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Abstract In this paper the equations governing the deformations of infinitesimal
(incremental) disturbances superimposed on finite static deformation fields involving
magnetic and elastic interactions are presented. The coupling between the equations
of mechanical equilibrium and Maxwell’s equations complicates the incremental
formulation and particular attention is therefore paid to the derivation of the
incremental equations, of the tensors of magnetoelastic moduli and of the incre-
mental boundary conditions at a magnetoelastic/vacuum interface. The problem of
surface stability for a solid half-space under plane strain with a magnetic field normal
toits surface is used to illustrate the general results. The analysis involved leads to the
simultaneous resolution of a bicubic and vanishing of a 7 x 7 determinant. In order to
provide specific demonstration of the effect of the magnetic field, the material model
is specialized to that of a “magnetoelastic Mooney—Rivlin solid”. Depending on the
magnitudes of the magnetic field and the magnetoelastic coupling parameters, this
shows that the half-space may become either more stable or less stable than in the
absence of a magnetic field.
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20 M. Otténio et al.

1 Introduction

One of the main reasons for industrial interest in rubber-like materials resides in
their ability to dampen vibrations and to absorb shocks. This paper is concerned
with an extension of the nonlinear elasticity theory adopted for describing the
properties of these materials to incorporate nonlinear magnetoelastic effects so as to
embrace a class of solids referred to as magneto-sensitive elastomers. These “smart”
elastomers typically consist of an elastomeric matrix (rubber, silicon, for example)
with a distribution of ferrous particles (with a diameter of the order of 1-5 m) within
their bulk. They are sensitive to magnetic fields in that they can deform significantly
under the action of magnetic fields alone without mechanical loading, a phenomenon
known as magnetostriction. As a result, their mechanical damping abilities can be
controlled by applying suitable magnetic fields. This coupling between elasticity and
magnetism was probably first observed by Joule in 1847 when he noticed that a
sample of iron changed its length when magnetized.

In general, the physical properties of magnetoelastic materials depend on factors
such as the choice of magnetizable particles, their volume fraction within the bulk,
the choice of the matrix material, the chemical processes of curing, etc.; see Bellan
and Bossis [1] for details, and also Rigbi and Jilkén [2] for an experimental study on
a magneto-sensitive elastomer.

The coupling between magnetism and nonlinear elasticity has generated much
interest over the last 50 years or so, as illustrated by the works of Truesdell and
Toupin [3], Brown [4], Yu and Tang [5], Maugin [6], Eringen and Maugin [7],
Kovetz [8], and others. The corresponding engineering applications are more recent
(see Jolly et al. [9], or Dapino [10], for instance) and have generated renewed impetus
in theoretical modelling (see, for example, Dorfmann and Brigadnov [11]; Dorfmann
and Ogden [12]; Kankanala and Triantafyllidis [13]). Here, we derive the (linearized)
equations governing incremental effects in a magnetoelastic solid subject to finite
deformation in the presence of a magnetic field. These equations are then used to
examine the problem of surface stability of a homogeneously pre-strained half-space
subject to a magnetic field normal to its (plane) boundary. Related works on this
subject include the studies of McCarthy [14], van de Ven [15], Boulanger [16, 17],
Maugin [18], Carroll and McCarthy [19] and Das et al. [20].

We adopt the formulation of Dorfmann and Ogden [12] as the starting point
for the derivation of the incremental equations. This involves a fotal stress tensor
and a modified strain energy function or total energy function, which enable the
constitutive law for the stress to be written in a form very similar to that in standard
nonlinear elasticity theory. The coupled governing equations then have a simple
structure. We summarize these equations in Section 2. For incompressible isotropic
magnetoelastic materials the energy density is a function of five invariants, which
we denote here by I, and [, the first two principal invariants of the Cauchy—-Green
deformation tensors, and 14, Is, I, three invariants involving a Cauchy—Green tensor
and the magnetic induction vector. This formulation is similar in structure to that
associated with transversely isotropic elastic solids (see Spencer [21]). The general
incremental equations of nonlinear magnetoelasticity are then derived in Section 3.
Therein we define the various magnetoelastic ‘moduli’ tensors and provide general
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Incremental magnetoelastic deformations, with application to surface instability 21

incremental boundary conditions. Care is needed in deriving the boundary equations
since the Lagrangian fields in the solid and the Eulerian fields in the vacuum must be
reconciled.

Section 4 provides a brief summary of the basic equations associated with the pure
homogeneous plane strain of a half-space of magnetoelastic material with a magnetic
field normal to its boundary. In Section 5, the general incremental equations are
applied to the analysis of surface stability. Not surprisingly, the resulting bifurcation
criterion is a complicated equation, even when the pre-stress corresponds to plane
strain and the magnetic induction vector is aligned with a principal direction of strain,
as is the case here. The bifurcation equation comes from the vanishing of the determi-
nant of a 7 x 7 matrix, which must be solved simultaneously with a bicubic equation.
To present a tractable example, we therefore focus on a “Mooney-Rivlin magnetoe-
lastic solid” for which the total energy function is linear in the invariants I, I, 4,
and I5. Of course, these invariants are nonlinear in the deformation and the theory
remains highly nonlinear. The bicubic then factorizes and a complete analytical reso-
lution follows. In addition to the two elastic Mooney—Rivlin parameters (material
constants), the material model involves two magnetoelastic coupling parameters.
The stability behaviour of the half-space depends crucially on the values of these
coupling parameters and also on the magnitude of the magnetic field. In particular, a
judicious choice of parameters can stabilize the half-space relative to the situation in
the absence of a magnetic field. Equally, the half-space can become de-stabilized for
different choices of the parameters. Thus, even this very simple model illustrates the
possible complicated nature of the magnetoelastic coupling in the nonlinear regime.

