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Part 1: Groups

Problem 1. Decide whether each of the given sets forms a group with respect to the given
operation. If it does, give the identity element and an expression for the inverse of each element.
If it does not, give a reason for this. Remember to check whether the relevant set is closed with
respect to the given operation. You may assume associativity holds in each case.

(i) {1,-1,i, —i}, multiplication;

Q* (all nonzero rational numbers), multiplication;

10Z (all integers which are multiples of 10), addition;
5Z (all integers which are multiples of 5), multiplication;

Mat(2,Z) (2 x 2 matrices with integer entries), addition;

The set of 2 x 2 matrices with integer entries and nonzero determinant, matrix multiplication;
C (all complex numbers), addition;

)
)
)
)
(vi) Mat(2,Q) (2 x 2 matrices with rational entries), matrix multiplication;
)
)
) all real-valued functions with domain R, addition (of functions);
)

Problem 2. Let (G, ) be a group. Show that the following hold.
(i) (gxh)"t =h7txg~t forall g,h € G

(ii) for all g,h,k € G
o gxh =gxkifand only if h = k; “left cancellation law”
e hxg=Fkxgifandonlyif h = k. “right cancellation law”

Problem 3. (An instructive exercise) Let S = R\ {—1}. For a,b € S set
a*xb:=a+b+ ab.

(i) Show that S is closed with respect to the operation *.

(ii) Show that (S, *) is a group (you may assume associativity of + and - while showing associa-
tivity of x).

(iii) Find the solution of the equation 2xxx3 =7 in S.
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Problem 4. Let
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be elements of Sg.
(i) Write 7 and o as products of disjoint cycles.

(ii) Determine whether o and 7 commute.

1 1

,mooand (moo)™t.

)
)
(ili) Determine o~
(iv) Give an element of Sg which commutes with o.
)

(v) Express 7 as product of transpositions.

Problem 5. In Si», let
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(i) Express « as product of disjoint cycles.

)
(i)
)
)
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Express a as product of transpositions.
(iii) Determine whether « is even or odd.

(iv) What is the order of « as an element of Sj5?

Problem 6. (i) Determine the order of (123)(45) € Ss.

(ii) Show an example of an element of S7 that has order 12 and show that no element of S7 can
have order greater than 12.

(iii) Determine the largest order of an element of S,, for each n such that 1 < n < 10.

(iv) Can you formulate a general statement on how to find the largest order for an element of S,,?

Problem 7. (i) Consider the group (Mat(2,Z), +) from Problem 1(v). Show that the set of all
diagonal matrices forms a subgroup.

(ii) Consider the group (C*,-). Show that the unit circle {z € C : |z| = 1} forms a subgroup.
Can you find a finite non-trivial subgroup of the latter group?

Problem 8. Find all subgroups of the group (Zj¢,+). Which elements generate the subgroup of
order 87 What elements generate the group Zi47

Problem 9. Show that the group of quaternions Qg, the additive group Zg of the integers modulo
8 and the dihedral group D, of order 8 are pairwise non-isomorphic.

Problem 10. (i) Explain why S7 cannot contain a subgroup of order 11.
(ii) Does S7 contain any subgroup of order 87 If it does, exhibit one; if it does not, explain why.

(iii) Does S7 cointain any cyclic subgroup of order 87 If it does, exhibit one; if it does not, explain
why.
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Part 2: Rings and number theory

Problem 11. Consider the set Z[v2] := {a + v/2b | a,b € Z}. Show that (Z[v/2],+,) forms a
commutative ring. Is it also an integral domain?

Problem 12. Consider the set of all functions M(R) := {f: R — R}. Explain why this set with
addition and composition of functions does not form a ring.

Problem 13. Let 2Z denote the set of even integers and define a multiplication

mdn := 5 mn-

Show that (2Z,+, ¢) forms a ring. What is the multiplicative identity (unity) of this ring?

Problem 14. Let V be a vector space. Show that the set of all linear transformations T: V — V
with addition and composition forms a ring. What is the unity of this ring? Is this ring commuta-
tive?

Problem 15. Describe all units in the following rings. For each unit u give an expression for or
compute explicitly its multiplicative inverse.

(1) Mat2 X2 (Z) ;
(ii) Zoo;

(iii) the ring of linear transformations of a vector space from Problem 14.
. 1 2. . .
Problem 16. Show that the matrix ( 9 4 ) is a zero divisor in Matayxo(Z).

Problem 17.
(i) Use the Euclidean Algorithm to calculate ged(98,85). Find integers m, n for which

1 =98m + 85n.

(ii) Explain why it is impossible to find integers s and ¢ such that

50 = 6s + 15¢.

(iii) Find the (multiplicative) inverse of 14 in Zss.

Problem 18. (i) Use the Euclidean Algorithm to calculate ged(99,64). Find integers m,n for
which
1 =99m + 64n.

(ii) Find the (multiplicative) inverse of 11 in Zg,.

Problem 19. (i) Show that the group of units modulo 8 is not isomorphic to the cyclic group
(Z4a +) .

(ii) How many elements have multiplicative inverse in Zogg?

(iii) Compute 31%9% (mod 200).



Part 3: Polynomial rings

Problem 20. Use the Euclidean Algorithm to compute the greatest common divisors of the
following pairs of polynomials over Q. Also express each greatest common divisor as a linear
combination of the two given polynomials.

(i) 23 — 322+ 3z — 2 and 2% — 5z + 6;

)
(i) % + 322 +2 and 2° — x;
(iii) 23 4+ 2% — 22 — 2 and 2% — 223 + 322 — 6u;
)

(iv) 2° + 4z and 23 — x.

Problem 21. Determine the monic associate of:

(i

(i) 1+ —iz? in C[z];

) 22% — x + 1 in Q[z];
)
) 2
)

(iii) 225 — 322 + 1 in Z7[z];

(iv) 22° —3z% + 1 in Zs[z].
Problem 22. Write 2° + 322 + 3z + 4 € Zs[x] as a product of irreducible polynomials.
Problem 23. Write 2° + 2* + 2% + 22 € Z3[z] as a product of irreducible polynomials.

Problem 24. Prove that (z — 1) divides f(z) € Zg[] if and only if f(z) has an even number of
nonzero coefficients.

Problem 25. Each of the following polynomials can be factored into linear factors in the relevant
polynomial ring. Find these factorisations.

(i) o*+4 in Zs[z);
(i) 23 +22% + 22 + 1 in Z;[z);
(iii) 223 + 322 — Tz — 5 in Zq1[7].

Problem 26. Show that f(x) = 2% — 8z — 2 is irreducible over Q. Is f(z) irreducible over R?
Over C?

Problem 27. Show that g(z) = 22 4 6z + 12 is irreducible over Q. Is g(z) irreducible over R?
Over C?

Problem 28. Determine whether each of the following polynomials in Z[z] satisfies an Eisenstein
criterion for irreducibility over Q.

2210 — 2543 + 1022 — 30.



Problem 29. Determine, with explanation, whether each of the following polynomials is irredu-
cible in Qlz].

(i) =3 +3z+2;
(ii) 2® + 4z + 5;
(iii) z* — 823 + 42 — 62 — 2.

Problem 30. Let F denote the set numbers of the form a + bv/2 where a and b are rational
numbers.

(i) Show that F' is closed under multiplication;

(ii) If @ and b are rational numbers, show that (a + bv/2)(a — by/2) is a rational number. Deduce
that every nonzero element of I’ has an inverse for multiplication in F'.

(iii) Find the multiplicative inverse in F of 14 /2.



