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I

Express the following in the form z + iy and draw them in the comlex
plane,

2 T+2¢ 2-¢ 3

: t - : 3
(®) 7= Pimts YOnseoasay W
(1+14)72
Show that, for all complex numbers z, 2y, z2:
(a) zi + 20 = Z1 4 73 (b) =z = ~%; (c) Zr2z = 31 %5, (d)

_1 _ E——l’ .
() Re(x) = 3z +3); (D Im{x) =4(-3); (@F==
Show that, for all z, z;, 2, € C {a) |z122| = |ay]|z); (b) |27 =
7 (o) 7l =2l

Express each of the following in polar form and draw them in the
complex plane.

(a) 2 — 24; (b) -1+ +/35; (c) V21 (d)

I \/5&
{a) Let n be an integer, Show that if z is a complex number with
2" =1, then 2" = 1 as well.

(b) Find all complex numbers =z satisfying z* = 1 and draw them in
the complex plane.

Prove the Triangle Inequality: iz + 22| < |2] + |23} for all z, 25 € C.
[Hint. |z; 4+ 25|° = 2,71 + 2Re(2153) + 2275 < [[z1)2 + 221 |za] + |22f? =
(1] + iza])?]



MA302 Complex Variable, Problem Sheet 2

1 Find all possible values of the following roots and locate them graphi-
cally.
() (=1 ~ V32 (b) (=4 + 4015, (e} {—-8)1/3, (d) (~11 - 2i)1/3,

2 Solve the equations
{a) 2* +81 =0
(b} 2 +1 =31,

3 Find the images of the following curves under the mappings f(z) = z
and g(z) = L,

3

{(a} Rays emanating from the origin.

(b) Circles centred at the origin.
Your answer should be like “the image of the ray emanating from the
origin at an angle # with the r-axis is ... because ...” and similarly for
circles.

4 Find the following limits. (a) lim (i 2" + 32% — 104)
Zumdy

. 2244
(b) lim, (z——?z')

© 1 2—1-i \°

i\ 2212

5 Describe the following sets in words and sketch them.
(2) {2 €C|3=fz~24i} (b) {i +2¥]|0< 8 <27}
[y {+it{0<t <2}

6 Find f'(z) in the following cases.
(8) f2) =32 ~2z+4  (b) f(2) = (1-42")° () f(2) =
(z#3)

z-1
2z+1
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1. Express the following complex numbers in the form z -+ iy, z,y € Re.
1420 4-3% 2 mi/2 S .
_ nif2 2 o ¢ P
@ g3 W e © E=3e+) (@
[V2(1 ~ 57
2. Let f(z) = exp{z) == ¢*. Find the images under f of (a) the vertical line

where Re(z) = o and (a) the horizontal line where Im(z) = b, where
a,b € Re are constants.

3. For each of the following functions show that f’(z) does not exist at
any point oway Crom a0

(EOL) f(2) = flz,9) = 2u-+izy® (b) flz) =23 (©) flz) =
z°Z
(d) f(z) = f(z,y) = e ¥

4. For the following functions determine where f'(z) exists and find its
value. Here 2z = z + yi.

(@) fle)=2*+i(-4y) (b) fle)=2"+i*  (¢) flz)=
zIm(z)

5. Suppose f(z) = f(z,y) = u(z,y) + fv(z,y) is complex differentiable,
where ¢ and v are real valued functions. Show that

Fu, 0% o wma 29420
o " B T 5 g T
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1. Compute the following.
(a) log(3 + 2i) (b) log(i—1) (¢) sin(¢) (d) cos(mi)

2. Find all solutions to the following equations.
(a) e**—2i=0 {b) sin(z)+2i=10 (e) (z—i)*=1 {d)
2P =1+1

3. Verify the following identities.
142

T— 2

() sin7'(z) = —ilog(iz+(1-2"%)  (h) ten”'(z) = %log
4. For each of the following real valued functions of two real variables
decide whether they are harmonic and if so find a harmonic conjugate.

