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On the basis of the general non-linear theory of a hyperelastic material with initial stress, initially without
consideration of the origin of the initial stress, we determine explicit expressions for the stress-dependent
tensor of incremental elastic moduli. In considering three special cases of initial stress within the general
framework, namely hydrostatic stress, uniaxial stress and planar shear stress, we then elucidate in general
form the dependence of various elastic moduli on the initial stress. In each case, the effect of initial
stress on the wave speed of homogeneous plane waves is studied and it is shown how various special
theories from the earlier literature fit within the general framework. We then consider the situation in
which the initial stress is a pre-stress associated with a finite deformation and, in particular, we discuss the
specialization to the second-order theory of elasticity and highlight connections between several classical
approaches to the topic, again with special reference to the influence of higher-order terms on the speed
of homogeneous plane waves. Some discrepancies arising in the earlier literature are noted.
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1. Introduction

Residual stresses in solids, i.e. stresses that are present in the absence of load (body forces and surface
tractions), can have a very significant effect on the mechanical behaviour of the structures in which
they reside. This is the case for materials as diverse as hard engineering and geological materials and
soft solids such as gels and biological tissues. Equally, stresses that are generated due to applied loads,
associated with finite deformations and commonly referred to as pre-stresses, have a significant effect
on subsequent material response, leading to very different results compared with the situation in which
there is no applied load. Residual stresses and pre-stresses are examples of initial stresses but are dif-
ferent in nature in the sense that residual stresses are necessarily non-homogeneous, while pre-stresses
may be either homogeneous or non-homogeneous. Also, pre-stresses are usually associated with an
elastic pre-deformation, while residual stresses can result from processes such as manufacturing, plastic
deformation, growth and remodelling, for example. In either case, it is important to be able to analyse
the effect of the initial stress on the properties of the material and on its mechanical response. In this
paper, we are concerned primarily with the effect of initial stress on the material properties in general,
and on elastic ‘constants’ in some specific cases, as well as its effect on the speeds of propagation of
homogeneous plane waves. The study is conducted with a view to the non-destructive evaluation of
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initially stressed solids, which are ubiquitous in Nature and Engineering. For this purpose, the initial
stress is included in the constitutive description of the material without reference (initially) to any finite
deformation with which it may be associated, and we emphasize that in general, the initial stress appears
in a highly non-linear form.

The origins of an elasticity theory including initial stress can be traced back as far as to the works of
Cauchy (1829), according to Truesdell (1966). Notable early contributors to the subject include Poincaré
(1892), Hadamard (1903), Rayleigh (1906), Brillouin (1925) and Love (1927).

In the context of the modern linear theory of elasticity, the effect of initial stress was first examined
in the work of Biot for static problems (Biot, 1939) and also for wave propagation problems (Biot,
1940a); see also his monograph (Biot, 1965). Here, for later reference, we write the components of
Biot’s elasticity tensor as B,;,; with respect to a Cartesian coordinate system (xp, x2, x3). In general,
these enjoy the minor symmetries

Bpigj = Bipqj = Bpijq. (1.1)
but when there exists a strain-energy function, there is also the major symmetry connection
Bpigj — Bqjpi = dipTjq — djqTip, (1.2)

where 7;; are the components of the initial Cauchy stress and d;; is the Kronecker delta. For infinitesimal
strains ¢;;, with ¢;; = (ui,j +uj;)/2, where u; j = Ou;/0x; and u; are the components of the displace-
ment vector, the associated Cauchy stress, additional to the initial stress, is given by ¢,; = B pigiUj.q-
Biot left the dependence of B,,;,; on the initial stress unspecified for most of his theoretical development
and he was not concerned with the source of the initial stress. In this sense, his theory may be referred
to as the general linear theory of elasticity with initial stress. Biot was more specific in particular cases,
where he considered both isotropic and planar orthotropic specializations and an initial stress due to
hydrostatic pressure, uniaxial compression or gravity. In particular, for his isotropic model, B);,; may
be written in the form

Bpiqj = 10(dijopg + 94idpj) + A00pidgj — OqjTpi, (1.3)

where uq and A are the notations that we shall use in this paper for the classical Lamé moduli of linear
isotropic elasticity. This form did not appear explicitly in Biot’s work, as far as the authors are aware, but
may be deduced from the plane strain expressions in (8.31¢e) of Biot’s book (Biot, 1965). Biot did in fact
acknowledge that in general, the elastic response in the presence of initial stress is not isotropic, but he
adopted an isotropic constitutive description for simplicity. Note that (1.3) satisfies the conditions (1.2).

The works of Biot have formed the basis for many contributions to the literature, particularly relating
to wave propagation problems in the geophysical context, which was the original context in which
the theory was developed by Biot (1940a). Other contributions to the analysis of initial stress, more
specifically residual stress, have appeared in a series of papers by Hoger and co-workers, including
Hoger (1985, 1986, 1993a,b, 1996), Johnson & Hoger (1993), some of which are concerned with the
combined effect of finite deformation and residual stress and in papers by Man & Lu (1987), Man
(1998) and Saravanan (2008), for example. More recently, a general theory of non-linear hyperelasticity
for an initially stressed solid has been developed by Shams et al. (2011) and Ogden & Singh (2011),
the latter being focused on fibre reinforced materials. We also mention the paper by Bazant (1971), who
detailed connections between several earlier formulations of linear elasticity with initial stress and their
implications for the stability of elastic bodies.
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We distinguish between the above approach and that concerned with the effect of pre-stress that
is associated with a finite deformation, a subject that has attracted many contributions, primarily con-
cerned with the effect of the finite deformation on the propagation of small amplitude elastic waves and
associated static bifurcation problems. This is commonly known as the theory of incremental (or small)
deformations superimposed on a finite deformation. We shall not discuss this extensive topic in detail
but refer to Ogden (1984) and Ogden (2007), for example, for pointers to the literature.

A special case of the theory of finite elastic deformations in which the strains are small but the linear
theory is no longer adequate is sometimes referred to as second-order elasticity. In this theory, the strain-
energy function is expanded to the third order in some suitable measure of strain and the stress is second
order in the strain. Most commonly, it is the Green (or Green—Lagrange) strain tensor that is used and
for an isotropic material, the strain energy is expressed in terms of invariants of the strain. The first such
contribution appears to be that of Brillouin (1925), although this has not always been acknowledged
appropriately. Equivalent formulations were developed later by Landau & Rumer (1937), Murnaghan
(1937), Biot (1940b), Toupin & Bernstein (1961) and Hayes & Rivlin (1961); see also the books by
Brillouin (1946), Biot (1965) and Landau & Lifshitz (1986). There is also a detailed historical discussion
in the volume by Truesdell & Noll (1965), in particular in Section 66 therein. An important objective
within these works was to determine the correction to the speeds of waves due to the non-linear terms in
the stress. In particular, various formulas were found that highlighted the effect of an initial hydrostatic
pressure (associated with a pure dilatation) or uniaxial compression on the speeds of longitudinal and
transverse waves. Of other works dealing with wave speeds based on this weakly non-linear theory,
we mention those of Hughes & Kelly (1953), who obtained experimental results for longitudinal and
transverse wave speeds in polystyrene, iron and pyrex for separate initial stresses corresponding to
hydrostatic pressure and simple compression and related their results to formulas based on Murnaghan’s
second-order theory, and Thurston & Brugger (1964) who obtained expressions for the second-order
corrections to wave speeds in cubic crystals. Papers by Birch (1938) and Tang (1967) also made use
of the second-order theory but failed to include the second-order constants in their expressions for the
wave speeds (note that the second-order constants are sometimes referred to as third-order constants).
We discuss this and other deficiencies of the latter paper in Sections 6.1, 6.3 and 7.3.

For several researchers, it seemed important to show that all elastic materials would behave similarly
under an initial stress. Hence, Biot’s incremental moduli (1.3) change from one material to another with
changes in the values of A¢g and , but the effect of the pre-stress 7 remains the same across all solids.
Similarly, according to Lazarus (1949), Love (1927) showed that under external pressure P, the (linear)
elastic constants cq4 and c1> (Voigt notation) of a certain class of solid are linked approximately by
the ‘Cauchy relation’ csa = c12 — 2P. This type of behaviour under pre-stress would in turn lead to a
corresponding effect on the shift in speed experienced by an acoustic wave (for instance a wave should
always travel faster in a pressurized isotropic solid than in its unstressed counterpart). However intuitive
this expectation might be, it is not supported by experimental facts, as confirmed by the data shown in
Tables 1 and 2, which show that the wave speed can increase or decrease with pressure, depending on
the material.

The purpose of the present paper is to draw together and highlight connections between some of the
historical results within a common and fairly general framework based on the development of Shams
et al. (2011) concerned with the constitutive law of a hyperelastic material with initial stress. In partic-
ular, we examine how the elasticity tensor depends non-linearly on initial stress, with emphasis on the
important special cases of hydrostatic initial stress, uniaxial initial stress and initial shear stress.

In Section 2, we summarize the basic equations for an elastic material for which the strain-energy
function depends on an initial stress as well as the deformation from the initially stressed reference
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TABLE | Initial variation of the squared wave speeds for several solids under hydrostatic pressure P,
as collected by Johnson et al. (1994): p, is the mass density at P = 0; vt and vy, are the speeds of the
transverse and longitudinal waves, respectively

d d
Solid —(p, 03 —(p,v?
dP (p T) o dP (p L) o

Alumina 1.12 4.46
Aluminum 2.92 12.4
Armco-Iron 5.7 9.3
Fused silica —1.42 —4.32
Gold 0.90 6.4
Magnesium 1.47 6.89
Molybdenum 1.05 3.48
Nickel-steel 1.55 2.84
Niobium 0.29 6.18
PMMA 3.0 15.0
Polystryrene 1.57 11.6
Pyrex —2.84 —8.6
Steel (Hecla) 1.46 7.45
Tungsten 0.70 4.58

TABLE 2 Initial variation of the speeds of transverse waves for several solids under uniaxial strain €:
v12 and vy are the speeds waves travelling in the direction of tension and orthogonal to the direction of
tension, respectively; 0?2 and ”(2)1 are their values at ¢ = 0. The first row of data is from experiments on
a sample of rail steel (Egle & Bray, 1976) and the other rows are from experiments on soft solids with
different compositions (Gennisson et al., 2007)

Solid i(2102)‘ i('ﬂ(})‘
de \vp, e=0 de \ vy =0
Rail steel 1 —0.15 —1.50
Agar-Gelatine 1 0.84 —0.92
Agar-Gelatine 4 4.53 2.26
Polyvinyl acetate 1 0.71 —0.47
Polyvinyl acetate 3 1.69 0.35

configuration. In particular, we express the strain energy as a function of combined invariants of the
initial stress and deformation and give expressions for the nominal and Cauchy stress tensors. Next, in
Section 3, we derive the equations of motion for small displacements from a homogeneously deformed
configuration when the initial stress is uniform, which leads to the need for expressions for the elasticity
tensor. Such expressions are given in Section 4 but now specialized to the undeformed (but initially
stressed) reference configuration. Several special cases are considered in which the initial stress is either
purely isotropic, uniaxial, or a planar shear stress. These formulas are then used in Section 5 to define
relevant elastic moduli that depend on the initial stress in question and to make that dependence explicit.
The moduli include stress-dependent Lamé moduli in the case of isotropic initial stress, Poisson’s ratios
and Young’s moduli for uniaxial initial stress, and planar Poisson’s ratios and Young’s moduli for planar
initial shear stress.
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In Section 6, the results are applied to infinitesimal wave propagation and related to some known
results as special cases. Section 7 then considers the deformation of an isotropic elastic material from
a stress-free reference configuration in order to make contact with results in the preceding sections by
considering, in particular, a pure dilatation and a deformation corresponding to simple tension. We then
focus on the specialization to second-order elasticity in which the strain energy is approximated as a
third-order expansion in the Green strain tensor in order to highlight connections with the theory of
elasticity with initial stress herein and to draw together various contributions from the literature that
date back to the work of Brillouin (1925), with particular reference to expressions for longitudinal and
transverse wave speeds.