2 The Equations of Nonlinear Magnetoelasticity

In this section the equations for nonlinear magnetoelastic deformations, as devel-
oped by Dorfmann and Ogden [12, 22-24], are summarized for subsequent use in the
derivation of the incremental equations.

We consider a magnetoelastic body in an undeformed configuration 3,, with
boundary 9By. A material point within the body in that configuration is identified
by its position vector X. By the combined action of applied mechanical loads and
magnetic fields, the material is then deformed from B, to the configuration B, with
boundary 9B, so that the particle located at X in B, now occupies the position
x = x(X) in the deformed configuration IB. The function x describes the static
deformation of the body and is a one-to-one, orientation-preserving mapping with
suitable regularity properties. The deformation gradient tensor F relative to By is
defined by F = Grady, F;, = dx;/0 X,, Grad being the gradient operator in 3. The
magnetic field vector in 5 is denoted H, the associated magnetic induction vector by
B and the magnetization vector by M.

To avoid a conflict of standard notations, the Cauchy—Green tensors are rep-
resented here by lower case characters; thus, the left and right Cauchy—Green
tensorsare b = FF and ¢ = F'F, respectively, where T denotes the transpose. The
Jacobian of the deformation gradient is J = det F, and the usual convention J > 0
is adopted.
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22 M. Otténio et al.

2.1 Mechanical Equilibrium

Conservation of the mass for the material is here expressed as

J,O = 00, (1)

where py and p are the mass densities in the configurations 3, and B, respectively.
For an incompressible material, / = 1 is enforced so that p = py.

The equilibrium equation in the absence of mechanical body forces is given in
Eulerian form by

divt =0, )

where 7 is the fotal Cauchy stress tensor, which is symmetric, and div is the divergence
operator in 5. The total nominal stress tensor T is then defined by

T=JF'z, (3)
so that the Lagrangian counterpart of the equilibrium equation (2) is
DivT =0, (4)

Div being the divergence operator in By.

Let N denote the unit outward normal vector to 33y and n the corresponding unit
normal to /3. These are related by Nanson’s formula nda = JF~TNdA, where dA
and da are the associated area elements. The traction on the area element in 3 may
be written Tnda or as T'TNdA. A traction boundary condition might therefore be
expressed in the form

T'N = t,, )

where ¢, is the applied traction per unit reference area. If this is independent of the
deformation then the traction is said to be a dead load.

2.2 Magnetic Balance Laws

In the Eulerian description, Maxwell’s equations in the absence of time dependence,
free charges and free currents reduce to

divB=0, curlH =0, (6)

which hold both inside and outside a magnetic material, where curl relates to 5.
Thus, B and H can be regarded as fundamental field variables. A third vector field,
the magnetization, when required, can be defined by the standard relation

B = uy(H+ M), (7

where 1 is the magnetic permeability in vacuum.
We shall not need to make explicit use of the magnetization in this paper.
Associated with the equations (6) are the boundary continuity conditions

(B—B) n=0, (H-—H")xn=0, (8)

wherein B and H are the fields in the material and B* and H* the corresponding
fields exterior to the material, but in each case evaluated on the boundary 9B.
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Incremental magnetoelastic deformations, with application to surface instability 23

Lagrangian counterparts of B and H, denoted B; and H,, respectively, are
defined by

B =JF'B, H =F'H, 9)
and in terms of these quantities equations (6) become
DivB; =0, CurlH;=0, (10)

where Curl is the curl operator in By. We note in passing that a Lagrangian
counterpart of M may also be defined, one possibility being M; = FT M.
The boundary conditions (8) can also be expressed in Lagrangian form, namely

(Bj—JF'B) . N=0, (H —-F'H)xN=0, (11)

evaluated on the boundary 9.53.

2.3 Constitutive Equations

There are many possible ways to formulate constitutive laws for magnetoelastic
materials based on different choices of the independent magnetic variable and the
form of energy function. For present purposes it is convenient to use a formulation
involving a ‘total energy function’, or ‘modified free energy function’, which is
denoted here by 2, following Dorfmann and Ogden [12]. This is defined per unit
reference volume and is a function of F and B;: Q(F, Bj). This leads to the very
simple expressions

Q2 Q2
T=—, H=— (12)
oF B
for a magnetoelastic material without internal mechanical constraints, and
Q2 Q2
T=—_-pF' H=_— 13
5F P =3B, (13)

for an incompressible material, where p is a Lagrange multiplier associated with the
constraint det F = 1. Note that the expression for H; is unchanged except that now
det F = 11in Q.

The Eulerian counterparts of the above equations are

Q2 0

=J'F—, H=F"— 14

’ oF 9B, (14)
for an unconstrained material, where F~T = (F~)T, and
02 Q2

=F——pI, H=F'T—, 15

LT 0B, (15)

where I is the identity tensor. We emphasize that the first equation in each of
(12-15) has exactly the same form as for a purely elastic material in the absence
of a magnetic field.
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2.4 Isotropic Magnetoelastic Materials

In general the mechanical properties of magnetoelastic elastomers have features that
are similar to those of transversely isotropic materials. During the curing process
a preferred direction is ’frozen in’ to the material if the curing is done in the
presence of a magnetic field, which aligns the magnetic particles. If cured without a
magnetic field then the distribution of particles is essentially random and the resulting
magnetoelastic response is isotropic. We focus on the latter case here for simplicity,
but the corresponding analysis for the more general case follows the same pattern,
albeit more complicated algebraically. A general constitutive theory for the former
situation has been developed by Bustamante and Ogden (unpublished manuscript)
and applied to some simple problems. For isotropic materials, the energy function
depends only on ¢ and B; ® By, through the six invariants