(@) wry) =a*-y* (O wzy) =22y () uzry)=
2% 4P

5. Find all points where f(z) = f{z + iy) = 2® ~ 22° — 3zy* + i(3yr® —
y® 4 *) is differentiable.
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1. For a real variable x, the hyperbolic sinc and cosine are defined as
sinh{z) = £{e* —e™¥)  and cosh(z) = 2{e" +€77).

For (i) f{z) = sin(z) and (ii) f(z) = cos(z) with z = z + iy find the
real part u(x,y) and imaginary part v(z,y) of f as functions of x and
Y.

2. Decide which curves are defined by the following parameterisations and
draw them in the complex plane. Then find parametrisations for the
same curves with the opposite orientation,

(a) z(1) = 1+ 2cos(t) +isin(t), 0 <t < 27
(b) 2(t) =t - 2+it?+3,0<t <2

3. Find parametrizations of the following curves.
(a) The positively (couter clock-wise) oriented circle |z — 4i] = 2.
(b) The line segment from 27 — 1 to 6 + 3z.
(¢} The semicircle through —2¢, 2 and 2i.

4. Evaluate the following contour integrals.

fc (|2143) dz, /C (zRe(z)~ZIm(z))dz and fc (22— (2-80)244) dz

where C' is

(a) the line segment from -1 to %

(b} the guarter circle connectiong —1 to 4

(¢) the path that follows the z-axis from ~1 to 0 and from there the
y~axis to i
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. Evaluate the following integrals when C is the positively criented bound-

ary path of the square with vertices 2 and £2i.

2% 4z - 22
<~/ PR ) f Ay “

Verify that / |2'(2)] dt is the lenght of the curve z : [a, b — C for

(a) the straight line segment from 2y to 2
{b) a circle of radius R centered at z

. Evaluate the following contour integrals

/C(lz{ + ) dz, ‘/(;(zf + 2% dz and /C(zQ —{(2-3)z+i)dz

where C is {a) the line segment from ~1 to ¢ and (b) the quarter circle
connecting —1 to 1.

Suppose f(z) is analytic. Show that if f/(z) = 0, then f(z) is constant.

Show that if [ is analytic in the disc of radius R about {0, then so is

9(z) = f(Z).
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1

10.

. Find all values of of
(@) log(1+4) (b)) (1+9)% (o) cos™'(3) (&) (3i~-3)6

z—4i
(22 +4)(z — 1)

closed curves C, how many different values can / f(z)dz have?
c

Let f(z) = Allowing only positively oriented simple

. Let C be the circle with parametrisation z(¢}) = a + €%, where a is a
constant. Evaluate the following integrals depending on a.

e*sin(z) 22 bz - 544
@ [Tt O [Ty

State Cauchy’s Integral Formula for Derivatives and use it, if applicable,
to evaluate the following integrals, where C is the positively oriented
circle of radius 3 centred at 1.

izde? i
(a) fc ————~——é — 2)3 dz Q) /; m{:ﬁ(gg)ﬁ dz

Find the Taylor series for sin(z) centered at (a) zero and (b) %.

z‘z N
Find the Laurent series with centre 0 for &, Where in the complex

plane does this series converge.

. Find the Laurent series of

1
(z—4)z—-86)

(a) with centre z =4 if (i) 0 < |2 — 4| < 2 (ii} |z -~ 4] > 2,
(b) with centre z =61 (i) 0 < |z~ 6] < 2 (ii) |z ~ 6] > 2.

Verify by direct calculation, iL.e. without the use of any of Cauchy's
Formule, that
1o fom ifn=1
c(z=zm 0, otherwise

2% — iz

Find the residues of f{z) = EESFEEHE at all its poles.

Find the integral of the function in Q9 around the simple closed curve
which encloses (i) —4 {ii} 24 {ii) ¢ (iv) —% and 2.