2. Elasticity in the presence of initial stress

We consider an elastic body that is subject to an initial (Cauchy) stress 7 in some reference configuration,
which we denote by B;. In the absence of intrinsic couple stresses, t is symmetric. Let X be the position
vector of a material point in B, and let Grad and Div denote the gradient and divergence operators
with respect to X. If there are no body forces, then 7 must satisfy the equilibrium equation Divz = 0.
For the most part, we shall not be concerned with how the initial stress arises, but in Section 7, we
shall relate = to an underlying finite deformation and z is then considered to be a pre-stress, which
requires appropriate tractions on the boundary 68, of B;. However, if the traction on the boundary
0B, of B; vanishes pointwise, then 7 is referred to as a residual stress. A residual stress is necessarily
non-uniform (Hoger, 1985; Ogden, 2003) and in general is not associated with a deformation from a
stress-free configuration.

Next, we consider the body to be subject to a finite elastic deformation from 5, into a new configu-
ration B with boundary 0B so that the material point X takes up the position x in 3 given by x = y (X),
where the vector function y defines the deformation for X € B;. The deformation yx is required to be
a bijection and to possess appropriate regularity properties, which we do not need to specify here. The
deformation gradient tensor, denoted F, is defined by F = Grad y from which are formed the left and
right Cauchy—Green deformation tensors, defined by

B=FF', C=F'F, 2.1

respectively.

We denote by o the Cauchy stress tensor in the configuration B and we suppose that there are no
body forces, so that the equilibrium equation dive = 0 holds. We shall also make use of the nominal
and the second Piola—Kirchhoff stress tensors, denoted S and T, respectively, which are related to ¢ and
each other by

S=JF'6 =TF'", T=JFl6F T =SF ', (2.2)
where J = detF > 0. The nominal stress S satisfies the equilibrium equation
DivS = 0. (2.3)

In the absence of intrinsic couples, a, and hence T, is symmetric, while in general, S is not symmet-
ric and satisfies

FS=S'F'. (2.4)
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We now consider the elastic properties of the material to be characterized in terms of a strain-energy
function, defined per unit volume in B;, which we denote by W. We write

W =W(,r) 2.5

to reflect the dependence not only on the deformation gradient but also on the initial stress. By objec-
tivity, W depends on F only through C = FTF, but it is convenient to retain the functional dependence
indicated in (2.5). In general, the presence of the initial stress will generate anisotropy in the material
response relative to B; and 7 has a role similar to that of a structure tensor associated with a preferred
direction in an anisotropic material. An exception to this arises if 7 is an isotropic stress. If  is non-
uniform, then the material is necessarily inhomogeneous, but if 7 is independent of X, the material is
homogeneous unless its properties depend separately on X. In the present paper, we shall consider 7 to
be uniform and the material to be homogeneous.

We shall not consider internal constraints such as incompressibility in which case the nominal stress
is given by

ow
S=—FF1), 2.6)

and the Cauchy and second Piola—Kirchhoff stresses can be obtained from (2.2). When evaluated in B;,
(2.6) reduces to
ow
t=—>01), 2.7
oF L 7) (2.7)

where I is the identity tensor. Equation (2.7) imposes a restriction on the admissible forms of strain-
energy function for an initially stressed elastic material.

2.1 Invariant representation of the strain energy and stresses

The strain-energy function W depends on C and z, both of which are independent of rotations in the
deformed configuration B. Thus, W is automatically objective. If the material possesses no intrinsic
anisotropy relative to B;, so that it would be isotropic relative to B; in the absence of initial stress, then
W is an isotropic function of C and 7, i.e.

W(@QCQ',QzQ") = W(C, ) for all orthogonal Q, (2.8)

and it can be expressed as a function of the invariants of C and 7. We list a possible (and complete) set
of independent invariants as

1
L=tC, L= E[(trC)2 —tr(C?], I =detC, (2.9)
tre, tr(tz), tr(1:3), (2.10)
I =tr(zC), I =t (rC?), I3=tr(z?C), Iy =1tr(z>C?), (2.11)

where we have used the standard notation I, I, I3 for the principal invariants of C and followed the
notation Ig, ..., Iy adopted by Shams et al. (2011) for the combined invariants of C and 7. In the
reference configuration B;, these reduce to

L=01L=3 L=1, Ig=I1I=trt, Ig:Ig:tr(Tz). (2.12)
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For full discussion of invariants of tensors, we refer to Spencer (1971) and Zheng (1994). Here,
there are 10 independent invariants of C and 7 in general, a number that may be reduced in a 2D
specialization or for specific simple deformations and/or initial stresses. We have not attributed notations
to the invariants (2.10) since they are independent of the deformation and do not contribute explicitly to
expressions for the stresses. However, W may depend on (2.10) implicitly, but we do not list them in the
functional dependence and we write W = W (I, I, I3, I, I7, I3, I9), retaining the notation W, which
is used severally for the (F, 7), (C, 7) and (11, 2, I3, I, I7, I3, I9) arguments.

From (2.6), the nominal stress tensor may be expanded as

ow ol;

_ :ZW' 2.13

S oF =~ o) O (2.13)
IS

where we have used the shorthand notation W; = oW/dl;, i € Z, and Z is the index set
{1,2,3,6,7,8,9}. We emphasize that although their derivatives with respect to F vanish, the invariants
(2.10) are included implicitly in the functional dependence of W in general. The required expressions
for 01; /OF were given in Appendix A of Shams et al. (2011) and are not repeated here explicitly but
used implicitly. The resulting expression for the Cauchy stress ¢ is obtained from (2.2) in the form

Jo = 2W B+ 2W>(I1B — B?) + 2 W31 + 2We X
+2W7(ZB+BX) + 2Ws B! X 4 2Wo(EB ! B+ BZB'Y), (2.14)

wherein we have introduced the notation £ = FzF' for the push forward of z from 5, to B, and
B = FF is the left Cauchy—Green tensor.
When (2.14) is evaluated in the reference configuration, it reduces to

T = 2(Wi +2Ws + W)l + 2(We + 2W7)T + 2(Ws + 2Wo) 72, (2.15)

where W;,i € Z, are evaluated for the invariants given by (2.12). Equation (2.15) is the specialization
of (2.7) for the invariant form of W. As in Shams et al. (2011), we deduce that

Wi 4+2Wo+ W3 =0, 2(Wg+2W7) =1, Wg+2Wy=0 (2.16)
in B;.

3. Incremental motions

We now consider the static finite deformation x = y (X) that defines the equilibrium configuration B to
be followed by a superimposed incremental motion x(X, t), where ¢ is time. A superposed dot signifies
an incremental quantity and the resulting incremental equations are linearized in the increments, which
are considered appropriately ‘small’. Thus, X represents a small displacement from x. We shall also write
the displacement in Eulerian form as u = u(x, 7), noting that x(X, ) = u(y (X), t). The corresponding
increments in the deformation gradient F and J = detF are given by the standard formulas

F=LF, J=JuL, 3.1

where L = gradu is the displacement gradient.
The (linearized) incremental nominal stress is written

S = AF, (3.2)
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where
o'W o*wW

A= ——, Aypi=—— 3.3
aFoF M T GF,.0F, G

is the fourth-order elasticity tensor and, in component form, AF = A, iBj F ip defines the product used
in (3.2). The usual summation convention for repeated indices is adopted here and henceforth. For full
discussion of the theory of incremental deformations and motions superimposed on a finite deformation,
we refer to Ogden (1984, 2007), for example.
By taking the increments of the connections Jo = FS and S = TF T from (2.2) we obtain, after a
little rearrangement,
So = J'FS =6 + (rL)s — Lo, (3.4)
To = J7'FTF' =§) — oL, (3.5)
wherein the notations S and Ty are defined. These are the updated forms of Sand T, respectively,
referred to deformed configuration and otherwise know as their ‘push forward’ forms. The correspond-

ing push forward Ag of the elasticity tensor is such that So = ApL. It then follows from the symmetry
of ¢ and its increment that Sg 4+ Lo is symmetric and hence

AL +Lo = (A)L)" +oLT. (3.6)
In component form Ay is related to A via
J.Ao,,iqj = Fpan/ani/;j. 3.7

Note that as well as possessing the major symmetry Agiq; = Aogjpi» Which follows from (3.3) and
(3.7), Ay has the property

Aopigj +9jpoiq = Avipgj + 6ijopq, (3.8)
which can be deduced from (3.6).
We assume that there are no body forces. Then, the incremental motion is governed by the equation

DivS = pix 1, (3.9)

where p; is the mass density in B, and a subscript ¢ following a comma signifies the material time
derivative, i.e. the time derivative at fixed X, so that X ; = u ; is the particle velocity and X ;; = u s the
acceleration.