1
I, =tre, L = E[(tr o2 — (r cz)], I, = detc = J?,

I, =B By, Is=(cB)- By, Is=(c*B) - B,. (16)

For incompressible materials, I3 = 1 and only the five invariants Iy, I, Iy, Is, and
I remain. The total stress tensor t is then expressed as

T =—pl+2Q,b+20%(b—b*) +29sB® B+2Q2(B® bB+bB® B), (17)
where Q; = 0Q2/d1;, and the total nominal stress tensor T as
T=—pF ' +20,F' +20,(I, F* — F'b)
+2Q5B, @ B+2Q%(B,® bB+ F'B® B). (18)
Finally, the magnetic field vector H is found from (15) as
H =2(Qub 'B+QsB+ QbB), (19)
and its Lagrangian counterpart is

H; = 2(Q2%4B; + QscB; + Q6 B)). (20)

2.5 Outside the Material
In vacuum, there is no magnetization and the standard relation (7) reduces to
B* = MOH*7 (21)

where the star is again used to denote a quantity exterior to the material. Also, the
stress tensor 7 is now the Maxwell stress T*, given by

1
T*:Mal [B*®B*_§(B*B*)I], (22)

which, since div B* = 0 and curl B* = 0, satisfies divt* = 0.
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3 Incremental Equations
3.1 Increments within the Material

Suppose now that both the magnetic field and, within the material, the deformation
undergo incremental changes (which are denoted by superposed dots). Let F and B;
be the increments in the independent variables F and B;. It follows from (12) that
the increment T in T and the increment H, ;in Hj are given in the form

T=AF + l‘Bl, H] =TF+ K:Bl, (23)

where A, T and IC are, respectively, fourth-, third- and second-order tensors, with
components defined by

) ) 9%2Q 9%Q
—— % lag= = v Kep= 55—
8 Fied Fjg dFi,0B;,  9B,dFi 0B,,0B,

Aaigj = (24)

We refer to these tensors as magnetoelastic moduli tensors. We note the symmetries
Adigj = Apjois - Kap = Kpas (25)

and observe that I has no such indicial symmetry. The products in (23) are defined
so that, in component form, we have

wi = AaiﬂjF}B + Cuig Bl,,, H,, = Tpio Fig + Kup Blﬂ~ (26)
For an unconstrained isotropic material, Q is a function of the six invariants
I, I, I5, 14, Is, I, and the expressions (24) can be expanded in the forms
6
3L, 3L, 1,
A= Y Y aulilh, vog Fh_
m=1, m£4 n=1, n£4 IFia 3 Fjp n=1, n4 IFiad Fjp

SR) A 321,
wﬂ—z Z ’"”aB aFlaJr;Q"aFiaaB;ﬁ’

m=4 n=1, n#4
Ay 0L, O 921,
Kag = Qp—, 27
P ZZ "By, 9By, 2 " 9B, 9B, 27)
m=4 n=4 n=4 o B
where Q, = 3Q/01,, R, = 0>Q/1,,1,. Expressions for the first and second deriv-
atives of [,, n =1, ..., 6, are given in the Appendix.
For an incompressible material, T is given by (13) and its increment is then
T=AF+TB - pF '+ pF 'FF', (28)

which replaces (23) in this case. On the other hand, H; is still given by (12) and
its increment is unaffected by the constraint of incompressibility, except, of course,
since 2 is now independent of I3 = 1, the summations in equations (27) omit m = 3
andn = 3.

It is now a simple matter to obtain the incremental forms of the (Lagrangian)
governing equations. We have

DivI =0, DivB;=0, CurlH,=0. (29)
@ Springer
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These equations can be transformed into their Eulerian counterparts (indicated by a
zero subscript) by means of the transformations

To=J"'FT, By=J"'FB, H,=F"H, (30)
(with J = 1 for an incompressible material), leading to
divly =0, divBy=0, curlH;=0. (31)

Now let u denote the incremental displacement vector. Then, F=Gradu =
(gradu) F, where grad is the gradient operator with respect to x. We use the notation
d for the displacement gradient gradu, in components d;; = du;/dx;. From (30) and
(23) we then have

To = Aod +ToByy, Hyp =Tod+ By, (32)
where, in index notation, the tensors A, 'y, and ICj are defined by
Aojisk = J ' Fio Fg Agipis - Tojik = Fio ngl LCaig,  Koij = JF(,_,-IFE]-I Kap (33)

for an unconstrained material. For an incompressible material / = 1 in the above and
(32) is replaced by

Ty = Ayd +ToBiy + pd — pI., Hy = Tod + Ko By, (34)
and the incremental incompressibility condition is
diva = 0. (35)
Notice that .4, and IC inherit the symmetries of A and KC, respectively, so that
Aojisk = Aoskjis Koij = Koji- (36)

Finally, using the incremental form of the rotational balance condition FT =
(FT)T, we find that T has the symmetry

Coijk = Cojik, (37)
and we uncover the connections
Aojisk — Aoijsk = Tjsik — TisS ji (38)

between the components of the tensors .4, and t for an unconstrained material (see,
for example, Chadwick and Ogden [25] for the specialization of these in the purely
elastic case), and

