Q,, = 0Q/dI,, and Q,,, = 9°Q/J1,,01,)

=>

Identity tensors in 53,, B3y, and BI

Two-point identity tensors (¥ = 6. ES ®E", I =6,8,Re,and .7 =5, ® E)
Two-point identity tensor between B3, and By,
Incremental deformation

Sy &l
S
S

Il
—
i
=58

- F), Fo, T, Incremental deformation gradient and its thermal and elastic contributions

FF-! = gradu =L, + F, LyF;!  Displacement gradient tensor and its thermal and elastic contributions
=J'FT The incremental nominal stress tensor and its push-forward version
The second incremental Piola-Kirchhoff stress tensor

Incremental volume ratio and its thermal and elastic contributions
Incremental temperature

PN R N R
s e
o~

Objective stress rate of the push-forward version of the nominal stress tensor

<]

Ay, M, Instantaneous material tensors of the 4''- and 2"-order

ty, t, Incremental surface traction on a3, and a5

A Pre-stretches (diagonal element of F where i = 1,3)

A Two-dimensional Laplacian

D), ¥y Displacement functions

9, D' Operator matrix and its adjugate

‘é}f] Cofactor of ® (i, j = 1,2,3)

5,(:), ¥, Quasi-harmonic functions (i, k = 1,2, 3)

h;, si Coefficients and roots of the biquadratic equation (i = 0, 1,2; k = 1,2) [Appendix A]

Z) = SiZ2 Equivalent axial coordinate component (k =0, 1,2, 3)

s Brs Vik> T Coefficients for combination of quasi-harmonic functions

Wis G5 Opis Ogis Ops Ogpys Oz Equivalent mechanical and thermal variables [Eqs. (14) and (15)]

S, a Contact area and its radius in B,

d, d" Indentation depth and its counterpart considering indenter profile and adhesion

f(p,®) Indenter profile function

9 Half of the apex angle of a conical indenter

R Radius of a spherical indenter

W(p, d), P(p,$), P(p,d), O(p, d) Prescribed incremental axial surface displacement, heat flux, equivalent heat flux, and
temperature on §

H, H, Single layer potentials (i = 1,2)

; Densities (i = 1,2)

Skis Gé;zgl, g/if'(’gij g,ilnz;';” Coefficients for combination of potentials (k = 1,2,3;i = 1,2;j = 1,2)

8i Kronecker delta

L@, LE# Equivalent radial coordinate components

g#) Inverse of I, (#) or I,(#)

L#) Poisson operator

CH#,#) Kernel in L(#)

F#), Fi#) Incremental indentation force and its counterpart considering indenter profile and adhesion

A, o, v Dimensionless coefficient, shear modulus, and Poisson’s ratio for a neoHookean material

Lam(w, 0) Augmented Lagrangian functional

| Contact boundary

TI(#), I, (#), o () Total potential energy together with its internal and external contributions

)y Macaulay brackets

g,(w) Normal gap

0 Contact pressure multiplier

J Penalty parameter

€5 Cs Cpung = My +1cy + qe3 Thickness and equivalent thickness of a hyperelastic film

Ro> Rings Dos Dyng Equivalent coefficients for combination of quasi-harmonic functions

Pp, P), Qlp, ), W(p, p) Equivalent external loadings

z, Shifted axial coordinate component

K, K, Kernels in Fredholm integral equation of the second kind
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Contraction operators

The n-th approximation of density w;

Scaled density

Amplitude of the waviness and its wavelength
Radial characteristic wavenumber

Function describing small scale surface topography
Transform of M(p)

Struve function of the first kind

Bessel function of the first kind
Gauss hypergeometric function
Gamma function

Incomplete elliptic integral of the first, second, and third kinds

Complete elliptic integral of the second kind
Meijer G-function

Magnitude of the classical JKR maximum pull-off force
Incremental stress intensity factor

Kernels in the densities w; (i = 1,2)

Incremental energy release rate

Infinitesimal decrease in the contact radius and increment in the radial coordinate
Incremental surface displacement discontinuity

Work of adhesion and its effective counterpart

Actual and projected contact area

Fourier transform

Variable in frequency domain

Landau symbol

Parameter for JKR adhesion

Envelope function

The first and second variations

Space of displacement variation that is kinematically admissible
Green-Lagrange strain

Symmetric part of #

Shape function for the n-th node

Natural coordinates (1, € [-1,1])

Element position and displacement vectors together with their n-th node counterparts
Jacobian matrix

Element tangent stiffness matrix and element residual vector
Material and geometric stiffness matrix

Variation of flattened element nodal displacement vector
Critical load factor

Normalized buckling mode

Nodal and analytical displacement induced by buckling imperfection
Buckling imperfection scale factor

Equivalent coefficient of thermal expansion (i = 1, 3)

Heaviside step function and its modified counterpart

Shape parameters of an indenter

Real and imaginary part of #

Domain [0, a] X [0, 27]

Metric

Dimensionless dissipation parameter

Williams-Landel-Ferry factor at temperature ®

Velocities of the contact edge and the indenter

Non-dimensional reference contact radius and indentation depth
Physical quantities and coefficients prescribed in the film (j = 1) and substrate (j = 2)
Non-dimensional quantities

Physical quantities in an element
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Heny Envelope curves

#, Reference quantities

|[#]lo = sup|#|  Supremum norm

(p.)

=S [E1];j[Ea]i

51‘2952 [E1;[E,]iver B e
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