Equation (3.9) may be updated (i.e. pushed forward) to the configuration 3 by writing it in terms of
So and u, which yields

divSy = pu,;, (3.10)
where p = p.J ™! is the mass density in B3, or, in (Cartesian) component form,

(Aopigjtjg).p = PUir (3.11)
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Henceforth, in this paper, we assume that the initial stress z, the underlying deformation F and the
material properties are homogeneous, so that A and Ay are independent of X. The equation of motion
(3.11) then becomes

Aopigjtj.pg = pUi- (3.12)

This will be used in Section 6 in discussion of the propagation of homogeneous plane waves, but
before proceeding to that analysis, we obtain explicit expressions for the dependence of the components
of the elasticity tensor and of various elastic moduli on the initial stress based on the invariants of the
right Cauchy—Green deformation tensor C and the initial stress tensor 7 discussed in Section 2.1.

4. Expressions for the elasticity tensor
The elasticity tensor A in (3.3) may be expanded in terms of invariants as
%I ol _ al;
A=D Wi——r Wij— ® —L, 4.1
% '8F6F+z VF © oF @D
IS

i,je
where W;; = 82W/81i61-, i, j €Z,and Z is again the index set {1, 2, 3,6, 7, 8, 9}.

The detailed (lengthy) expressions for the components of Ay were given by Shams et al. (2011)
for a general deformed configuration based on expressions for the second derivatives of the invariants,
which were given in Appendix A of the latter paper. Here, we require only their specialization to the
(undeformed) reference configuration (B8 — B;), which, following Shams et al. (2011), yields

Aopiqj = @1(9ijOpg + 9igdjp) + 020ipdjq + 9ijTpg + P1(9ijTpg + pgTij + diqTjp + IjpTiq)
+52(0iptiq + djqTip) + B3tipTiq + 71(0ijTpkThg + OpqTikTkj + iqTjkThp + OjpTik Thg)
+720ipTjkthg + OjqTikThp) + V3 (TipTjkThg + TjqTikThp) + VaTikThpTjiTiq, 4.2)

where the as, fs, and y s are defined by

ap =2(Wi + W), ax=4(Wi +4Wia +4Wo +2Wi3 + 4Wp3 + Wiz — W) — Wa),

P1 =2W7, o2 =4(Wie +2Wi7 + 2Woe + 4Wa7 + W36 +2W37), 1 = 2Wo,

B3 = 4(Wee + 4We7 + 4W77),  y2 = 4(Wig +2Wig + 2Wos + 4Wa9 + W3g + 2W39),

73 = 4(Wes + 2Weo +2W7g +4Wr9),  ya = 4(Wsg + 4Wgo + 4Woo), (4.3)
all derivatives W; and W;; being evaluated in the reference configuration and use having been made of
the connections (2.16). Note that in general, the expressions (4.3) may depend on the invariants trz,
tr () and tr(z>). There are nine (7-dependent) material parameters in the above, just as there are nine
constants for an orthotropic linearly elastic material (see, for example, Ting, 1996), but additionally here
the components z;; of 7 are present separately.

Note that when referred to axes that coincide with the principal axes of 7, the only non-zero com-
ponents of (4.2) are given by

Agiiii = 201 + 02 + (1 + 481 + 2827 + 317 + 221 +72)77 + 2737 + yati,
Aviiji = 00 + Ba(ti + 7)) + B3titj + p2(t? + sz) + 3@t + )Tty + },411,2,]2’
Aoijij = a1+ 7 + p1(ti + 7;) + 71 (T,-2 + ‘[]2) = Aoijji + i, “4.4)
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where there are no sums on repeated indices, i # j, and 7;, i = 1,2, 3, are the principal values of 7
(in general, there are 15 non-zero components of Ay in total, dependent on nine material parameters
and three principal stresses). In the linear specialization of the above only the parameters ay, az, B1, b2
are retained along with 71, 72, 73, although we should strictly expand a1 and a; as linear functions of
7. Then there are nine constants involved, specifically a;(0), a2(0), £1(0), £2(0), a1,;(0), a2,;(0),i =
1,2, 3, and the three principal initial stresses 7y, 72, 73, where 0 = (0, 0, 0) is the value of (71, 72, 73)
for zero initial stress and ; signifies differentiation with respect to 7;,i = 1,2, 3. Note that since
the coefficients in (4.4) are symmetric functions of (z1, 72, 73), the constants a; ;(0) and a3 ;(0) are
independent of 7.

We now specialize the above to consider three specific forms of 7, corresponding to isotropic initial
stress, uniaxial initial stress and planar shear initial stress.

4.1 Isotropic initial stress

Suppose that 7 is isotropic and write T = 7I, where I is again the identity tensor and 7 > 0(< 0)
corresponds to hydrostatic tension (pressure). Then (4.2) reduces to the compact form

AOpiqj = Taijépq + a(r)(éijapq + 5iq5pj) + ﬁ(r)épiéqja (45)
where the notations a(7) and f(z) are defined by

a(t) = ai(r) + 2281 (2) + 27291 (2), (4.6)
B(t) = a2(t) + 2t2(2) + t2[B3(2) + 292 (2)] + 223 3(x) + ty4(2), 4.7)

and we note that, by virtue of the specializations trz = 37, tr (12) = 312, tr (1.'3) = 373, the coeffi-
cients ap, ..., y4 are now (in general) functions of the single parameter 7, which is indicated above by
inclusion of the argument 7.

4.2 Uniaxial initial stress

Here, we take 7 = ra ® a, where a is a fixed unit vector (the direction of the uniaxial stress, which is
a tension for 7 > 0 and a compressive stress for 7 < 0). In this case, the components of Ag may be
expressed in the form

A()piqj = a1(0ij0pg + 0iq0pj) + a20,i04; + T(B1 + Ty1)(dijapay + dpgaia; + digapa; + dpjaiay)

+ tdjjapag + (P2 + 1y2)(Opiaga; + d4japa;) + 12(ﬂ3 + 2793 + r2y4)apa,-aqaj. 4.8)

Again the coefficients a1, . . ., y4 depend on 7 in general but for the sake of brevity, this has been left

implicit here. Note that, in addition to 7, there are five separate (combinations of) parameters, namely

ar, a2, f1 4+ ty1, fo + Ty2, B3 + 173 + 7274 and we recall that in classical transversely isotropic linear
elasticity, there are five material constants (see, for example, Ting, 1996).

Without loss of generality, we may take a to coincide with the axis e;. Then the components of Ag
are listed as

Aot = 2a1 4+ az + (1+ 481 +282)7 + (41 + 292 + B3)17 + 2377 + ya1”, 4.9)
Aviiii = 201 + 02, Aviijj =02,  Aotiii = 02+ ot +y2t%, i, j €1{2,3),i # j, (4.10)
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Aoitin = Aotiin = Ao = a1 + it +y1t?, i €{2,3), 4.11)
Aotiti = a1 + (L4 BT 4+ y172,  Aovijij = Aoijji = a1, i, j € {2,3},i # J, (4.12)

for later reference. Note that in the linear specialization, there remain only seven independent constants,
nfnnely q 1 (.0), a2.(0), £1(0), p2(0), a’l (0), aé(O), with argument 7 = 0, and 7, where the prime indicates
differentiation with respect to 7.

4.3 Planar shear initial stress

Consider planar shear stress in the (xy, x2) plane of the form 7 = 7(e; ® e> + €2 ® e;). Then the only
non-zero components of Ag are written as

Aot = Ao = 2a1 +az +2Qp1 + y2)7% +part,  Agszas = 2a1 +ao, (4.13)
Aotz = a2 +2p21 + yart,  Aognizz = Aoz = az, (4.14)
Avijij = Avijji = o1 + B +2y0)7°, i, j e (1,20 # (4.15)
Aoizis = Aosizi = Aoziis = a1 + 17, i€ {1,2}, (4.16)
Aviiij = Q@B1+ Pt + 1370, Aojiii = Aviiij +1, 0,7 €{1,2),i # j. 4.17)

In the linear specialization, there are now five constants, a1(0), a2(0), 281(0) + £2(0), &} (0), a5(0),
in addition to 7.

5. Dependence of elastic moduli on initial stress
5.1 Isotropic initial stress

In the connection (3.4), we now specialize the Cauchy stress @ to the initial stress 7, so that
6 =So+Lt — (rL)z. (5.1
It follows on use of (4.5) that, for an isotropic initial stress 7 = 71,
So=AL =7LT +a(z)(L+L") + B(z)(trL)I (5.2)
and hence that
6 = [B(x) — Tl + [a(r) + t](L+LD). (5.3)

Since the initial stress is purely isotropic, we can therefore identify the stress-dependent Lamé
moduli, which we denote as 1(z) and u(7), as

A1) = (1) =t = ax(1) + 20f2(0) + 22 [f3(0) + 272(0)] +20°y3(0) + 7ya(0) — 7, (5.4)
p(0) = a(@) + 1= a1(e) + 2041 (0) + 201 (1) + 7. (5.5)
For incremental simple shear, we may, without loss of generality, restrict attention to the (x, x2)

plane. If the shear is in the x; direction with amount of shear L;; = L1261;J;, then the corresponding
incremental nominal and Cauchy stress components are equal and given by Sp; = 612 = A1zl
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L = u(t)L 2. Similarly, for incremental simple shear in the x, direction with L;; = L1691, we

have So12 = d12 = Ao1212L21 = p(7)L2y, and from (4.5) and (5.5), Ap2121 = Aoi212 = u(7).
For incremental pure dilatation with L1; = Lo> = L33 = (trL)/3, we obtain

tre = [3A(7) + 2u(7)]trL, (5.6)

and this enables us to define the stress-dependent bulk modulus x (t), analogously to the classical for-
mula, as

2
x(t) =/1(T)+§,u(r). 5.7

Note that from (5.1), we obtain trSo =tro + 2ttrL, but use of trSo instead of trg does not give the
correct form of the bulk modulus. Also, by using (3.5) with 6 = t = I and (5.2), we obtain

To = a(z)(L+LT) + () (trL)L. (5.8)

Thus, it is clear that because of the dependence on the initial stress, different choices of stress
measure lead to different possible definitions of the stress-dependent elastic moduli.

The correct definitions for the stress-dependent Lamé moduli are (5.4) and (5.5). If the second Piola—
Kirchhoff stress is used instead, then x(z) and A(z) would be replaced by a(7) and f(7), respectively.
This was effectively what was done in the paper by Tang (1967), although he worked in terms of Young’s
modulus and Poisson’s ratio. This identification of the Lamé moduli leads to erroneous results for the
speeds of homogeneous plane waves, as we shall show in Section 6.