Aojisk — Aoijsk = (Tjs + p8js)8ik — (Tis + PSis)Sji (39)

for incompressible materials (see Chadwick [26] for the elastic specialization).
Following Prikazchikov [27], we decompose the tensor A, into the sum

A():AéO)‘i‘A(()S)"r‘Aéﬁ). (40)
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Incremental magnetoelastic deformations, with application to surface instability 27

The first term .A,go) does not involve any derivatives with respect to I, Is,
and /s. Clearly, this term is very similar to the tensor of elastic moduli associated
with isotropic elasticity in the absence of magnetic fields. In component form it is
given by

JAD = 4bijbis1 + 4NNk Qo + 47488133 + 4(bieNij + bipNis) Q212
+ 4(bks8ij + bigdis) 3 + 4T NisSij + Nijdes) Q3
+ 28icbjs 21 + 2(2bijbis + ik Njs — bjchis — bixhjs) 2
+2J% (2885 — 858 k)23, (41)
where
Nij = biibij — bixcby; (42)

and b;; are the components of b.

The terms Agsjgsk and A((f}zsk may be expressed in the forms

6
S _ 0(5) m(S)
Agiiske = Aok s + Z A jisk s

m=1, m#4
6
® _ 0(6) m(6)
Avaigi = Aojisk 6 + Z A jisk S (43)
m=1, m#4
45) _
where A jisk =0 and
06 1 15 _
Ao = 20 ajadiu, Apgie = 47 (axasbis + agasby),

Agﬁfs)k = 47 Naras Ny + a;aiNiy), Aé;?s)k = 4J(arasb;; + a;a ),
Agfs)k = 4J 'aja;a5ax, Ag;fs)k =2J " Naja;Hs + arasH)), (44)
with
Hij = ajaibi + aiarby, a; = Fiu By,. (45)
Similarly, A, = 0 and

Ag(/?c)k = 2J7'GuH s + aiashy + ajarbis + ajasbi + a;aby),

«4(1)(,'?3;( 477 (b Hij + bijHis), A?)ﬁffk = 477 (HiiNis + HisNij),

S:B‘:
52
I

4J (His8ij + Hijbks). «4(5)(,163;( = 2J 7" (aja/Hps + ara;H;)),
ASSy = 477 " HiHys. (46)
The tensor I'y is decomposed as

Lo=T" +T +T +T1§ + T}, (47)
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28 M. Otténio et al.

with components given by

@ _ - 2 _ " 3G _ 20
Fojik = 4b;iMy, Fojik = M}Mzk, FOjik = 4J°8; My,

F(gsﬂ)k = da;a;Msi + 2(a ;8 + a;63)Qs,
F(g(;'z?k = 4H;iMek + 2Bikasbjs + aibjx + 8 jrasbis + ajbir) s, (48)

where
M = F Bi, Qus + ax Qs + a b s. (49)
Finally, we represent Cy in the form
Ko =Ky + K + 1), (50)
with components
K& = 2JF, @B, Muj+ F, ).

K = 2J2aiMs; + 8;Qs),

K = 27 QabiacMe; + bijSe).- (51)
For an incompressible material, the above expressions are unaltered except that
J =1 and all the terms 3 and Q,3,n =1, ..., 6 in Agjus, Doijk, Koij are omitted.
3.2 Outside the Material

The standard relation B = o H in vacuum is incremented to
B = wH, (52)

where B  and H are the increments of B* and H*, respectively. These fields satisfy
Maxwell’s equations

divB =0, curlH =0. (53)
Finally, we increment the Maxwell stress of (22) to
v =u'[BoB +B®B — (B B)I, (54)

noting that dive* = 0.
3.3 Incremental Boundary Conditions

At the boundary of the material, in addition to any applied traction ¢, (defined per
unit reference area), there will in general be a contribution from the Maxwell stress
exterior to the material. This is a traction 7*n per unit current area and can be ‘pulled
back’ to the reference configuration to give a traction Jz* F~ TN per unit reference
area, in which case the boundary condition (5) is modified to

T'N=Jt"F "N +1¢,. (55)
@ Springer



Incremental magnetoelastic deformations, with application to surface instability 29

On taking the increment of this equation, we obtain
T'N=Ji'FN—JoFTF FT 4 ji"F'N + i, (56)

and hence, on updating this from the reference configuration to the current
configuration,

Tgn =t'n—1vd'n+ divw)t*n + 1,. (57)

Proceeding in a similar fashion for the other fields, we increment the magnetic
boundary conditions (11) to give, again after updating,

(B +dB* — divwyB*— B) -n=0 (58)
and

(Hoy—d"H —H)xn=0. (59)

4 Pure Homogeneous Deformation of a Half-Space

Here we summarize the basic equations for the pure homogeneous deformation
of a half-space in the presence of a magnetic field normal to its boundary prior to
considering a superimposed incremental deformation in Section 5.