If there is no initial stress (reduction to the classical case), we denote the classical moduli by
A0, 10, k0, SO that 19 = 2(0) = a2(0), uo = u(0) = a1(0) and ko = x(0). If the initial stress is
small in magnitude, then we may linearize the expressions (5.4), (5.5) and (5.7) to obtain

Mr) = Ao + [a5(0) +252(0) — 1]z, (5.9)
u(t) = po + [a}(0) +251(0) + 1]z, (5.10)
k(1) = o + [207(0) + 3a5(0) + 451 (0) + 642(0) — 1]7/3. (5.11)

5.2 Uniaxial initial stress

When the initial stress is uniaxial, the subsequent incremental response is transversely isotropic in na-
ture. Then it is appropriate to work in terms of Young’s moduli and Poisson’s ratios. In order to de-
termine these, we need to examine both triaxial incremental deformations without shear and separate
incremental shear deformations. Consider first the normal components of L, written L1, L2>, L33, and
take e to be the direction of the uniaxial initial stress. Then, bearing in mind the symmetry in (4.10),
the corresponding incremental nominal stresses are

Sot1 = AotiiLin + Aot122(Laz + L33), (5.12)

So22 = Aoti22L11 + Ao2222L22 + Ag2233 L33, (5.13)

So33 = Aotiz2L11 + A2z Loz + Ao2aaz L3z (5.14)
~ The (incremental) Poisson’s ratio vi2 (and hence vj3 by symmetry) is obtained by setting Som =
So33 = 0 and using the resulting symmetry L33 = Ly and Ly» = —vi2L1; to obtain

vi2 = Aor122/(Ao2222 + Ao2233)- (5.15)
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Then,
Sot1 = (Aor111 — 2vi2A01122) L11 (5.16)

and the (incremental) Young’s modulus £ can be read off as

Ey = Aot — 2vi2Aoniaz = Aot — 243, 100/ (Ao222a + A233).- (5.17)
To obtain vo; = v3y, V23 = v3p and E» = E3, on the other hand, we set 5‘011 = S‘o33 = 0, with
L1y = —v21L22, L3z = —v23L22, and hence
varAotin +vazAorizz = Aorize,  vaiAorize + v23Aoe = A3, (5.18)
and
So22 = (A2222 — va1Aor122 — v23.A02233) Loz = EaLoo. (5.19)
These yield
Ao1122(Ao2222 — Ap2233) Aor111 402233 — Afy 10
21 = 5 V3= > (5.20)
Aor111Ao222 — Aj 100 Aorni1Ao222 — Agp 120
and
Aor111 (Ao2222 + Aganzz) — 2.A2
E = (A222 — Ao2233) 5 01122 (5.21)
Aor111A02222 — Agy 120
The connection
Ey/va1 = E1/vi2 (5.22)

then follows, as in the classical linear theory. We note, however, that if the increments of the Cauchy
stress were used in the definitions of the stress-dependent Poisson’s ratios and Young’s moduli instead
of the nominal stress (which is entirely legitimate), then this would not follow. There are now four
independent material parameters: vi» = V13, V21 = V31, V23 = V32 and Eq, for example, with E; = Ej3
given by (5.22).

For the incremental shear response in the plane of symmetry, we have

623 = Soo3 = Ao2zs L3z + Aoxsaa Loz = a1(Las + L3o), (5.23)

according to (4.12);, and hence « is the shear modulus in the plane of symmetry. In fact, it is straight-
forward to show that it can be expressed in terms of the other parameters as

ar = E2/2(1 +vp3), (5.24)

similarly to the situation in the classical theory.
However, when it comes to shear in a plane that contains the axis e the situation differs from the
classical one because of the influence of 7. We have

612 = So12 = Soo1 + tLa1 = [a1 + t(B1 + ty1) + 71La1 + [a1 + (1 + 771)1L12. (5.25)
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For shear in the x; direction with incremental simple shear L;; = L1201;J2;, we obtain

612 = Sop1 = [og + (B + 7y1)1L12, (5.26)

while for shear transverse to the x; direction with incremental simple shear L;; = L2152;01;, we have
612 = Soiz = [a1 + t(B1 + 7y1) + 71L21, (5.27)

and the associated shear moduli are a1 + 7(f; + ty1) and a1 + 7(f1 + t71) + 7, respectively.
Thus, in total, there are six coefficients that are functions of 7, but when linearized in 7 there remain
six constants, namely a1(0), a2(0), £1(0), £2(0), &} (0) and & (0), together with 7.

5.3 Planar shear initial stress

If the initial stress lies in the (x1, x2) plane and is a pure shear stress of amount 7z, then 7 = 7(e; @ €2 +
e; ®e;) and the principal values of 7 are 7. The principal axes of 7 bisect the background axes e; and
ey, along &2 = (e; £ ep)/ V2, say. Here, we therefore take as our axes of reference the principal axes
€1, & and €3 = ej3; the associated components of Ay are

Aoti11 = 2a1 +az + (1 + 481 +262)7 + (B3 + 41 +2y2)72 4+ 2937° + yat?, (5.28)
Az = 2a1 +az — (1 +4p1 +262)7 + (B3 + 4y1 + 2y2)7% — 2937 + yac?, (5.29)

Aosass = 2a1 +az, Aoz = az — 3t? +2p01% + pa?, (5.30)

Aoizs = a2 + pot + 7212, Aass = a2 — ot + 21’ (5.31)

Aoiat = a1 +2n17%, Ao =a1+7+2017%  Apii =ar — 7 +2p17%, (5.32)

Azt = Az = an + e+ 21, Aoiziz = a1 + 7 + 11 + 11, (5.33)

Aozoza = Aozoos = o — tp1 + %p1, Anss = a1 — 7 — o1 + 721, (5.34)

Components referred to principal axes are indicated by a superposed hat. We also have trz =
tr(t3) = 0, tr(z2) = 272, and, in general, all the coefficients a1, . .., 74 depend on .

To illustrate the results in this case, we consider the restriction to incremental plane strain with
L3, = Ll3 =0,i = 1, 2, 3. The components of the incremental nominal stress are then given by

So11 = Aotii1 L1y + AonizaLaz,  Sooa = Aonizalin 4+ Aozl (5.35)

for biaxial deformation parallel to the principal axes, and

Soiz = (a1 +2y17) (L2 + Lot) + tLo1,  Soo1 = (o1 + 212 (Lo + Lo1) — 712 (5.36)

for shearing deformations.
The plane strain Poisson’s ratios and Young’s modulus £ are then deduced as

. . . . . . .
vi2 = Ao1122/Am222,  va1 = Aonizz/ Ao, Er = Aot — A1/ Ao2222 (5.37)

and, as in (5.22), E2 = Ejv21/v12. The shear moduli are oy — 7 + 2y112 ando; +7 + 2y112 for shear
in the €; and €, directions, respectively.

When 7 = 0, we recover the classical results for plane strain isotropy: Poisson’s ratiois viy = vy =
Ao/ (Lo + 2u0), and Young’s modulus is £y = E» = 4uo(do + 1)/ (Ao + 2u0)-
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6. The effect of initial stress on infinitesimal wave propagation

The theory of small amplitude (incremental) deformations or motions superimposed on a static finite de-
formation is well established but has received relatively little attention in the case of an initially stressed
material with or without an accompanying finite deformation except for works based on Biot’s theory
in the context of linear elasticity. Here, we consider incremental motions in an infinite homogeneous
medium subject to a homogeneous initial stress with Ag,;,; having the form given in (4.2) and various
specializations of that form.

From (3.12), we recall that the equation of incremental motion is

Aopigjtj.pg = PUit- (6.1)
Consider a homogeneous plane wave of the form
u=mf(n-x—or), (6.2)

where m is a fixed unit vector (the polarization vector), f is a function of the argument n - x — vt
with appropriate regularity, n is a unit vector in the direction of propagation and v is the wave speed.
Substitution into the equation of motion (6.1) (after dropping f”, which is assumed to be non-zero)
leads to

Aopiginpngm; = pvzm,-. (6.3)
The associated acoustic tensor Q(n) has components defined by
Qij(m) = Agpigjnpng (6.4)
and enables the propagation condition (6.3) to be written compactly as
Qn)m = pvzm. (6.5)

For any given direction of propagation n, we have a 3D symmetric algebraic eigenvalue problem
for determining pv? and m. Because of the symmetry, there are three mutually orthogonal eigenvectors
m corresponding to the directions of displacement and the (three) values of po? are obtained from the
characteristic equation

det[Q(n) — pv’I] = 0. (6.6)
If m is known, then po? is given by
pv® = [Q(m)m] - m (6.7)

and corresponds to a real wave speed provided po? > 0, which is guaranteed if the strong ellipticity
condition holds, i.e. if

[Qm)m] - m = Aggjnpngmim; > 0 for all non-zero vectors m, n. (6.8)

Then, a triad of waves with mutually orthogonal polarizations can propagate for any direction of
propagation n. Henceforth, we assume that the strong ellipticity condition holds. For detailed discussion
of strong ellipticity, we refer to Truesdell & Noll (1965) and Ogden (1984), for example.

In the following, we examine the effect of initial stress on the propagation of plane waves for the
three examples of initial stress considered in Sections 4 and 5, and for this purpose, we give explicit
expressions for Q(n) in each case.
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6.1 Isotropic initial stress

For the form of Ag given by (4.5), with the connections (5.4) and (5.5) and (6.4), we obtain simply
Q) = u(@)I+[A(r) + u(r)In@n. (6.9)

As in the classical theory of isotropic elasticity with no initial stress, there exists a longitudinal wave
with speed vy, say, and two transverse waves with equal speeds vT, say, for any direction of propagation.
With dependence on 7 these are given by

pot = A(x) +2u(z), pvr=u(z). (6.10)
For sufficiently small initial stress, we may linearize these expressions to give

(1) 4+ 2u(t) = Ao+ 2u0 + [204(0) + a5 (0) + 451 (0) + 25,(0) + 1]z, (6.11)
1(7) = po + [a}(0) +21(0) + 1]z, 6.12)

where a1(0) = uo, a2(0) = Ao.

Note that if, as in Tang (1967), the isotropic moduli were defined based on the increment in the
second Piola—Kirchhoff stress according to (5.8), then x(7) and A(7)+2u(7) would have to be replaced
by u(r)+ 7 and A(r) +2u(7) + 7, respectively, leading to the erroneous conclusion of Tang (1967) that
when the elastic moduli are independent of the initial stress, the wave speeds are given by pv% = uo—P,
pvﬁ = Ao 4+ 2uo — P for the case of a hydrostatic pressure (z = —P). Results such as these are not
supported by the data shown in Tables 1 and 2.

For a general isotropic elastic material under hydrostatic pressure Truesdell (1961) obtained
expressions for the speeds of longitudinal and transverse waves (see also Truesdell & Noll, 1965,
Section 75).

6.2 Uniaxial initial stress
For uniaxial initial stress, the acoustic tensor is given by

Qm)=AlI+Ba®a+Cn®n+ D(n®a-+a®n), (6.13)
where

A=o1+[1+ 1+ ylr]t(n-a)z,

B =pit+ V1T2 +[p3+2y37 + y412]12(n . a)z,
C=a1+a,
D=[p1+ P+ (y1 +y2)rle(n-a). (6.14)

If n = a (propagation along the direction of uniaxial stress), then there exists a longitudinal wave
with speed v11 given by

pvi = A+ B+C+2D =201 +ar+(1+481+282) 7 + (B3 +4y1 +292) % +2y30° +yaz?, (6.15)
and two transverse waves with equal speeds v, given by

poly = A =01+ (1+p)t + 7’ (6.16)
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These formulas are consistent with the formulas (5.20) and (5.23) in Shams et al. (2011) relating

to propagation along a principal axis of ¢ except that in (5.20) there is a misprint (the coefficient of y;

should be 4 instead of 3—this arises from the fact that in the expression (5.18) for a in the latter paper
y1 should be 2y1). The linearized forms of (6.15) and (6.16) are

poty = 4o + 20 + 24 (0) + a5(0) + 451(0) +242(0) + 1]z, (6.17)

po1, = o + [} (0) + B1(0) + 17, (6.18)

respectively.
On the other hand, if n - a = 0 (propagation transverse to the direction of uniaxial stress), then

A=a;, B=pr+ypt’, C=a +a, D=0, (6.19)

and a longitudinal wave exists with speed v, given by pv%2 = A + C. There are also two transverse
waves, with polarizations along and perpendicular to a and speeds v>; and v,3 given by

po} = A+ B=aj+pit+y172, poiz=A=a, (6.20)
respectively. We notice immediately that
p1)122 - pv%l =1 (6.21)

exactly, as expected from the property (3.8). This well-known relationship (see, for example, Biot, 1965;
Man & Lu, 1987; Hoger, 1993a; Norris, 1998) forms the basis of an experimental acoustic identification
of a solid with anisotropy due to an initial stress, as opposed to a general anisotropic linearly elastic solid
without initial stress, for which pvlz2 = pv%1 = ce6 (Voigt notation). We note that, even earlier, Biot
(1940a) obtained separate expressions for, in the present notation, v12 and v from which the above
relationship may also be deduced. Finally, we note that the linearized forms of p1)§2 and (6.20) are

pv2, = Ao+2u0+120, (0)+a5(0)]z,  po3, = uo+1a}(0)+L1O0)z,  pv3y = po+a|(0)z. (6.22)

If the propagation takes place neither along the direction of uniaxial stress nor perpendicular to it,
then several possibilities arise, which are detailed in Appendix A.

6.3 Planar shear initial stress

Here, we consider wave propagation in the plane of shear—the (x1, x2) plane. The relevant components
of the acoustic tensor are then given by

011 = a1+ [a1 4+ a2 +2Qy1 4 y2)72 + par*In? + 200 + 281 + f2 + y3rHening + (B3 + 2y1)72n3,
02 = a1 +[a1 + a2 +2Q2y1 + 72077 + 74t Iny + 201 + 281 + o + y3t)Tmina + (B3 + 271)7°ng,
Q12 = QB+ )7 + 730 + lan + a2 + 2y + 272 + B3)1% + yattlnina,

referred to background axes (not the principal axes considered in Section 5.3). As already noted, we

assume that the strong ellipticity condition holds so the wave speeds are real. As in the previous section,
we work in the (xy, x2) plane with n3 = m3 = 0 and set ny = cos#,n, = sinf and m; = cos ¢,
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my = sin ¢. Then, by eliminating the wave speed from the propagation condition, we may apply (A.8)
from Appendix A, recast as

2081 + f2 + 73127 + [a1 + a2 + 21 + 292 + B3)7% 4 par*]sin20

tan2¢ = , 6.23
¢ a1 + a2 + 2yt +2y2 — B3 + pat2)72] cos 20 (6:23)
which gives ¢ for any given 6.
The (in-plane) wave speeds are given by
2 1 2 2
po7 =3 O+ 02 +/(Q11 — 022)° +407, |- (6.24)

For definiteness, it is interesting to consider the situation in which 7 is small and (6.23) is linearized
in 7, which leads to

(a1 + 02) sin(2¢p — 20) = 2(2B1 + B2)7 cos 2 (6.25)

from which we deduce that a longitudinal wave can propagate for t # 0 if either 8 = ¢ = 7 /4 or
21 + B2 = 0. The first of these possibilities corresponds to propagation along a principal axis and the
second to a special set of values of the material parameters that allows propagation of a longitudinal and
transverse wave in any in-plane direction.

In the linear specialization, we obtain

O11+ 0 =3a;+ay+2(1 4+ 26, + f)t sin 20, (6.26)
(011 — 02)* +40%, = (a1 + a2)* + 4(a1 + @2)(2f1 + f2)7 sin 20, (6.27)

and the wave speeds (6.24) are then given by

po? = Jo + 210 + {2a1(0) + a5 (0) 4 [1 + 41 (0) + 2/,(0)] sin 20}z, (6.28)
po? = uo + [} (0) + sin 28]z (6.29)

in which the coefficients have now been linearized in 7. These are respectively longitudinal and trans-
verse when § = 7 /4, as indicated above, or in the special case, 251 + > = 0 the transverse wave speed
stands but the longitudinal wave speed specializes accordingly.

Tang (1967) considered in-plane wave propagation for an initial shear stress in which the only non-
zero components of the second Piola—Kirchhoff stress were T2 = 7»1. As with the case of hydrostatic
pressure discussed at the end of Section 6.1, Tang used an incorrect incremental form of the constitutive
law. When linearized in the initial stress the results from (3.10) in his paper that parallel (6.28) and
(6.29) can be shown to reduce, in the present notation, to

pv? = Ao+ 2u0 + (Ao + 3u0)7 sin20,  pv? = uo, (6.30)

where we have set 7 = t/up and t© = Ty, since there is no distinction between stress measures
themselves in the reference configuration, which is quite different from the situation for their incre-
ments. Note, in particular, that (6.30), depends on neither the initial shear stress nor the direction
of propagation, which is quite unrealistic and cannot be recovered from (6.29) for ¢ # 0. Fortu-
itously, (6.30); can be recovered from (6.28) by making the special choices 2a}(0) + a5(0) = 0 and
281(0) + B2(0) = 1 + Ag/2u0 of the coefficients.
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6.4 Some connections with the classical theory of Biot

It is interesting now to consider how the classical theory of initial stress in the general linear theory of
elasticity due to Biot (see Biot, 1939, 1940a, 1965) relates to the present theory. As noted in Section 1,
the elasticity tensor of Biot, with components B);,; depends in an unspecified way on the initially
stressed configuration. First, we record that, as shown in Ogden & Singh (2011), the general connection
between Ay ;4; and B);,; may be written in the form

1 1 1 1
Aopigj = Bpigj = Eapiji - Eépq tij = Eéqifpj + Eaijqu + 9qj Tpis (6.3D)

which can be shown to be equivalent to the expression (4.25) given in Chapter 2 of Biot’s book (Biot,
1965). For the general expression (4.2) to reduce to the Biot form for isotropic response, as quantified
in (1.3), the material parameters in (4.2) must be specialized to

ap = o, ox=45xo, P1=-1/2, pr=0, (6.32)

where po and 4¢ are the classical Lamé moduli and terms of order higher than 1 in 7 are neglected.

For the hydrostatic stress considered in Section 6.1, these specializations yield, from (6.12) and
(6.11), pv% = uo and pvf = Ao + 2uo — 7. The first of these agrees with the original result of
Biot, who mentioned that any dependence on the initial stress must be through the elastic constants
themselves. The results in the present paper make the dependence explicit. It does not appear that the
result pvﬁ = Ao + 210 — T was given by Biot.

We remark that in Shams et al. (2011), we adopted a slightly different form of the isotropic consti-
tutive law from that given in (1.3), namely

Bquj = /10(5,'/'5[,4 + 04i0pj) + 200pidqj + Opityj (6.33)

for which, in the list (6.32), f> = 0 is replaced by f> = 1.

Turning next to the case of uniaxial stress, we find from Section 6.2 first that for propagation in the
direction of initial stress the formulas (6.17) and (6.18) reduce to pu%l = Ao+ 2uo — 7 and pv%2 =
o + %r, respectively, while for propagation normal to the initial stress the formulas (6.22) reduce to
po%2 = Ao + 2uo, ,ou%1 = uo — %r and po%3 = uo. For the case of compressive initial stress with
7 = —P(P > 0), the speeds of the relevant two transverse waves agree with those obtained by Biot,
specifically pv% = uo=x %P.

It is also interesting to apply the Biot specialization to the shear stress example in Section 6.3.
Equations (6.28) and (6.29) yield

poi = Ao+ 2u0 —tsin26, pod = o+ v sin20, (6.34)

and a longitudinal and transverse wave can propagate in any in-plane direction, where @ is the angle the
propagation direction makes with the principal direction of stress corresponding to principal stress +7.
Note that for propagation along either principal direction, there is no influence of z, which would seem
to be unrealistic.

7. Deformed and pre-stressed isotropic elastic solid

In this section, we consider the initial stress to be associated with a finite deformation from an un-
stressed configuration (denoted By) of an isotropic elastic solid, and we shall consider two states of
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the accompanying stress analogous to those considered in the foregoing sections, specifically pure di-
latation, corresponding to hydrostatic stress, and an axially symmetric deformation corresponding to
uniaxial stress. There is no direct analogue of the planar shear stress situation since when accompa-
nied by deformation such as simple shear, there will in general also be normal stresses, which are not
considered in Section 4.3.