4.1 The Deformed Half-Space

Let X, X», X3 be rectangular Cartesian coordinates in the undeformed half-space
By and take X, = 0 to be the boundary 815, with the material occupying the domain
X, > 0. In order to minimize the number of parameters, we consider the material to
be incompressible and subject to a plane strain in the (X, X;) plane. With respect to
the Cartesian axes, the deformation is then defined by x; = A X, xo = A7 X5, x3 =
X;. The components of the deformation gradient tensor F and the right Cauchy—
Green tensor ¢ are written F and ¢, respectively, and are given by

A 00 A2 00
F=|0Ax'0|, c=|0xr20], (60)
001 0 01

where A is the principal stretch in the X, direction. The invariants I; and I, are
therefore

L=hL=14+A+1"2 (61)

We take the magnetic induction vector B to be in the x, direction and to be
independent of x; and x3. It then follows from div B = 0 that its component B; is
constant. Thus,

By =0, B, #0, B3;=0. (62)
The associated Lagrangian field B; = F~' B then has components

By =0, Bp=21By, B;3=0, (63)
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and the invariants involving the magnetic field are
Li=Bh Is=3"L, Is=,"l. (64)

We may now compute the stress field using (17), (60) and (63). The resulting non-
zero components of 7 are

T =202 + 29,07 + 1) — p,
Ty =242+ 2Q(1 + A7) — p+2QsA 21, + 4Qsr 414,

T3 =29 + 227 + 177 — p. (65)
The magnetic field H has components given by (19) as
H =0, H,=2(Qu+12Q5+1*Qe)ABp, H;=0. (66)

Since Bj; and A are constant, all the fields are uniform and the equilibrium equations
and Maxwell’s equations are satisfied.

In view of (61) and (64), there are only two independent variables, A and 1. We
thus introduce a specialization w (%, 1) of the total energy 2, by the definition

oM L) =QU+ A2+ A 1+ 22+ 472 L, A2, 0 ), (67)
from which it follows that

o, =207 = A7) + Q) — A2 LQs — 207 L],

wy = Q24 + )\._295 + )\_4967 (68)
where w; = dw/dA, wy = dw/d 4. Hence,

Tl — T = Awk, H2 = 2AB12w4. (69)
4.2 Outside the Material

From the boundary conditions (8) applied at the interface x, = X, = 0, we have
B3 = B, and H{ = H} =0, while from (21) it follows that B} = B5 =0 and H; =
Mo ! By =, 'B,. Outside the material we take the magnetic field to be uniform and
equal to its interface value, Maxwell’s equations are then satisfied identically, B*
therefore has components

Bt =0, By=B,=)'Bn, B;}=0, (70)

and H* has components
H; =0, H}=py'By=py'A"'Bp, H;=0. (71)
From these expressions, we deduce that the non-zero components of the Maxwell

stress (22) are given by

I | .
—5Ho 'B; = ~3Ho =t (72)

The applied mechanical traction on x, = 0 required to maintain the plane strain
deformation has a single non-zero component 7, — 13,.

* *x
= "=
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5 Surface Stability

We now address the question of surface stability for the deformed half-space by
establishing a bifurcation criterion based on the incremental static solution of the
boundary-value problem. Biot [28] initiated this approach, which has since been
successfully applied to a great variety of boundary-value problems; see Ogden [29]
for pointers to the vast literature on the subject.

5.1 Magnetoelastic Moduli

First we note that since Fj; =0 for i # j and B; = Bjz = 0 several simplifications
occur in the expressions for the components of the magnetoelastic moduli tensors
Ay, Ty, K. In particular, we have

Ak =0, Ko =0, for j#k,
Loiiz = Fogii = Loiit = Torii = 0,
Dojk =0, for i#j#k#i (73)
For subsequent use we compute the quantities
a= Aoz, 2b = Ao + Aoz — 2A0221 — 2A01122, ¢ = Ao,
d= Ty, e=Tpn—Ton, =K, g=Ko. (74)
Explicitly, we obtain
a=222(Q + ) + 2L,
b= (2 +a72)(Q + Q) + L7225 + (617 — 2)]
F20% + 27 = 2)(Q11 + 290 + Q22)
F4L (7 = DIR1s + Qos + 247 (R + 2a6)]
+2 170 (Rss5 + 402 Qs + 40 Qo).
€= 20"2(Q + Q) + 2L Qs + A + 1)1,
d = 2Bpi[h72Qs + 7 + D],
e = 4B ' [Qs + 227226 + (1 = A1) (14 + Q4)
FAT = A5 + Qs) + (7 = D(Ri6 + R26)

+14(Qs4 + A2 Qs5 + 20 Q6 + 30 Q36 + 24 Q) ],
=272+ Qs+ 17Q)

g =207Q + Qs + A 2Qe) + 4L(A* Qs + 2Qus + 217 Qe

+)\.72S255 + 2)‘-74956 + )\76966). (75)
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In terms of the energy density w (A, I;) we have the connections
a—cCc= )Lw)” Z(b + C) = )\sz, e = —ZBlz)nza))A, 8= 2)»2(604 + 2]4(()44), (76)

where w;;, = 9*w/A%, wyy = 0°w /031y and wu = *w/I1}.

5.2 Incremental Fields and Equations

We seek incremental solutions depending only on the in-plane variables x; and x;
such that u3 = 0 and By = 0. Hence u; = u;(x1, x2) and Bjo; = Bi(x1, x2) for i =
1,2 and p = p(x), x2). In the following, a subscripted comma followed by an index i
signifies partial differentiation with respect to x;, i = 1, 2.