For an isotropic elastic solid, the Cauchy stress tensor ¢ is given by the appropriate specialization
of (2.14), namely

Jo =2W B+ 2W,(I;B — B?) + 213 W3l (7.1)

where we recall that / = detF and B is the left Cauchy—Green tensor, where F and J are now mea-
sured relative to By instead of B;. We may consider the strain energy to depend on the three prin-
cipal stretches A1, A7, A3 instead of the principal invariants Iy, />, I3, and for this purpose, we write
W= W(/ll, A2, A3). The principal Cauchy stresses o1, 02, 03 are then given simply by

Jop =/11W1, ]02=12W2, ]J3=13W3, (7.2)

which are equivalent to the principal components of (7.1), where W; = 8W/6/1,-,i = 1,2,3, and
J = A1A223. This is easily seen by noting that in terms of the principal stretches the invariants I, I, I3
are given by

h=2{++4, h=3+0B0+44, L=J"=:i13) (7.3)
In terms of invariants, the components of the elasticity tensor are given by

J Aopiqi = 2(W1 + [iWa) By dij + 2Wal2Bi Byj — BigBjp — Bpr Brg0ij — Bpg Bijl
+213W3(23;p0;4 — 3iq0jp) + 4Wi1BipBjg + 4War(I1 Bip — Biy Byp) (11 Bjg — BjsBsg)
+4W2(21BipBjq — BipBjr Brg — Bjq Bir Brp) + 413W13(Bipdjq + Bjgdip)

+ 413 Ws[ 11 (Bipdiq + Bjy0ip) — 0ipBjr Brg — 0q Bir Brpl + 413 W336:50 45 (7.4)

where B;; are the components of B. This specializes the form of J.Ag;4; for an initially stressed solid
given in Shams et al. (2011) to the present situation, but equivalent forms of (7.4) can be found in the
earlier literature on isotropic finite elasticity (see, for example, Hayes & Rivlin, 1961).

When referred to the principal axes of B the components (7.4) can be expressed more compactly as

2iWi = A W;

J Aviijj = AidjWij,  J Aoijij = 2_ .2
i J

23 T Awjji = J Aoijij — 2iWi, (7.5)

where Wij = GZW/M,-M]-, i,j € {1,2,3}. Note that the only non-zero components of Ay are
Aoiijj, i, j € {1,2,3}, together with, for i # j, Ag;jij and Ao;jji (see, for example, Ogden, 1984),
as is the case for the components of the elasticity tensor of an initially stressed but undeformed material
when referred to the principal axes of the initial stress 7, as can be seen by reference to (4.4).

If two of the principal stretches coincide, say A; = 4;, then 6; = o¢; and a limiting process can be
applied to express the second and third elements in (7.5) as

1 1
Avijij = 5 (Aoiiii = Aoiijj + 1), Aoijji = = (Aoiiii = Aoiijj — i), (7.6)

respectively.
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7.1 Pure dilatation

Here, we consider a pure dilatation with corresponding isotropic stress. Let 4; = J 131 =1,2,3,
and define W(J) = W(J V3 13, g/ 3). We denote the corresponding (equal) principal stresses by

o . Then the simple connection o = W (J ) follows. The only independent components of A are then
Aoiijj =J —13w; ; evaluated for the pure dilatation, with A;;;; independent of i and Ay;;;; independent
of i and j # i. Now, from (5.1), we obtain

6 = AL +oL —o(trL)L (7.7)

We consider an incremental simple shear deformation, and, without loss of generality, we may take
this to be in the (x1, x2) plane. Then

. 1
o12 = Ao1212(L21 + L12) = E(AOHH — Aoiijj +0)(L21 + L12). (7.8)

This enables us to define the incremental shear modulus as a function of J, which we write as z1(J).
It is given by

1
ﬁ(J)=§(A01111 — Aot122 + o). (7.9)

Note that 3021 = A121 L2 for simple shear in the x| direction, 5012 = Ap1212 L2 for simple shear
in the x, direction and Ag121 = Ao1212. We note in passing that To12 = (Ao1212 — o) (L2 + L12) and
it would be incorrect to define the shear modulus as Agj212 — o based on use of T().

Next consider an incremental pure dilation ¢, so that L1} = Ly = L33 = ¢/3 and

tre = (Aor111 + 2Ao1122 — 20)e. (7.10)

The incremental bulk modulus, which we denote by & (J), may be defined as a function of J as
N 1
K(J)=§(A01111 +2A01122 — 20), (7.11)

where the components of A are again evaluated for A; = J 173§ =1,2,3. This may also be expressed
in the form < (J) = JW”(J), which agrees with a definition of the incremental bulk modulus adopted

by Scott (2007).

If we set 0 = 7, where 7 is the initial hydrostatic stress considered previously, then, because of
the connection 1 = W’ (J), we can in principle switch between the two different formulations, al-
though, for a given 7, this would involve inversion of the relation 7 = W’'(J) to obtain J. When

the switch is made, we can identify i(J) and x(J) with x(z) and x(r), respectively. We should
note here that the densities in the stress-free reference configuration By, with density pg, and the
deformed (or initially stressed) configuration 5 = B, are related by po = pJ and the factor J
needs to be used to switch between pov? and pov? in considering formulas for various wave speeds,
where p = p.
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7.2 Uniaxial stretch with lateral contraction

Now co_nsider_a uniaxial stress o1 = ¢ with oo = o3 = 0 and stretches 41 and, by symmetry, 1, = A3.
Then, W, = W3 = 0 and the components of A are given by

JAonn = 22Wii,  J Ao = A3War = JAosazs,  JAoxzs = A3 Was, (7.12)
i 3w, MW
JAonii = AW, JAoii = 5—5, JAuwil = 5——>, i=23, (.13
Ay — A Ay — A
1~ %4 1~ %4
Aotiit = Aoiti = Aoitit = Aotii —o, 1 =2,3, (7.14)
1
Az = Aoz = Aoz = Apzas = 5(«402222 — Ao2233), (7.15)

all evaluated for 13 = 1, and with o = /12_ 2W1. Poisson’s ratios and Young’s moduli can be defined in
exactly the same way as in Section 5.2 except that here the components of A are different from those
in Section 5.2. There is no need to repeat them all here, but we note, for example, that

vi2 = Aot/ (Ao + Ao233) = i Wia/Ao(Waa + Wa3), (7.16)
Er = Aot — 2vinAoniza = J AWy — 2Wh /(Wan + Wa3)], (7.17)

which are both functions of 4; when A, = A3 is determined from W, = 0 for a given form of 78
The expression for vy is consistent with the definition of the incremental Poisson’s ratio given by
Scott (2007). On the other hand, the definition of E; above differs from the corresponding definition
in Scott (2007) since the latter is defined, in the present notation, as A1do/d4; with A, = 13 given by
W, = 0. The definition of E; above corresponds to J1dW, /dA1 updated to the deformed configuration
by the push-forward factor J~!1;, which is the appropriate specialization of the general push forward
operation J ~!F that takes the nominal stress S to the Cauchy stress ¢ = J~'FS. This definition of E;
based on nominal stress is consistent with that used in Section 5.2.

7.3 Application to second-order elasticity

For definiteness, we now specialize the form of strain-energy function W to the third order in the strain.
The precise form of this approximation depends on the choice of strain measure, but here, in order
to make contact with several contributions to the literature, we shall use the Green strain tensor E =
%(C — I), where C is again the right Cauchy—Green deformation tensor. The aim here is to obtain
the first-order correction to the classical longitudinal and transverse wave speeds. For a discussion of
the advantages of using logarithmic strain instead of Green strain, particularly when approaching the
incompressible limit, we refer to the recent paper by Destrade & Ogden (2010).

7.3.1 Historical expansions of the strain energy. The use of invariants for expressing the third-order
expansion of W appears to have been introduced by Brillouin (1925) (see also his monograph Brillouin,
1946). The Brillouin expansion may be written in the form

1 - 1. 5 1 - - 5 5
W =Wo = > poli + gzolf + quoh + AL L + BI? 4+ CH, (7.18)

where, in different notation from that used by Brillouin, I; = 2trE, I, = 4tr(E?), 3 = 8tr(E?),
respectively of orders 1, 2, 3 in E, the constant W) is the energy in the reference configuration and pg
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corresponds to an initial pressure in the reference configuration. Note, in particular, that Brillouin used
2E rather than E itself as the strain measure and that the notations A, B, C are different from those
defined in (6.14).

Let us drop the terms Wy and pg, which are redundant for our purposes, and recast the remaining
terms using the principal invariants of Green strain, which, for consistency with the notation used in
Destrade & Ogden (2010), we denote by iy, iz, i3. Thus,

1

iy =trE, ir= E[i% —tr(E?)], i3 =detE. (7.19)
Then, we have
1

W= 2o+ 200)it — 2u0i2 4+ 8(A + B 4 C)i7 — 8(2A + 3C)i1iy + 24Cis. (7.20)

This is entirely equivalent to the strain-energy function generally referred to as the Murnaghan form
of strain energy that appears in Murnaghan (1951, 1967) and is based on the use of Green strain. It is
written

1 1
W = 5(,10 + 200)i? — 2u0iz + §(1 +2m)i} = 2miyia + nis, (7.21)

where [, m, n are the Murnaghan constants. The Brillouin constants A, B, C are given in terms of [, m, n
by
1
= —n.
24
We remark that in his original paper, Murnaghan (1937) worked in terms of the Almansi strain tensor

I- B! )/2 and its principal invariants, which we denote here by I 1, I2, I3. The original energy function
of Murnaghan has the form

1 1

1 _ _ __ _ _
W= E(A()Jrzﬂo)zrf —2uoh + 11 +mh I + il (7.23)

In general, (7.23) is different from (7.21), but the two are equivalent to the third order in the strains.
It is then easy to show that the constants [, m, n and [, m, n are related by

o1
[=3(+2k), m==2m—4lo~12u0, @i=n+12u. (7.24)

This difference has significance when considering approximations to wave speeds at this order as
we shall see shortly. We note in passing that because of the requirement of objectivity the Almansi strain
tensor (or any other Eulerian strain tensor) can be used as the argument of the strain energy function if
and only if the material is isotropic. Clearly, the work of Brillouin on this topic has been to some extent
overlooked, although Murnaghan (1937), Hughes & Kelly (1953) and Truesdell (1961) did refer to
Brillouin (1925). For further historical discussion of second-order elasticity, including the contribution
of Rivlin (1953), we refer to Section 66 of Truesdell & Noll (1965).

An equivalent form of the third-order expanded energy function was also introduced by Landau &
Rumer (1937), who were apparently unaware of the work of Brillouin. This may be written

1 1- _ 1.
W = E,10(trE)2 + uotr (%) + §A tr (E®) + B(wrE)tr (E?) + 5C(trE)3, (7.25)
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where overbars have been used to distinguish the third-order constants from those of Brillouin; in
Landau & Lifshitz (1986), the notations A, B, C were used, differing from those in Landau & Rumer
(1937). The connections between the Murnaghan constants /, m, n and the Landau constants A, B,C
were noted in Destrade & Ogden (2010) as
_ _ 1 - 1
A=n, B=m——-n, C=Il—m+ =n. (7.26)
2 2
Biot (1940b) also developed a third-order expansion, which is equivalent to the above and details
may also be found in his book (Biot, 1965). Biot (1965) worked in terms of the principal strain compo-
nents 4; — 1 and the corresponding principal Biot stresses. His third-order constants, denoted D, F, G,
can be shown to be related to [, m, n via

3 1
D=1+2m+ 300 +2p0). F=I+7k. G=2-2m+n (7.27)

He did not give the form of strain energy explicitly.

Finally, we mention the third-order expansion adopted by Toupin & Bernstein (1961), who used the
invariants trE, tr (E2), tr (E3) and third-order constants vy, va, v3. In terms of the principal invariants of
Green strain, their energy function has the form

1 1
W= 5(/10 +2u0)iT — 2poin + 6(‘11 + 6V + 8v3)i} — 2(va + 2v3)i1in + 4v3i3. (7.28)

It is straightforward to show that the constants vy, v, v3 are related to /, m, n and A,B,C by (Norris,
1998)
1 - 1

vi=2l-2m+n=2C, vw=m—-n=B, »v=-n=

5 A (7.29)

Connections between some of the above sets of constants and others used by Rivlin (1953) were
also noted by Truesdell & Noll (1965).

Here, we shall work in terms of the Murnaghan constants /, m, n but cast (7.21) in terms of the
principal invariants (2.9) of C as

b
W = §°(11 32+ %(112 — 21, =21 4 3)

[ 3 om 2 n
— (I} = 3) —(I; = 3)(I;7 =31 —(I; =1 I; —1). 7.30
+24(1 )+12(1 (U4 2)+8(1 2+ 13— 1) (7.30)

For this energy function, we have Wyy = W13 = Wp3 = W33 = 0 and the expression (7.4) reduces
to

JAopiqj = 2(W1 + IhiWr) By 0ij +2Wa[2B ;i Byj — BigBjp — BprBrq0ij — BpgBijl
+213W3(20;p0jq — iq0jp) +4W11BipBjq
+4W (2L BipBjq — BipBjrBrg — BjyBirBrp), (7.31)
and the remaining coefficients Wy, Wa, W3, Wy and Wy, are simply obtained from (7.30).

In working with second-order elasticity, the corrections to the classical moduli are obtained by
expanding the coefficients in the above to the first order in E. We have C = I+ 2E and I} = 3 + 2FE,
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exactly, which we use together with the linear approximations I, ~ 3 4+ 4E, Iz =~ 1 + 2E,
B =~ C = 1+ 2E, where E = trE. We also note that p =~ p,(1 — E). To the first order in E, we
obtain

1 1 1 1 1 1
Wi =uo+gn+-(o+2p0+2mE, Wy=—spuo—gn—zmE, Ws=gn,
1 1 1
Wi = Z(,lo +2u0 + 4m) + E(l +2m)E, Wi = -7 (7.32)

and hence

1
J-A()piqj ~ luo(@'jépq + 5iq5jp) + /1()5,‘1,5]'(1 + E[(Zﬂ.() +2m — n)éijépq +221 —2m + n)égpéjq

1
+ (2m — n)5iq5jp]E + 5(4,{10 + n)(épquj + 5iq Ej, + 5jpEiq)

1
+ 5(8,“0 + n)5l~jqu + (240 +2m — n)(éipqu + 5quip)~ (7.33)

We are particularly interested in the case of a pure dilatation, for which, with E;; = Ed;;/3, (7.33)
reduces to

1
./Aop,'qj = ,Lto(&,'jépq +3ig0jp) + A00ipdjq + 6(12#0 + 640 + 6m —n)Ed;jdyq
1 1
+ 6(8/10 +6m —n)Edi 0, + 5(4/10 + 6l —2m 4 n)Ed,;d4). (7.34)
From the definitions (7.9) and (7.11), we now obtain the approximations

R 1
A(T) = o+ ¢ (640 + 6uo + 6m — n)E (7.35)

and

2
R() =Ko+ 5O+ n)E, (7.36)

for small dilatation, where to the first order J = 1 + E, and we note that x(1) = ug, k(1) = xo.
To the second order, we may expand the isotropic stress as

~ ~ 1 ~
oc=W(U)=eW'(1)+ ESZWW(I), (7.37)

where W”/(1) = kg, ¢ = J — 1 = E 4+ E2/6 and, for the Murnaghan strain energy, W”' (1) = —«g +
21 4 2n/9.

As indicated earlier, if the initial stress 7 discussed in Sections 4 and 5 is associated with a pure
dilatation, so that ¢ = tI, then in principle the results here can be converted to those based on 7. In
particular, if we set ¢ = 7 in the above and work to second order, then we may invert the 7 «— ¢
relation in the form

1.
e~ 1/Ky — EW”’(l)zz/;cg, (7.38)
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but in considering the linear approximations of the shear and bulk moduli only the first-order term need
be retained. Then, with 7 = ke, we can identify x(7) and x(z) with 4 (J) and & (J), respectively. Thus,

1
1(7) = po + [a}(0) + 21 (0) + 1oe = a(J) = o + ¢ (640 + 6410 + 6m —n)e,
1 2
k(1) = ko + S[Zai(O) +41(0) + 3a5(0) + 682(0) — 1lkoe = &(J) = Ko + 5(91 +n)e.  (7.39)

Hence, we can relate the constants a}(0), a5 (0), £1(0), 2(0) to the Murnaghan constants. After a
little rearrangement, this yields

a1(0) +281(0) = Quo + 6m — n)/6ko, (7.40)

a5(0) +2p2(0) = (Ao + 6] — 2m + n)/3k. (7.41)

In fact, the separate values of a}(0), a}(0), #1(0) and $>(0) can be obtained by considering other
initial deformations than pure dilatation, and we show this in Section 7.3.3 by comparing wave speeds
based on the theory of uniaxial initial stress from Section 6.2 with those based on a finite deformation
from an isotropic reference configuration under uniaxial stress.

7.3.2 Implications for the wave speeds. Turning now to the propagation of plane waves, we note that
for any (m, n) pair satisfying (6.5), the wave speed v is given by

pov® = JIQM)M] - m = J Aopigjn,ngmimi, (7.42)

where the factor J is now included to reflect the change in reference configuration from By to B, = B.
For the case of pure dilatation, we then obtain, on use of (7.34),

1
pov? = po + (o + Z0)(m - m) + 21240 + 640 + 6m — n)E (7.43)

+é[8/10 + 8uo + 121 4+ 2m + n]E(m - n)°. (7.44)
For a longitudinal wave with m = n, this reduces to
povi = Ao+ 2u0 + %(710 +10uo + 61 + 4m)E, (7.45)
and for a transverse wave, withm -n = 0
pov% = o+ (/10 +2u0+m — én) E. (7.46)

These results agree with those obtained by Hughes & Kelly (1953) for the case of hydrostatic pres-
sure (z = —P). They used the Murnaghan energy function based on Green strain. As shown by Shams
et al. (2011), there is similar agreement in the case of the uniaxial compression considered by Hughes
& Kelly (1953). Toupin & Bernstein (1961) obtained equivalent results based on their third-order
expansion, but expressed in terms of the acoustoelastic coefficients, which we write as

d—E(povL)‘EZO = 3P0+ 1040 + 301 + 100, + 8v3), (7.47)

d 1
— = -3 6 3 4v3). 7.48
dE(povT)‘E:O 3( 0+ 6o+ 3v2 +4v3) (7.48)
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TABLE 3 Lamé constants and Landau third-order elastic moduli for five solids (expressed in units of
10° Nm—2 ), as collected by Porubov (2003): his Murnaghan constants m, n, [ have been converted here
to the Toupin—Bernstein constants vy, va, V3

Material Ao 1o V1 V2 V3
Polystyrene 1.71 —-21.2 —10 —8.3 2.5
Steel Hecla 37 —354 82.1 —358 —282 —89.5
Aluminium 28 —204 27.6 —228 —-197 —57
Pyrex glass 264 27.5 420 —118 105
SiO; melted 72 31.3 —44 93 —11

Note that the E in Toupin & Bernstein (1961) is 3x that used here. Toupin & Bernstein (1961)
mentioned that their results were equivalent to those obtained by Brillouin (1925). The Brillouin results
therefore pre-date much of the subsequent work.

In calculating the second-order correction to longitudinal and transverse wave speeds, Birch (1938)
used the original (Almansi strain based) form of the Murnaghan strain energy but effectively set
l=m=n=0, obtaining the results

povi = Ao + 2p0 + P(1320 + 14110)/(3x0) = Ao + 2p0 — (1340 + 14u0) E/3, (7.49)
povt = o + P (o + 2u0)/k0 = po — (Ao + 2u0) E (7.50)
for the wave speeds, where P = —kgE is the pressure. The omission of the third-order constants can

be significant since typically they are of the same order of magnitude as the Lamé moduli 4 and u, as
illustrated by the data shown in Table 3.
If the third-order constants are retained, then we have, instead,

povl = Ao + 2u0 — (1340 + 140 — 181 + 2m) E /3,
1.1
povt = o = (o +2u0 + 7 + ZA)E. (1.51)

If, by contrast, we set the third-order constants /, m, n to zero, then the Hughes & Kelly (1953)
results reduce to

povi = 2o+ 2u0 + (Tho + 10p0) E /3,
povt = o + (Ao + 210)E. (7.52)

Note, in particular, the opposite sign but equal magnitude of the second term in the shear wave
expression compared with (7.50). Thus, interpretation of the results requires caution. In particular, care
must be taken that the results allow for an increase as well as for a decrease of the wave speeds with
pressure and uniaxial stress, depending on which solid is considered (see Tables 1 and 2).

7.3.3 The case of uniaxial stress. We now consider a deformation from a stress-free configuration
By of an isotropic material associated with a uniaxial stress ¢ in the e direction. We denote the corre-
sponding component E1; of the Green strain tensor by E. Then, by setting the lateral stress to zero and
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by symmetry, Exp = E33 = —AoE/2(Lo + 1o), to the first order in E, and ¢ = 3xouoE /(o + 1o),
and hence

J =1+ uoE /(Ao + o) =14 0/3xo, (7.53)

also to first order.