The incremental version (35) of the incompressibility constraint reduces here to

U +uxy =0, (77)
and hence there exists a function y» = ¥ (x;, x,) such that
up=va, U=-Y,. (78)
Similarly, equation (31), reduces to
Bioi1 + B =0, (79)
and the function ¢ = ¢ (xy, x;) is introduced such that
Boi=¢2. Bn=-¢. (80)
The incremental equations of equilibrium (31); simplify to
Totta + To212 =0,  Toin1 + Ton22 = 0. (81)

_ From the identities (73), the only non-zero components of the incremental stress
T, are found to be

Toir = (Aot + purs + Aonimttnr + Bo,Tora — p.
Toor = (Aoaina + pltiay + Apinittr 2 + Bo. Co211,
To = (Aoinar + p)tr 2 + Aotz 1 + Bo, Toian,

Tozz = (Ao + Pz + Aoanitr1 + BoZ Foozo — p. (82)
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Also, equation (31)3 reduces to
Hior2 — Higo,1 =0, (83)
wherein are the only non-zero components of H;, which, from (73), are given by
Hior = Dot (12 + uz,1) + Kot Bior. Hip = Torattr1 + Doonatta s + Kooo Bigo. (84)

In terms of the functions v and ¢ equations (81) and (83) become

(Ao — Aotz — Aoz ¥ 112 + Ao2i21¥,222 — Totzd, i + Doz = poa,
(Ao — Aot122 — Aor2) ¥, 122 + Aoz 111 — (Coizt — Toxa2)P 10 = — P o,

(To222 — Tot12 — Toz) ¥ 112 + Toi21¥,222 + Ko, 11 + Kot 22 = 0. (85)

We eliminate p from the first two equations by cross-differentiation and addition and
obtain finally the coupled equations

ay i + 20y + e + (e — d)p 112 +dg o =0 (86)

and
dyrn +(e—d) o+ o+ gp11 =0 (87)

for ¢ and ¢.

5.3 Outside the Material
In vacuum, Maxwell’s equations (53) hold for B and H. From the second equation,
and the assumption that all fields depend only on x; and x,, we deduce the existence
of a scalar function ¢* = ¢*(x;, x,) such that
Hf = _¢,*17 HE = —¢>f2, H§ =0. (88)
Equation (52) then gives
B = —po¢t. By =—pos. B3 =0, (89)
and from (53), we obtain the equation
P+ ¢ =0 (90)

for ¢*. Finally, the incremental Maxwell stress tensor (54) has non-zero components

cx g —1 * ek . * <k —1 * ok
=4 Bpgh =13 =—1p, Th=-2 Bpg, =1, 1)
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5.4 Boundary Conditions

We now specialize the general incremental boundary conditions of Section 3.3 to
the present deformed semi-infinite solid. First, for t, = 0, the incremental traction
boundary conditions (57) reduce to

Togl + ‘L']*] U1 — T;l = 0, Togz + ‘52*21422 — 7"52 = 0, (92)
on x, = 0. Putting together the results of this section, using (72), (74), (78), (80), (82),
(88) and (91), we express the two equations (92) as
1
(Tzz + Eualk‘zh - C) Y1+ +dr+ A Bpgt =0, (93)
and

1
(25 +c—m+ 5#51}»7214> Vi 4+ cWom +ed i +dpn — A Bpgt, =0, (94)

which apply on x, = 0. In obtaining the latter we have differentiated (92), with
respect to x; and made use of (85);.
Next, the incremental magnetic boundary conditions (58) and (59) reduce to

Biop + Biuzo — B3 =0, Hyy — Hyup, — H; =0 (95)
on x, = 0. Using again the results of the preceding sections, we write these as
A Boyin + ¢ — pogh =0, (96)
and
(g 'V "Bp —d)y +dy o+ foo+ ¢, =0 97)

on x, = 0.
5.5 Resolution

We are now in a position to solve the incremental boundary value problem. We
seek small-amplitude solutions, localized near the interface x, = 0. Hence we take
solutions in the solid (x, > 0) to be of the form

1// — Ae—ksxz eikxl , ¢ _ kDe—ksxz eikxl , (98)
where k > 0 (27/ k is the wavelength of the perturbation) and s is such that
N(s) >0 (99)

to ensure decay with increasing x; (> 0).
Substituting (98) into the incremental equilibrium equations (86) and (87), we
obtain

(cs* —2bs* +a)A — s(ds* +d — e)D = 0,

sds*+d—e)A — (fs* —g)D =0. (100)
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For non-trivial solutions to exist, the determinant of coefficients of A and D must
vanish, which yields a cubic in 5%, namely

(cf —d*)s® — [2bf + cg + 2(d — e)d]s* + [2bg + af — (d — e)*]s* —ag = 0. (101)

From the six possible roots we select sy, 52, 53 to be the three roots satisfying (99). We
then construct the general solution for the solid as

3 3
1//_ — Z Aje—kijzeikxl i ¢ -k Z Dje—kijz eikxl , (102)

=1 =1

where A;, D;, j=1,2,3, are constants.
For the half-space x, < 0 (vacuum) we take a solution ¢* to (90) that is localized
near the interface x, = 0. Specifically, we write this as

¢* = ikCefelkn (103)

where C* is a constant.
The constants A; and D; are related through either equation in (100). From the
second equation, for instance, we obtain

si(ds; +d—e)Aj+ (fs; —g)D;=0, j=1,2,3; nosummation. (104)

We also have the two traction boundary conditions (93) and (94), which read

1
<C— Ty — Eualk_zl4> (AL + Ay + Aj) + C(S%A] + S%Az +S§A3)

—d(s1 Dy +s,D> +53D3) — )\‘_1B12C* =0, (105)

and
1
(fzz - 5#611_2[4 —2b — C)(Sl Ay + 5245 +5343)

+ c(s?Al + sgAz +s§A3) + (e — ds%)Dl
+ (e — ds%)Dz + (e — ds%)D3 — A 'BpCr=0. (106)

Finally, the two magnetic boundary conditions (96) and (97) become
A Bi(si Ay + $3A2 4+ 5343) — (D1 + Dy + D3) 4+ noC* =0, (107)
and

(d—py' A" Bp) (A1 + Ay + A3) +d(sT A1 + 53 A + 53 A3)
— f(s1Dy +5:D7 +53D3) — C*=0. (108)

In total, there are seven homogeneous linear equations for the seven unknowns
Aj, Dj, j=1,2,3, and C*. The resulting determinant of coefficients must vanish
and this equation is rather formidable to solve, particularly since it must be solved
in conjunction with the bicubic (101). It is in principle possible to express the
determinant in terms of the sums and products s; + s, + 53, 5152 + 5253 + 5351, 515253,
and to find these from the bicubic (101), similarly to the analysis conducted in
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the purely elastic case (see Destrade et al. [30]). However, the resulting algebraic
expressions rapidly become too cumbersome for this approach to be pursued.
Instead, we propose either

(a) to turn directly to a numerical treatment once 2 has been determined by curve
fitting from experimental data for a given magnetoelastic solid,
or

(b) to use a simple form for € that allows some progress to be made.