The wave speeds v11, 012, 022, 023 are then calculated by using (7.33) and appropriate specializations
of (7.42) and the connection py = pJ. After some manipulations, which are omitted, this yields the
formulas

poly = Ao+ 2u0 + 2[223 + Thouo + 4uf + pol + 2(%o + uo)mlo /3xopo. (7.54)
poly = po + 40420 + 3u0) + duom + Zonlo /12xouo, (7.55)
pv3y = Ao+ 210 — 245 + Shopo + 2u3 — 2u0l + 220m)a /3xo 10, (7.56)
p3; = po — [20(220 + o) — 2pom + (Zo + po)nlo /6xopuo, (1.57)

and we also note the connection pv%2 - pv%l = ¢. By setting ¢ = 7, we then compare these results
with the formulas in (6.17), (6.18) and (6.22), which we now collect together as

poiy = 2o+ 2u0 + [2a7(0) + @5(0) + 451 (0) + 252 (0) + 1]z, (7.58)
pody = po + 1@} (0) + 1(0) + 11z, (7.59)
pv3y = o+ 2u0 + [2a1(0) + a5 (0)]z, (7.60)
pv33 = po+ @ O)z, (7.61)

with pv%l given by (6.21). Note, in particular, that bars have now been placed over «/(0) and a/(0).
This is because the arguments of a1 and a; are different for hydrostatic stress and uniaxial stress,
respectively, the relevant invariants of 7 are (37, 372, 373) and (z, 72, t°), so that a}(0) = 3a}(0) and
a5(0) = 3a5(0), while £1(0) and $(0) are the same in each case.

Comparison of the two sets of formulas yields the results

F1O) = 1+ n/duo,  fa(0) = (220 +2m — )2, (7.62)
a1(0) = —[2(220 + p0) o — 2uom + (o + po)nl/2xo o, (7.63)
a3(0) = —[(240 + ro)Ao — 2uol + (2m — n) (Ao + po)l/xo o (7.64)

from which it is easy to check that the results (7.40) and (7.41) are recovered.

It is interesting that the four constants o (0), a5(0), £1(0) and $>(0) are expressed in terms of
the three Murnaghan constants. This is explained by noting that the anisotropic constitutive law for an
initially stressed material with no accompanying deformation is specialized to isotropy by introducing
a stress-free reference configuration and an associated deformation.

Finally, we note that no choice of the Murnaghan constants will give the Biot values (6.32) with
a7(0) = a)(0) = 0.

8. Concluding remarks

In this paper, we have examined in detail the effect of initial stress on the propagation of small amplitude
homogeneous plane waves in an undeformed elastic material on the basis of the general theory of a
hyperelastic material with initial stress developed by Shams et al. (2011), which had its genesis in the
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work of Hoger (1985, 1986, 1993a,b) in particular. A key feature of the constitutive law, formulated in
terms of invariants of the deformation and initial stress, is that the elasticity tensor depends in general in a
highly non-linear way on initial stress. Important special cases considered within the general framework
included initial stresses corresponding to hydrostatic stress, uniaxial stress and shear stress for which
explicit and relatively simple forms of the elasticity tensor were given. For each of these states of stress,
the dependence of various elastic moduli on the initial stress was made explicit. For example, simple
formulas were obtained for the stress dependence of the Lamé moduli in the case of isotropic initial
stress and Poisson’s ratios and Young’s moduli for the cases of uniaxial initial stress and planar initial
shear stress.

The results were applied to infinitesimal wave propagation and it was shown how some known
results fit within the general framework, and some discrepancies in some of the earlier work were
highlighted. We then considered the initial stress to be a pre-stress associated with the deformation
of an isotropic elastic material from a stress-free reference configuration and made connections with the
analysis from the preceding sections. Specifically, we considered a pure dilatational deformation and
a deformation corresponding to simple tension. We then discussed the specialization of second-order
elasticity in detail and collated various contributions from the earlier literature that date back to the
work of Brillouin (1925), with particular reference to expressions for longitudinal and transverse wave
speeds, again showing how the results are captured within the general framework herein.
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Appendix A
Non-principal waves in a solid under initial uniaxial stress

Here, we complete the analysis of Section 6.2 by considering the case of non-principal wave propagation
for which the direction of propagation n and the direction of uniaxial stress a are neither parallel nor
orthogonal. The constants A, B, C and D are as defined in (6.14).

By solving (6.6) with Q(n) given by (6.13), we find that the wave speeds are given by

pv>=A, (A—pv>)>+[B+C+2Dm-a)l(A—pv>)+ (BC—D*[1—m-a)’]=0. (A.])
We therefore consider the cases pv? = A and pv> # A separately.

Case 1. pv? = A.
The propagation condition (6.5) yields

[Bm-a)+ D(m-n)Ja+[C(m-n)+ D(m-a)ln=0. (A.2)

IfC(m-n)+ D(m-a) # 0, then n = +a and hence (B+ C £2D)(m-a) = 0. The casem-a =0
was covered in Section 6.2, but there is now an additional possibility that B + C £ 2D = 0. Both these
options lead to the same result, which, on substitution from (6.14), is written

a1 +ar + BB +2B)7 + By1 + 272+ B3)t + 2931 + patt = 0. (A.3)

There is no restriction on the direction of polarization m. Note that for the specialization (6.32), this
yields 7 = —2(4¢ + po) and A = —A¢ and for several of the values of 1 listed in Table 3, there is no
real wave speed in this case.

Next, consider the possibility that n # +a. Then, if C(m - n) + D(m - a) = 0, it follows that also
B(m - a) + D(m - n) = 0. By combining these, we deduce that

(BC —D*)(m-a)=0, (BC—D*(m-n)=0, (A.4)
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provided C # 0, D # 0. Then, if BC — D> # 0, we musthavem -a = 0 and m - n = 0 and m is
normal to the plane of a and n. Thus, a transverse wave exists for any direction of propagation. On the
other hand, if BC — D? = 0, then n is determined from the equation

BC —D* = (a1 +a2){pr17 + V1T2 + [f3 + 2y37 + y412]12(n . a)z}
— B+ fo+ (1 + 72 P(m-a)? = 0. (AS5)

Since we are considering the case n # =+a and n - a # 0, possible directions n generate a cone
with axis a, provided |n - a| < 1. For each such n, m must satisfy m - (Ba + Dn) = 0. Note that
in the linear approximation (A.5) cannot hold unless £1(0) = 0 in which case n is unrestricted and
A= uo+aj(0)7 +7(n-a)

Other special cases are as follows: if B #£ 0, C #£ 0, D = 0, then m -n = 0, m - a = 0 and either
n-a=0or B +p+(1+y2)r=0;if B=0,C#0,D =0, thenm-n=0and eithern-a=0or
P14+ P2+ (y1 +y2)t = 0. In the latter, if B=0andn-a = 0, then 1 + y;7 = 0 (assuming, of course,
t # 0), while if B = 0 andn - a # 0, then (n - a)? is determined from B = 0. Finally, we note that if
C = D = 0, then there are four possibilities: (i) n-a = 0 and B = 0 and hence f; + y17 = O—there is
no restriction on m; (i) n - a = 0 and m - a = O—this is captured by the discussion around (6.19); (iii)
1+ P2+ (1 + y2)r = 0and B = 0, the latter determining (n - a)>—there is no restriction on m and
(iv) B1 + B2 + (y1 + y2)t = 0 and m - a = O—there is no restriction on n.

Case 2. pv> # A.
Now, from the propagation condition (6.5) with the specialization (6.13), we have

(A—- pu2)m 4+ [B(m-a)4+ D(m-n)lJa+ [C(m-n)+ D(m-a)ln = 0. (A.6)

Thus, m, n, a are coplanar unless either the coefficient of a or n vanishes. If neither of the coefficients
vanish, then, without loss of generality, we may confine attention to the (x1, x2) plane and set a = e;.
Let (ny, ny) and (m1, my) be the in-plane components of n and m, respectively, and set n3 = m3 = 0.
The propagation condition (6.5) then specializes to the two components

Qumi + Quamy = po*my,  Qamy + Qumy = pomy. (A7)

For a given propagation direction, the wave speed is given by one of the two solutions of the
quadratic in (A.1) and is known explicitly. Elimination of p»? from (A.7) then gives

(Q11 — Q)mimy = Q12(m3 —m3), (A.8)

which determines the polarization m. Let n; = cos 8, n, = sinf and m| = cos ¢, m» = sin¢. Then the
above can be rewritten as
Csin260 4+ 2D sinf

tan 2¢p = .
an 2¢ B + Ccos26 + 2D cosf

(A.9)

From this, we can immediately recover some of the previous results. If, for example, & = 0 (propa-
gation in the direction of initial stress), then ¢ = 0 or 7 /2, corresponding to longitudinal and transverse
waves, respectively, with wave speeds given by pu]% =A+B+C+2D and pv% = A (degenerate case).
If @ = = /2 (propagation transverse to the initial stress), then D = 0 and again ¢ = 0 or 7 /2, transverse
and longitudinal, respectively, with wave speeds given by pv% = A+ B and pvﬁ = A + C. There
is, however, an additional case not covered previously in which a longitudinal and transverse wave can
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propagate. By setting ¢ = 0 in (A.9) and discarding cases already discussed we obtain B cosf + D = 0,
which leads to (on discarding a factor 7 # 0)

281 + P2+ 2y1 + y2)7 + (B3 + 2937 + par?)T cos’ 0 = 0. (A.10)

If this has a solution (or solutions) & for cos”@ < 1, then a longitudinal wave can propagate in the
direction defined by such an angle (or angles). The corresponding wave speed is given by

poi = A+ C+ Dcosl =2a; + oz + [1 4281 + 2 + 21 + 72)7)]7 cos 6. (A.11)

Equally, by setting ¢ = 6 + 7 /2, the same reduction B cosf + D = 0 is obtained and a transverse
wave can accompany the longitudinal wave and has wave speed which, on use of (A.10), can be written

pv% =A+ B+ Dcosld =a; + fit+ ylrz +7cos? 6 — [281 4+ f2 + 2y1 + y2)Tle sin 6. (A.12)

For the specialization (6.32), (A.10) is satisfied and (A.11) and (A.12) reduce to pvf = Ao+ 2u0+
7 cos? 6 and pv% = uo — %r + 7 cos? 0, respectively. Formulas in Section 6.4 are recovered by taking
0=0and0 = ix.

With reference to (A.6), we now consider the special cases corresponding to vanishing of one or
other of the coefficients of a and n. These are B(m -a) + D(m -n) = 0 with C(m -n) + D(m-a) # 0
and B(m - a) + D(m - n) # 0 with C(m - n) + D(m - a) = 0. The first of these corresponds to the case
B cos@ + D = 0 just considered, while for the second, m is aligned with the direction of uniaxial initial
stress and C cos @ + D = 0, which yields the nontrivial result

ar+oar+[f1+ 2+ (1 + y2)tle =0. (A.13)
This puts no restriction on the direction of propagation n and the wave speed is given by
pv> = A+ B+ Dcost (A.14)

as in (A.12), but the wave is not necessarily transverse in this case. For the special case (6.32), the
condition (A.13) yields 7 = —2(4g + wo), as for (A.3), and va specializes to uo + (Ao + o) sin? 6.