Regarding approach (a), we remark that, as emphasized by Dorfmann and Ogden
[12,22-24], there is a shortage of, and a pressing need for, suitable experimental data
and for the derivation of functions © from such data. In the next section we focus
primarily on the analytical approach (b).

5.6 Example: A “Mooney-Rivlin Magnetoelastic Solid”

As a prototype for the energy function 2, we propose

1
= nOLd+ VI =3)+ (= y) (= 3]+ py ' (@ly + Bls), (109)

where 1 (0) is the shear modulus of the material in the absence of magnetic fields and
a, B, y are dimensionless material constants, « and 8 being magnetoelastic coupling
parameters. For @ = 8 = 0, (109) reduces to the strain energy of the elastic Mooney—
Rivlin material, a model often used for elastomers.

In respect of (109) the stress 7 in (17) reduces to

1 1
v = —pl+ 5O +1)b+ - pO) 1 —y)(Iib—b") +2u5' B B, (110)

while H in (19) becomes
H =24,"(ab™' B+ BB). (111)

Clearly, equation (110) shows that the parameter o does not affect the stress. By
contrast S, if positive, stiffens the material in the direction of the magnetic field,
i.e. a larger normal stress in this direction is required to achieve a given extension
in this direction than would be the case without the magnetic field. On the other
hand, by reference to (111), we see that « provides a measure of how the magnetic
properties of the material are influenced by the deformation (through b). If § =0
the stress is unaffected by the magnetic field. On the other hand, if « = 0 then the
magnetic constitutive equation (111) is unaffected by the deformation. Thus, a two-
way coupling requires inclusion of both constants.
The quantities defined in (74) and (75) now reduce to

a=puOr*, 2b=pnO)R*+r7+pr 2L, c=pOGR*+pr 21y,
d =1y ' wOBL Bp, e=2\/ny" 1082~ By,

f=u' @+ p),  g=py' @+ p), (112)
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where By, a dimensionless measure of the magnetic induction vector amplitude, and
1, are defined by

B = Bp/y/1ton(0), L = B}, (113)
Note the connections
2b =a+c, e=2d. (114)

Now we find that the bicubic (101) factorizes in the form
(87 — (s> — AH[ar* 4+ A2 — (@ + BA2 + aBL)s*] = 0, (115)

and it follows that the relevant roots are

A2
51 = 1, Sy = )\2, 53 = A Lﬂ_ (116)
a4+ BA2+aBly

Note that for s; to be real for all A > 0 and all Bj, the inequalities
a>0, B>0 or a>0, B=>0 (117)

must hold. (The case in which there is no magnetic field corresponds to « = 8 = 0.)
It is assumed here that these inequalities are satisfied, so that s3 is indeed a qualifying
root satisfying (99).

The equation (104) becomes

5j(3 = DA B Aj — [(@r 2 + p)st —ar? — B1D; =0, j=1,2,3, (118)

where

Aj=\Jug' w4, Dy=ug' Dy (119)

and the s; are given by (116).

Next, consider the four remaining boundary conditions (105-108). In order to
keep the number of parameters to a minimum (so far, we have A, Bp, a, B), and
to make a simple connection with known results for the surface stability of an elastic
Mooney-Rivlin material, we assume that there is no applied mechanical traction on
the boundary x, = 0, and hence

1
=13 = 5#5‘1—214. (120)

The boundary conditions (93-97) now read
[14 (B — DLIAI+ Ay + A3) + (1 + BL)(TA| + 534, + 53 As)
— BABp(s1 Dy + 52D5 + 53D3) — 2BpCt =0,
O} +24 281001 A1 + 5242 +5343) — (1+ BL)(sT AL + 53 As + 53 As)

+ BABpl(s? —2) Dy + (53 — 2) Dy + (53 — 2) D3] + 2 BpC* = 0,
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Bi(si Ay +5:As +53A3) — (D) 4+ Dy + D3) +2C* =0,
)\Blz(ﬁ — 1)(A1 + Az + 1213) + AﬁB[z(S%Al +S%A2 + S§A3)
— (@ + B (1 Dy + 52Dy + s3D3) — A2C* = 0. (121)

From the seven equations (118) and (121), we have derived a bifurcation criterion
(vanishing of the determinant of coefficients) using a computer algebra package,
but it is too long to reproduce here. It is a complicated rational function of the
four parameters A, Bp, a, B. However, it is easy to solve numerically, and for the
numerical examples we fix the material parameters « and S and find the critical
stretch A, in compression as a function of By,. For B = 0, we recovered the well-
known critical compression stretch for surface instability of the elastic Mooney—
Rivlin material in plane strain, namely A, =0.5437 [28], as expected. For Fig. 1a (1b)
we set @ = 0.5 (¢ = 2.0) and curves for g = 0.0, 0.5, 1.0, 1.5, 2.0 are shown. We found
that A, is an even function of Bj, and we therefore restricted attention to positive
Bp (within the range 0 < Bp < 3). The behaviour as Bj, becomes larger and larger
(not shown here) indicates that the half-space becomes more and more unstable in
compression. Moreover, it can even become unstable in tension (A, > 1). The figures
also clearly demonstrate that for some values of «, 8, and By, the critical stretch
ratio is smaller than that for the purely elastic case (A < 0.5437), in which cases the
magnetic field has a stabilizing effect.

Turning back to a phenomenological approach, we remark that the energy
function (109) has quite good curve-fitting qualities for moderate fields. There are
four parameters at hand, namely ©(0), «, B, y, two of which, ©(0) and 8, may be
determined from shear tests. Indeed Dorfmann and Ogden [24] show that in general

A Aer
B=0.0 1.6 B=0.0
] =20
1.24
1
B=2.0 B=2.0
=05 8]
B B=0.5
B=1.5
0.6 B=15
0.4
p=10 0.2 B=1.0
o] Ze()? (] [;ﬂ
0.5 1 1.5 2 25 3 0.5 1 15 2 25 3
a b

Fig. 1 Dependence of the critical stretch A¢; < 1 for instability in compression for a magnetoelastic
Mooney-Rivlin solid in plane strain on the non-dimensional measure By, of the magnetic field for
several values of the magnetoelastic coupling parameters « and 8.a«a = 0.5,ba = 2.0
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Aer A,
0.54 oa=0.1
0.54 a=0.1
=05
052
052
oa=2.0
oa=0.5 oa=7.0
054
0.5+
0.48 1 o=2.0
0.48
oa=70
0.46
0.46
0 0.1 02 03 04 05 o o o o o os
B, (M B,{T)
a b

Fig. 2 Dependence of the critical stretch A < 1 for instability in compression for a magnetoelastic
Mooney-Rivlin solid in plane strain with the dimensional measure Bj, of the magnetic field, for
several values of the magnetoelastic coupling parameters « and §.a 8 = 0.53b 8 = 0.72

the shear modulus for isotropic nonlinear magnetoelasticity is 2[2; + 2, + 1425 +
L,Q26(3 + 2«?)], where « is the amount of shear in a simple shear test. Here the
modulus is independent of « and is given by

1(Bp) = p(0) + 2uy " BL. (122)

This highlights the role of 8 in increasing the mechanical stiffness of the material—
through the shear modulus. Jolly et al. [9] conducted double lap shear tests on
magneto-sensitive elastomers containing 10, 20, and 30% by volume of iron particles.
From their Figure 7, we see that in the range 0 < B, < 0.5 Tesla, the variations of
u(Bp) resemble those of a parabolic profile such as the one suggested by (122). For
the 10% iron by volume elastomer specimen, Table 1 in Jolly et al. [9] gives u(0) =
0.26 MPa, and at B, = 0.5 Tesla, we read off their Figure 7 that £(0.5) — «(0) >~ 0.07
MPa, indicating that g ~ 0.18. Similarly, for the 20% and the 30% iron by volume
elastomer specimens we find 8 >~ 0.53 and 8 ~ 0.72, respectively.

Figure 2a (2b) illustrates the variation of the critical compression stretch with the
amplitude of the dimensional magnetic induction vector, from 0 to 0.5 Tesla, for
the 20% (30%) iron by volume elastomer, and for several values of . We remark
than the presence of the magnetic field makes the two specimens slightly more stable
than in the purely elastic case because all the critical compression stretch values are
smaller than 0.5437. Itis also clear that increasing the value of « makes the half-space
more stable. However, it is worth noting that the 30% iron by volume specimen is
slightly less stable than the 20% iron by volume specimen for the same values of «.
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Appendix

Derivatives of the Invariants with Respect to F and B,

We derive the expressions for the first derivatives of the six invariants with respect

to F,

and with respect to By,

al,
9 By

N
9 By

F—l

i ?

oF;

al,
d By

als
9 By

The second derivatives of the
derivatives with respect to F,

@ Springer

= 26;j0up,

= 4LF,'F,}

= 26;iBio B,

= 2(ny Fia — Cay E)/)v

als
oF;

= 2(FinlycaﬂBlﬁ + FiycyﬂBlﬂBla)a

al3
9 By

dls
9 By

invariants are computed as follows: first, the second

= 2(2Fio Fjg — Fig Fja + ¢, 8;j0ap — bijap — Capdij),

= Z[Sij(cay Bly Blﬂ + Cgy Bly Bla) + (Saﬁ Fiy Bly Fjﬁ Bl&

+ Fiy Bly }TjaBlﬂ + Ey Bly Fi,B Blot + bi/'BlaBlﬁ];

M. Otténio et al.

= 2Blot(Fi)/ Bly)a

= 2c0,ycyﬁ B[ﬂ.
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next, the mixed derivatives with respect to F and B,

_eh %L L L _
3F.dB, 3F.dB, 3F.B, 03F4.B;,
3?15
————— =284 F;, Bi, + 2By, Fy,
0Fa0B, et P 2B
3?1
76 = 2Fiﬁcasz + 2Fl‘yB[ Cap + 2Fl'yCy/gB[ﬂ + 25aﬁFinygBla; (A126)
3Fiad B, ’ ’

finally, the second derivatives with respect to B,

a7 L 3
3B, 0By 3B, 0B 3B 0By
321 3% I 3%1Is
— =28, o =20 o =2 : A127
9BuLoBy ~ X 3BaoBy 2 3Bap, - et (ALZD)
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